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PREFACE. 


It  was  intended  that  the  present  volume  should  be 
a  second  edition  of  "a  Treatise  on  the  Differential 
Calculus  founded  chiefly  on  the  method  of  Infini- 
tesimals," which  was  published  in  London  in  the  year 
1848 :  but  during  the  process  of  revision,  the  matter, 
as  well  expository  as  illustrative,  has  received  such 
modifications  and  additions  that  the  Treatise  must  be 
considered  new. 

The  character  of  it  is  elementary;  in  it  are  ex- 
plained the  language,  symbols,  and  first  processes  of 
Infinitesimal  Calculus ;  with  the  view  too  of  exhibit- 
ing the  principles  in  a  form  less  repulsive  than  is 
usual  with  English  writers,  many  illustrations  are 
introduced  which  may  appear  foreign  to  the  subject ; 
yet  they  are  not  so;  and  in  them  the  thoughtful 
reader  will  see,  that  although  he  may  be  ignorant  of 
the  nomenclature  of  the  science,  yet  that  neither  the 
idea  nor  the  apparatus  is  entirely  new  to  him:  he 
will  have  contemplated  them  beforehand  in  their 
applied  and  less  technical  forms.  Many  examples 
also  are  inserted,  especially  in  the  early  part  of  the 
volume,  to  give  the  student  an  aptness  in  applying 
general  rules  to  particular  cases,  and  also  to  present 
principles  in  a  less  abstract  form.     But  moreover,  as 
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the  Treatise  is  intended  for  students  in  the  universi- 
ties, it  includes  the  advanced  parts  of  the  science, 
and  those  theorems  which  are  close  upon  the  bounda- 
ries of  our  knowledge. 

The  matter  was  first  delivered  orally  in  lecture, 
and  subsequently  written;  whence  has  arisen  the 
colloquial  style,  and  which  it  has  been  thought  ex- 
pedient to  retain,  under  the  conviction  that  it  invests 
a  book  with,  a  personal  and  living  character  more 
akin  to  the  explanations  of  a  speaking  teacher,  and 
thereby  infuses  life  into  what  might  be  otherwise  dry 
text;  and  in  some  few  passages  wherein  disputed 
questions  are  discussed,  objections  are  stated  as  if 
urged  by  an  opponent. 

As  to  the  matter  apart  from  the  language,  the 
Treatise  lays  no  claim  to  originality ;  had  it  such  pre- 
tensions, and  were  they  well  founded,  it  might  be 
ill-suited  to  its  didactic  and  educational  object.  The 
sources  whence  it  is  derived  are  various,  and  for  the 
most  part  foreign;  all  cannot  be  specified,  and  pro- 
bably I  am  indebted  to  others  for  more  than  I  am 
aware  of;  every  book,  and  perhaps  every  sentence 
and  every  conversation,  may  leave  its  impress  which, 
unconsciously  to  himself,  modifies  an  author's  opi- 
nions. Almost  all  which  has  been  taken  from  other 
sources,  and  is  not  specially  acknowledged,  has  been 
so  long  known  and  commented  on,  as  to  have  become 
publici  juins ;  a  few  names  occur  in  the  foot-  and  other 
notes.  I  am  however  under  especial  obligation  to 
M.  Cauchy  in  his  various  treatises  and  memoirs,  to 
his  Redacteur  M.  PAbb^  Moigno,  to  M.  Navier,  to 
the  late  Mr.  D.  F.  Gregory,  to  Professor  De  Morgan, 
the  author  of  the  treatise  published  by  the  Society 
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for  the  Diffusion  of  Useful  Knowledge,  to  Professor 
Donkln  and  to  Mr.  W.  Spottiswoode,  M.  A.,  both  of  the 
University  of  Oxford,  and  from  whom  I  have  re- 
ceived valuable  assistance  and  advice  in  many  parts 
of  the  Treatise. 

The  process  of  assimilating  a  body  of  matter  so 
large,  and  of  such  diverse  origin,  as  that  of  Infi- 
nitesimal Calculus,  is  necessarily  long;  and  in  the 
course  of  it  the  question  arises,  under  what  principle 
is  all  to  be  harmonized  ?  the  parts  are  seemingly  dis- 
sonant, what  renders  them  consistent?  "whence  is 
the  string  obtained  on  which  the  pearls  are  to  be 
hung?" 

An  inquiry  of  this  kind  is  far  too  large  to  be 
answered  within  the  limits  of  a  preface,  but  some 
few  remarks  are  necessary  for  a  due  understanding 
of  our  method. 

Infinitesimal  Calculus,  both  in  its  pure  and  applied 
forms,  whether  of  geometry  or  of  mechanics,  is  a 
branch  of  the  science  of  Number ;  its  symbols  are  of 
the  same  kind,  and  are  operated  on  according  to  the 
same  laws ;  they  are  applied  subject  to  the  same  con- 
ditions, are  interpreted  on  the  same  principle,  and 
lead  to  analogous  results.  What  then  is  its  specific 
characteristic  ?  In  the  parts  of  the  science  of  Number 
which  are  supposed  to  have  been  previously  studied, 
viz.  in  arithmetic  and  algebra  (as  it  is  called),  num- 
bers are  finite  and  discontinuous ;  but  Number  also 
admits  of  being  continuous,  that  is,  is  capable  of 
gradual  growth  and  of  infinitesimal  increase.  Number 
under  this  aspect  is  what  Infinitesimal  Calculus  con- 
templates :  and  investigates  the  new  properties  of  it, 
the  new  symbols  required  to  express  them,  aiv^  \Xv<^ 
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new  laws  to  which  they  are  subject;  it  has  thus  to 
create  its  own  materials,  and  these  materials  are  in- 
finitesunals. 

The  method  therefore  has  been  at  first  to  unfold 
those  properties  of  Number  which  are  necessary  to 
the  construction  of  the  science  of  infinitesimals ;  and 
then  so  to  describe  continuotts  Number  and  the  in- 
finitesimal elements  of  its  growth,  in  their  essential 
qualities,  as  to  be  able  to  enunciate  certain  axiomatic 
properties  of  them,  from  which  the  Calculus  may  be 
evolved.  These  are  stated  in  seven  Theorems  in 
Art.  9 ;  of  which  perhaps  the  most  important  is  Theo- 
rem VI,  presenting  the  character  of  infinitesimals  in 
their  broadest  view,  viz.  that  they  are  such  that  a 
finite  number  of  them  has  no  value  at  all  when  added 
to  a  finite  quantity.  These  Theorems  are  the  ulti- 
mate propositions  of  the  science:  from  them  the 
other  truths  are  inferred,  and  on  them  does  the  cor- 
rectness  of  the  processes  depend.  In  order  to  the 
subsequent  use  of  the  advantage  in  the  way  of  in- 
ference possessed  by  algebraical  symbols,  we  express 
them  in  mathematical  language,  and  then  proceed  to 
deduce  the  consequences  with  which  they  are  preg- 
nant ;  and  this  deductive  process  is  continued  through 
the  Treatise.  In  the  course  of  it  however,  and  es- 
pecially in  the  applied  parts,  the  subject-matter  be- 
comes enlarged,  new  relations  are  introduced,  and 
new  names  are  required;  thus  definitions  become 
necessary,  and  these  are  so  constructed  as  to  contain 
in  germ  the  substance  of  the  Articles  dependent  on 
them. 

A  due  understanding  of  these  axioms  and  defini- 
tions is  plainly  of  the  utmost  importance,  for  on  it 
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does  it  depend  whether  we  work  with  mere  symbols, 
or  whether  the  symbols  are  a-rnuLCia  of  philosophical 
ideas  which  we  comprehend.  With  the  object  of 
guarding  against  such  superficial  knowledge,  which 
is  useful  neither  in  its  results  nor  as  an  intellectual 
exercise,  geometrical  interpretation  of  infinitesimals 
has  been  often  introduced,  and  magnified  diagrams 
exhibit  lines,  areas,  angles,  &c.  which  are  represented 
by  symbols  of  infinitesimals :  every  process,  nay  every 
step  in  every  process,  admits  of  such  geometrical 
translation ;  and  it  is  most  desirable  that  the  student 
should  exercise  himself  in  it:  by  so  doing  he  will 
have  a  most  certain  test  whether  his  operations  are 
according  to  the  laws  of  correct  inference,  or  whether 
he  is  merely  applying  mnemonic  rules  and  groping 
his  way  in  the  dark  by  some  obscure  road,  and  draw- 
ing his  conclusion  as  it  were  only  by  riddles. 

The  Calculus  then  is  that  of  infinitesimals ;  but  as 
the  most  convenient  mode  of  forming  them  shews 
them  in  the  light  of  diflFerences  between  two  states 
at  a  "  very  small"  distance  apart,  they  have  obtained 
the  name  of  DiflFerentials ;  and  hence  the  name  of 
" DiflFerential  Calculus"  has  arisen;  the  latter  term 
is  retained,  although  it  refers  to  the  mode  of  gene- 
rating the  materials,  and  not  to  any  pregnant  pro- 
perty of  them  when  generated.  The  notation  also 
and  language  of  Lagrange's  Calculus  of  derived- 
functions  has  been  employed,  because  it  expresses 
in  a  most  convenient  form  some  of  the  earliest  re- 
sults of  operations  with  infinitesimals,  and  their  re- 
lations to  finite  quantities:  but  I  would  warn  the 
reader  especially  against  supposing  that  our  Calculus 

is  founded  on  the  notion  of  derived-functions  as  tlv^ 
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coefficients  of  the  terms  of  a  series;  they  are  not 
considered  in  that  relation  at  their  first  admission^ 
and  it  is  only  by  a  course  of  reasoning  that  they 
afterwards  become  so.  Expansion  in  a  series  has 
been  admitted  fundamentally  but  once,  viz.  in  Art.  21, 
and  whatever  may  be  the  final  issue  of  the  question 
as  to  Convergent  and  Divergent  Series,  it  cannot 
affect  that  which  I  have  employed,  inasmuch  as  it 
is  proved  to  be  Convergent. 

The  Volume  consists  of  two  Parts;  in  the  former 
of  which  are  investigated  the  Theorems  of  the  Differ- 
ential Calculus  so  called,  and  in  the  latter  the  appli- 
cations to  Geometry  of  two  and  three  dimensions  are 
discussed. 

The  Chapters  mark  the  salient  divisions  of  the 
matter ;  and  these  again  are  sub-divided  into  Articles, 
which  for  the  sake  of  reference  are  numbered  con- 
tinuously through  the  Volume,  and  have  their  nu- 
merals placed  in  the  corners  on  the  top  of  the  pages. 
The  bracketed  numerals  attached  to  the  more  im- 
portant equations  are  separate  for  each  Chapter ;  and 
the  references  are  usually  made  to  the  numbers  of 
the  equation  and  of  the  Article.  The  Analytical 
Table  of  Contents  exhibits  a  r^sum^  of  the  matter 
of  the  Treatise. 


Pkmbrokb  College,  Oxford, 
Sept.  3,  1852. 
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PRELIMINARY  THEOREMS. 

As  the  following  Algebraical  Theorems  will  be  frequently 
applied  in  the  course  of  the  treatise^  it  is  convenient  to  prove 
them  once  for  all^  and^  for  the  sake  of  reference^  to  place  them 
at  the  beginning  of  the  work. 

I. 

If  there  be  any  number  of  equal  fractions  ;^,  r->  r->  •••  r" 

bi     0%     03        0 

each  of  them  is  equal  to 

6i-f*2-f As-f  +bn' 

and,  if  mi  m2  m^ m^  be  any  multipliers^  to 

nil  *i-fi»«  *2-f»»3  63+  +w»»  *n' 

and  to 

Let  each  of  the  fractions  =  r,  that  is^  let 

-  =  -  =  —=  =  — =  r- 

bi      62       A3       *n 

therefore 

Hi  =  61  r  mi  £ii  =  mi  61  r  Oi*  =  61*  r* 

a,  =  ^  r  m2  02  =  m2  ^2  ^  0%^  =  b%^  r^ 


• 


o,  =  6n  r  m„  c  =  m„  *n  r  an*  =  b^i^ 

B 


2  PRELIMINARY   THEOREMS. 

Whence^  by  addition  and  division^ 

01  +  02  +  03+    +fln 

*l+*2+*3+    +*n   ' 

9711^1+^02  +  ^03+    -^-mnOn 

■"  mi  6iH-m2*2+»»8  *3+  +ninbn' 


a 


_     {Ol^  +  02^  +  08^+    +On^}i    __  ?}  -  ??  -  _ 

"     {4,2^i^2^i32^   +  4„2J4.  -  ii  -  A2  ^    -  A„    • 

Q.  E.  D. 

The  geometrical  form  of  the  first  of  these  theorems  is  the 
twelfth  proposition  of  the  fifth  book  of  Euclid. 

II. 

When  three  unknown  quantities  are  involved  in  three  (so 
called)  linear  equations  of  the  forms 

01^7  +  %  +  CiZ  =  rfi  (1) 

02^  +  *2y  +  ^2^  =  (h  (2) 

08^  +  %  +  C3r  =  ds  (3) 

the  following  is  the  most  convenient  method  of  determining 
each  of  the  unknown  quantities  in  terms  of  the  constants. 

Multiply  (1)  by  \i,  (2)  by  A2,  (3)  by  A3,  and  add ;  then 

(01X1  +  O2A2  +  O3A3)  X  +  (iiAi  + 42X2  + 43^3)  y 

+  (^1X1  +  ^2^2  +  ^3^)^  =  di\i-^d2^2-\-dshs' 

As  three  undetermined  quantities^  viz.  Xi  A2  ^>  have  been 
introduced^  we  may  make  three  suppositions  respecting  them : 
leaving  one  to  be  determined  hereafter,  let  two  be,  that  the 
coefficients  of  y  and  z  be  equal  to  zero ;  so  that 

AiAi  +  62^2  +  ^3^8  =  0 
C1X1  +  C2X2+C3X8  =  0; 

whence  by  elimination, 

Ai        A2        As 

*2^3  —  ^2*3         *3^1  —  ^3*1         *1^2  "~  ^1^2 

But  thus  the  ratio  only  of  the  multipliers  has  been  determined^ 
and  therefore  any  numbers  bearing  to  one  another  the  above 
ratio  would  satisfy  the  requisite  conditions;  to  take  however 
the  most  simple  numbers,  let  the  third  condition  be  introduced, ' 
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and  be^  that  each  of  the  above  fractions  be  equal  to  unity; 
and  therefore 

Ai  =  62^3  —  C2A3 
A2  =  63C1  —  Csii 
Aa  =  biC2  —  Cibi ; 

and  therefore 


X  = 


—         --   -  -  ^  ^    -  ,  

ai(*2C3  — ^8*3)+ «2(*3^1  — ^3*1)  -f  fl3(*lC2  — ^1*2)  ' 


By  similar  processes^  if  the  coefficients  of  z  and  x  had  been 
equated  to  zero^  the  result  would  have  been 

di(c2(h—(hC3)-\-d2{csai'-asCi)-\'(k(cia2—aiCi) 
Ai(c2a3— 02^3)  + *2(^3«i— 0301)4-43(^102—01^2) ' 

and  if  the  coefficients  of  x  and  y  had  been  equated  to  zero^ 

_    rfl(g2^-"4203)  4-<fe(g34l— ^fll)  -f-^(Ql42  — ^102) 


Z   = 


Ci(a2^  —  *203)  +^2(03*1  — ^Ol)  +^3(Ol*2--*l02) 


X 

2 

12 

-11 

-1 

-12 

10 

-1 

3 

-2 

This  method  of  elimination  is  generally  known  by  the  name 
of  Lagrange's  Rule  of  Cross-Multiplication^  the  origin  of  which 
term  is  sufficiently  obvious  from  the  form  of  the  multipliers ; 
two  examples  are  subjoined  for  the  sake  of  practice^  but  the 
student  is  recommended  to  exercise  himself  in  many  others. 

Ex.  1. 

2a?-f4y-f5j2r  =  49 
3^  +  5y-f  6r  =  64 
4a?-|-3y-f  4?  =  55 

the  values  of  the  multipliers  corresponding  to  the  several  vari- 
ables being  arranged  in  the  annexed  vertical  rows :  whence 

X  (      4-  3-_4)  =        98—  64—  55     .-.    x  =  7 
y{    48-60+9)=      588-768  +  165  y 

z  (-55  +  60-8)  =  -589  +  640-110  z 

Ex.2. 

3j7— 7y  +  4j2r  =    1 

-5d?+9y-  2r  =  22 

a?— 2y+  z  =    0 

the  values  of  the  several  multipliers  being  arranged  as  before : 

B  2 
\ 


X 

7 

y 
4 

1 

-1 

-1 

-1 

-29 

-17 

-8 
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whence 

x{  21+5-29)  =  7-22  .-.  ^  =  5^ 
y  (-.28-9+84)  =  4-22  .-.  y  =  6y 
z(       4+1-  8)  =  1-22     .-.     z^l) 


III. 

If  ai^  og,  03^ On  are  quantities  of  the  same  sign^  and 

^1}  <hy  ^y ^n  be  any  other  homogeneous  quantities  capable 

of  addition  and  subtraction^  then  a\  ai  +  a2  02  +  03  03+  

+  «»  On  is  equal  to  (01  +  02  +  03+  +On)  multiplied  into 

some  quantity  greater  than  the  leasts  and  less  than  the  greatest, 
of  the  quantities  01,02,0^, a„. 

The  proof  of  this  proposition  depends  on  the  fact,  if  both 
terms  of  an  inequality  are  multiplied  or  divided  by  a  positive 
number,  the  sign  of  inequality  remains  the  same ;  that  is,  the 
quantity  which  was  greater  before  the  multiplication  is  the 
greater  after  it ;  but  if  the  terms  are  multiplied  by  a  negative 
number,  the  sign  of  the  inequality  is  reversed :  that  is,  a  >  is 
changed  into  a  < ,  and  a  <  into  a  > .  This  is  easily  shewn  by 
an  example ;  as,  for  instance,  5  is  greater  than  2 ;  let  each  side 
be  multiplied  by +4,  then  20  >  8;  again,  let  each  side  be  mul- 
tiplied by  a  negative  number,  as— 2 :  the  >  is  changed  into  a 
<,  — 10<  —4,  because  —10  is  less  than  —4. 

Let  L  be  the  least  and  a  the  greatest  of  the  quantities 

Oi,  (h^  (hy On;  then,  with  the  exception  of  the  two  cases 

of  the  greatest  and  the  least  of  the  quantities,  whereby  how- 
ever the  final  result  is  not  vitiated,  we  have  the  following 
inequalities : 

Oi  is    >   L,   <    o 
03  is    >    L,    <    G 


an  IS  >   L,   <   g; 


First,  let  the  quantities  ai,  03,  03, On  be  positive,  so  that 

the  signs  of  the  above  inequalities  will  not  be  changed,  when 
they  are  multiplied  as  follows : 
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Oiai  is   >   Ltti,   <   OQ] 

OiCLi   is     >     LOs,     <     002 


OnOn  is   >    La„,   <   Qa„ ; 
and  therefore  by  addition 

0101  +  0202+   -\-an<hi   is    >    L    (Oi  +  O2  + +On) 

<    G    (O1  +  O8+ +fl») 

.*.     0101  +  0208+   +«nOn=  (01  +  02  +  03+ +0„)   X    SOmO 

mean  value  of  the  os^ 

signifying  by  mean  value^  a  quantity  >  than  the  leasts  and  < 
than  the  greatest. 

Secondly,  if  oi,  02 On  be  negative,  the  signs  of  the  ine- 
qualities would  have  been  changed  in  the  first  multiplication, 
and  would  have  been  again  changed  in  the  final  result,  because 

01  +  02+ +o„  would  be  a  negative  quantity,  and  thus  the 

same  result  would  follow:   and   therefore  the  proposition  is 
proved. 

IV. 

K  -^,  -V-,  -^, -j^  be  a  series  effractions,  the  nume- 

^1       0%      Os  On 

rators  of  which  are  of  either  sign,  and  the  denominators  all  of 

.,  .         , ,         Oi  +  02  +  +  o„    .  ,    . 

the   same  sign,   then    7 ; r-    is   equal   to   some 

quantity  greater  than  the  least  and  less  than  the  greatest  of 
the  given  fractions. 

First,  let  all  the  denominators  be  positive,  and  let  l  be  the 
least  and  o  the  greatest  of  the  fractions ;  then 

Ol    . 

-^  18    >    L,    <     G 

02  • 

-=-  IS     >     L,     <     G 

02 


On    . 

IS     >     L,     <     G. 


*, 


6  PRELIMINARY   THEOREMS. 

Let  the  inequalities  be  severally  multiplied  by  the  positive 

quantities  bi,  b2,  bs bn,  by  which  process  the  signs  are  not 

changed;  then 

fli  is   >   lAi,   <    gAi 

Oi  is   >   Lb2,   <   062 

fln  is     >     Lbn,    <     Obn, 

and  therefore  by  addition 

ai-*-«2  +  fl3+  H-fln  is  >L(*i  +  62-f  As-f-  -f6n) 

is  <G(Ai-f6,  +  A3H-   +*n), 

and  therefore 

7 i T z-  IS  >  L,  <  o,  and  therefore  is  equal 

6i  +  *a+A34- +*n  ^ 

to  some  mean  value  of  the  fractions. — q.  e.  d. 


Secondly,  let  bi,  bz,  b^ An  be  negative;  then,  as  before, 

-Y"    IS     >     L,     <     G 

bi 
02  . 

-Y-   IS     >     L,     <     O 
^2 


On   . 

-T~  IS     >     L,     <     G. 

On 

Let  these  inequalities  be  severally  multiplied  by  the  nega- 
tive quantities  61,  bz,  A3 b„y  so  that  the  signs  of  them  are 

changed;  then 

fli  is   <   lAi,    >   gAi 

aa  is   <   LA2,    >   GA2 

On  is   <    Lbn,   >  gA„; 

.-.    ai  +  «2  +  a3-f +anis  <  L(Ai-hA2+ -I-An) 

is  >  G(Ai  +  A2-|- -fAn); 

whence,  bearing  in  mind  that  the  sign  of  inequaUty  is  changed 
by  dividing  by  a  negative  quantity, 

ai  +  fl2-f  «3+  +  ^»»  :„  ^  ,    ^  ^ 

—  IS  >  L,  <  G. 

Ai  +  AaH-Aa-f  +  An 

Q.  E.  D. 


DIFFERENTIAL    CALCULUS. 


PART  I. 

ANALYTICAL  INVESTIGATIONS. 


CHAPTER  I. 

GENERAL   PRINCIPLES,  AND   EXPLANATION   OF   TERMS. 

Article  I.]  Infinitesimal  Calculus  is  a  branch  of  that  science^ 
the  aggregate  of  the  rules  and  operations  of  which  French 
writers  call  "  Le  Calcul/'  but  for  which  we  have  no  more  spe- 
cific name  than  the  Science  of  Number*;  a  metaphysical  in- 
quiry into  what  number  is,  and  whence  it  springs,  would  be 
out  of  place  in  a  didactic  treatise  such  as  the  present,  and  it 
will  be  sufficient  for  the  student  to  have  that  notion  of  it  which 
an  ordinary  knowledge  of  arithmetic  and  algebra  implies ;  but 
it  is  well  to  recal  his  attention  to  certain  axiomatic  properties 
of  it,  and  to  bring  into  greater  prominence  those  from  which 
the  Infinitesimal  Calculus  is  deduced. 

Number  is  the  ratio  or  relation  which  two  quantities  of  the 
same  kind  bear  to  one  another  in  reject  of  quantuplicity.  By 
quantity  I  mean  whatever  is  capable  of  measurement ;  whether 
it  be  geometrical  space,  or  weight,  or  time,  or  heat,  or  light,  or 
velocity,  or  any  thing  else ;  that,  viz.,  of  which  we  can  predi- 
cate muchness  in  reply  to  the  question  "how  much?"  or 
number  of  times  in  answer  to  "  how  many  times  ?"  The  above 
phaenomena  may  be  severally  the  substrata  of  mixed  sciences, 
as  they  are  called,  but  they  can  only  be  treated  of  in  accord- 
ance with  the  rules  of  the  science  of  number,  because  they  are 

*  M.  Comte  writes,  '^  Le  Calcul  a  pour  objet  proprc  de  r^'soudrc  toutes  les  ques- 
tions de  iuwi6ret." — Philosophie  Poiiitive,  toL  i.  p.  143. 
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capable  of  addition  and  division  and  measurement,  at  least  in 
conception,  if  not  in  act ;  and  it  is  only  when  a  problem  can  be 
reduced  to  a  question  of  pure  number  that  it  can  be  brought 
within  the  domain  of  the  Calculus;  and  when  this  condition  is 
satisfied^  the  science  of  number  supplies^  as  it  were^  the  skeleton 
or  firamework  on  which  such  mixed  science  is  treated;  and 
considers  the  subject-matter  not  in  its  concrete  and  physical 
and  phsenomenal,  but  in  its  abstract  state,  as  measured^  and  in 
the  measure,  as  the  correct  representative  of  it.  It  does  not 
take  cognizance  of  this  or  that  weight  or  colour,  but  of  the 
number  of  times  such  a  weight  contains  another  weight,  and  so 
on;  and  this  is  what  I  mean  by  the  terms  ''in  respect  of 
quantuplicity^'  in  the  above  definition  of  number ;  and  thus  it 
is  that  the  science  is  so  general,  almost  universal,  because  all 
the  subject-matter  of  the  so  called  Physical  Sciences  conforms 
to  its  requirements  in  respect  of  admitting  of  measurement. 

2.]  There  are  two  modes  of  measuring  quantities,  and  thus 
of  arriving  at  abstract  numbers  from  the  concrete  magnitudes. 
Firstly,  a  certain  amount  of  the  given  quantity  is  taken^  which 
for  the  sake  of  convenience  is  called  an  unit  of  that  particular 
quantity,  and  with  it  any  other  amount  is  compared,  the  princi- 
ple of  comparison  being  assigned  by  the  particular  science 
whose  subject-matter  the  quantity  is ;  and  if  the  latter  amount 
be  divisible  into  two,  or  three,  or  more  parts,  severally  equal  to 
each  other  and  to  the  unit,  we  say  that  the  latter  amount  is 
twice,  or  three  times,  or  more  times  the  imit,  and  thus  arrive 
at  the  abstract  number ;  and  the  problem  of  determining  other 
relations  arising  out  of  this  one  belongs  to  the  science  of 
number.  The  unit,  it  is  to  be  observed,  is  arbitrary ;  thus,  for 
instance,  if  a  certain  volume  of  matter  of  given  density,  say 
a  cubic  inch  of  distilled  water,  be  considered  the  volume-unit, 
and  its  density  be  called  the  density-unit,  then  if  two  cubic 
inches  of  distilled  water  could  be  compressed  into  one  inch, 
its  density  would  be  two.  Hereby  we  arrive  at  abstract  number 
by  directly  comparing  any  given  concrete  quantity  with  the 
unit  of  that  quantity.  Secondly,  we  may  estimate  quantity 
without /on?ia%  introducing  the  unit;  for  suppose  of  two  un- 
equal quantities,  one  to  be  divisible  into  two  equal  parts,  and 
the  other  into  three  parts,  equal  to  each  other  and  to  each  of 
the  divided  parts  of  the  former  quantity ;  then,  although  if  one 


/ 
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of  the  equal  parts  were  taken  as  the  unit^  one  quantity  would 
contain  two  and  the  other  three  units :  yet  we  may  omit  the 
unit^  and  say  that  the  ratio  of  one  quantity  to  the  other  is  that 
of  the  numbers  two  to  three.  Thus,  if  two  lines  admit  of  being 
resolved  into  3  and  7  parts  respectively,  which  are  equal  to  each 
other,  the  ratio  of  the  lines  will  be  represented  by  the  nu- 
merical ratio  3:7;  and  this  mode  of  measuring  quantities  is 
independent  of  the  amount  of  the  chosen  unit ;  for  if  the  above 
lines  had  been  divided  into  6  and  14  equal  parts  respectively, 
or  into  Sn  and  7n  equal  parts  respectively,  the  unit  would  have 

been  only  ^  or  -jth  part  of  what  it  was  in  the  previous  resolu- 
tion ;  and  yet  the  ratio  of  the  lines,  or  of  the  numbers  wliich 
represent  them,  viz.  6  :  14,  or  Sn  :  7n,  would  have  been  the 
same  as  before.  And  this  mode  of  representing  lines  by  num- 
bers is  equally  applicable  to  areas,  hours,  weights,  &c.  all  of 
which  may  be  so  related  to  each  other  as  to  admit  of  resolu- 
tion into  3  and  7  equal  parts  respectively,  and  thus  be  repre- 
sented by  the  ratio  of  the  numbers  3:7.  It  is  manifest  that 
only  quantities  of  the  same  kind  can  be  measured  in  either  of 
the  above  methods,  and  hence  it  is  only  from  comparing  homo- 
ffeneaus  quantities  that  numbers  can  be  formed.  The  principle 
and  mode  of  comparison  however  must  be  assigned  by  the 
particular  science  whose  subject-matter  the  quantity  is ;  thereby 
are  its  concrete  materials  abstracted  and  brought  within  the 
range  of  the  Science  of  Number,  which  has  thus  to  deal  with 
only  abstract  quantuplicities ;  and  thus  (which  is  a  point  of  the 
utmost  importance,  and  deserves  the  most  careful  attention) 

the  symbols  2,  3,  4, a,  b,  c, a?,  y,  z,  do  not  represent 

concrete  quantities,  such  as  2  ounces,  or  a  hours,  or  x  feet,  but 
abstract  numbers;  and  it  is  the  properties  of  these  that  the 
Science  of  Number  has  to  discuss*. 

3.3  The  distinguishing  characteristic  of  such  numbers  is,  that 
they  remain  after  any  operation  the  same  in  kind  that  they 

*  The  two  modes  of  measuring  quantities  and  of  thereby  forming  numbers,  cor- 
respond to  the  two  aspects  in  which  arithmetical  fractions  are  viewed ;  one  in  which 
the  denominator  assigns  the  unit,  and  the  numerator  the  number  of  times  it  is  to  bo 
taken,  and  the  other  in  which  they  are  considered  as  tlic  expressions  of  arithmetical 
ratios.     See  Peacodf  s  Algebra,  2nd  edition,  toI.  i.  pp.  54, 155. 

C 
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were  before.  When  two  numbers  are  added  or  subtracted^  the 
sum  or  difTerence  is  a  number ;  when  two  numbers  are  multi- 
plied or  divided,  the  resultant  is  the  same  in  kind  as  each  of 
the  components :  as  they  are  numbers,  so  is  it  number.  Thus 
2x3=6,  and  6  is  an  abstract  number  of  the  same  kind  as  2 
and  3;  that  is,  twice  thrice  is  equivalent  to  six  times;  8-h4=2, 
that  is,  one-fourth  part  of  eight  times  is  twice.  The  same  is 
also  true  of  the  operations  of  Involution  and  Evolution.  These 
remarks  are  important,  because  if  the  symbols  represent  con- 
Crete  quantities  the  results  would  be  otherwise;  thus  in  the 
analogous  operation  of  geometrical  multiplication,  if  two  linear 
inches  be  "  multiplied''  by  three  linear  inches,  the  result  is  six 
square  inches:  and  therefore  in  the  process  we  have  changed 
from  linear  to  superficial  quantity.  And  so,  if  the  six  super- 
ficial inches  be  multiplied  by  four  linear  inches,  the  result  is  24 
cubic  inches,  or  inches  of  volume,  and  thus  by  the  last  process 
we  have  passed  from  superficial  magnitude  to  solid  content. 
By  the  operations  then  the  kind  has  changed ;  and  as  all  the 
dimensions  which  space  admits  of  have  been  exhausted,  it  is 
impossible  to  multiply  together  more  than  three  geometrical 
lines ;  thus  two  linear  inches  multiplied  into  themselves  four  times 
is  an  impossibility ;  or,  in  other  words,  a  geometrical  line  cannot 
be  raised  to  any  power  above  the  third.  And  the  possibility  of 
extracting  roots  is  confined  within  narrower  limits;  thus  the 
square  root  of  a  superficial  area  is  a  possible  quantity,  and  so 
is  the  cube  root  of  a  solid  coutent,  being  in  each  case  a  line. 
The  case  of  geometrical  multiplication  is  the  most  favourable 
one,  for  in  other  subject-matter,  which  is  only  uni-dimensional, 
we  cannot  at  all  multiply  the  concrete  quantities,  and  can  only 
divide  them  when  they  are  homogeneous.  It  is  absurd  to  speak 
of  a  pound  multiplied  into  a  pound,  or  of  the  product  of  an 
hour  by  an  hour :  such  operations  are  impossible,  and  have  no 
meaning;  but  we  can  divide  two  poimds  by  one  pound,  and 
thereby  arrive  at  the  abstract  number  2,  because  the  inverse 
process  is  possible,  and  may  therefore  be  undone :  that  is, 
because  we  can  multiply  any  concrete  unit  by  an  abstract 
number ;  but  we  can  no  more  divide  pounds  weight  by  pounds 
sterling  than  we  can  multiply  hours  by  degrees  of  heat.  These 
remarks  on  the  abstract  character  of  Number  are  relevant  to 
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the  present  subject^  inasmucli  as  they  prove  the  correctness 
of  such  an  expression  as 

ay*  -\-  bxy  -{•  cx^  +  dy  -^  ex  +/, 

for  each  s}rmbol  by  itself  expressing  a  number^  each  term^ 
whether  consisting  of  x)ne  or  two  or  three  factors^  is  a  number 
also :  and  thus  they  may  be  added^  and  the  whole  expression 
is  homogeneous  and  correct.  Whereas,  did  such  symbols  re- 
present concrete  quantities^  as^  for  example^  geometrical  lines; 
the  first  three  terms  would  represent  solid  content^  the  next 
two  superficial  area^  and  the  last  lineal  length :  and  thus  they 
would  be  heterogeneous,  and  could  not  be  added.  Also  in  such 
a  point  of  view  a  term  ay^,  consisting  of  more  than  three  di- 
mensions^ would  be  uninterpretable  and  impossible. 

Hence  we  conclude^  that 

(1.)  The  symbols  whose  laws  and  combinations  are  con- 
sidered in  the  Science  of  Number  express  the  number  of  times 
any  thing  is  taken ;  and  the  science^  disregarding  the  concrete 
things  discusses  the  properties  of  the  abstract  number. 

(2.)  As  Infinitesimal  Calculus  is  a  branch  of  the  Science  of 
Number,  the  symbols  which  will  be  employed  in  the  following 
work  represent  number  only;  and  the  properties  of  number 
will  be  considered  only  as  they  are  represented  by  symbols. 

This  latter  conclusion  is  important,  as  it  restricts  the  subject- 
matter  to  symbols,  and  our  discussion  to  their  laws  and  pro- 
perties. 

4.]  The  numbers  or  quantities  which  are  employed  in  the 
following  treatise  are  of  two  kinds,  constants  and  variables. 

Constant  numbers  are  those  which  have  the  same  determi- 
nate value  throughout  a  given  operation  or  problem:  though 
in  another  operation,  or  considered  in  another  relation,  they 
may  vary.  Such  are  the  symbols  2,  3,  4,  and  for  the  most 
parts  those  in  algebra,  which  are  represented  by  the  first  letters 
of  the  alphabet:  constant  numbers  are  specific  in  form  and 
value. 

A  variable  number  is  that  which  is  capable  of  receiving  values 
different  from  each  other,  and  generally  admits  of  any  value, 
though  it  may  by  the  conditions  of  a  problem  be  restricted  to 
values  of  a  particular  kind,  or  within  certain  limits ;  variable 
quantities  are  general  in  form,  though  they  admit  of  specific 

c  2 
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values :  they  are  generaUy  represented  by  the  last  letters  of  the 
alphabet. 

5.3  In  order  to  avoid  misconception  as  to  the  following 
terms,  which  will  be  frequently  employed,  it  is  necessary  to 
give  detailed  explanations  of  them;  viz.  Definite,  Indefinite; 
Infinite,  Finite,  Infinitesimal, 

Definite  means  determinate  and  assigned;  thus  constants  are 
definite.  Indefinite  numbers  are  those  whose  values  are  not 
assigned;  they  are  represented  by  general  symbols,  and  may 
therefore,  so  far,  have  any  value. 

To  form  an  accurate  and  due  conception  of  the  latter  three 
terms,  and  of  the  means  of  symbolizing  and  estimating  them, 
requires  a  knowledge  of  the  whole  Calculus :  we  must  there- 
fore have  recourse  to  analogous  illustration,  in  hope  that  the 
student  may  glean  from  it  such  notions,  imperfect  though 
they  will  be,  as  will  enable  him  to  understand  the  technical 
language  of  the  science. 

By  finite  we  generally  mean  that  which  is  within  reach,  or 
may  be  brought  within  reach,  of  our  senses.  Thus  a  ton,  or 
an  ounce,  may  be  taken  as  the  unit  of  weight,  and  any  number 
of  tons  or  ounces  which  the  senses  perceive  would  be  con- 
sidered a  finite  weight ;  and  many  animalculse,  which,  on  ac- 
count of  their  minuteness,  are  beyond  the  power  of  unassisted 
vision,  would  nevertheless  be  considered  finite,  because  they 
may  be  brought  within  it  by  means  of  the  microscope,  and  may 
be  measured.  Or  again,  inasmuch  as  the  senses  are  the  media 
by  which  impressions  of  external  objects  are  conveyed  to  the 
mind,  and  as  the  mind  conceives  them  when  so  conveyed,  we 
apply  the  term  finite  to  those  magnitudes,  the  relation  of  which 
to  other  magnitudes  of  the  same  kind  the  mind  is  capable  of 
conceiving*.  The  powers  therefore  of  our  senses  and  mind 
place  the  limit  to  the  finite ;  but  those  magnitudes  which  seve- 
rally transcend  these  limits  by  reason  of  their  being  too  great 
or  too  small,  we  call  infinite  and  infinitesimal  (or  infinitely  small). 
Thus,  when  our  senses  fail  to  perform  their  office  of  trans- 
mitting to  the  mind  what  it  would  think  about,  by  reason  of 
the  object  being  too  large  or  too  small,  or  when  for  a  similar 
reason  the  mind  fails  to  be  capable  of  considering  the  relation 
of  such  objects,  and  when  the  most  delicate  subsidiary  instru- 

*  Peacock's  Algebra,  voL  iL  p.  294. 
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ments  for  assisting  the  senses  are  employed  to  bring  within 
their  reach  what  was  beyond  them^  and  yet  in  vain^  then  we 
are  on  the  boundary  of  the  infinite  or  infinitesimal :  of  the  infi- 
nite if  the  object  be  too  vast^  of  the  infinitesimal  if  it  be  too 
minnte.  Physical  Science  affords  instances  of  both  these  cases. 
The  distances  of  those  fixed  stars  of  which  the  parallax  has  not 
been  discovered  must  be  so  great^  that  400  millions  of  miles 
are  not  appreciable  in  comparison  of  them ;  considering  then 
these  millions  of  miles  to  be  a  finite  quantity^  yet  no  sensible 
change  is  made  in  the  distance  of  a  star  by  the  addition  or 
subtraction  of  them.  Nay^  more  than  this ;  we  can  employ  our 
millions  of  miles  to  greater  advantage ;  we  can  make  them  the 
base  of  a  triangle  whose  vertex  is  the  star^  and  yet^  great  as  is 
the  delicacy  of  our  astronomical  instruments^  the  sides  of  the 
triangle  are  to  all  appearance  parallel.  This  then  is  a  case 
where  we  cannot  compare  two  geometrical  distances^  on  ac- 
count of  the  immensity  of  one  of  them.  Considering  then  the 
400  millions  of  miles  to  be  a  finite  quantity^  the  distance  of  the 
star  is  infinite.  Again :  if  one  grain  weight  of  aloetic  acid  be 
added  to  five  pounds  of  pure  water^  the  whole  will  after  a  short 
time  assume  a  fine  crimson  colour^  which  could  not  happen 
xmless  the  grain  of  aloetic  acid  had  been  divided  and  equally 
diffused  throughout  the  whole  volume.  Now  it  is  possible  to 
see  a  quantity  of  water  as  small  as  a  thousandth  part  of  a  grain^ 
and  such  a  portion  of  the  solution  would  contain  a  thirty-five 
millionth  part  of  a  grain  of  aloetic  acid.  We  have  therefore 
actually  divided  this  substance  into  thirty-five  millions  of  parts^ 
and  the  most  delicate  microscope  does  not  so  far  magnify  the 
atoms  of  the  acid  that  they  should  be  separately  visible  in  the 
water ;  yet  there  they  are^  and  are  so  small  as  to  be  beyond  the 
limit  of  our  vision^  even  though  it  be  increased  many  thousand 
times :  they  are  infinitesimal,  though  the  sum  of  them  is  finite ; 
and  as  they  are  so  small^  there  must  be  an  infinity  of  them. 
Hence  also  we  have  a  new  aspect  of  such  quantities.  In  refe- 
rence to  a  finite  quantity^  infinity  and  infinitesimal  are  reci- 
procal terms^  each  impl}dng  the  other;  the  finite  quantity 
may  be  the  infinitesimal  infinitely-quantupled^  and  the  infini- 
tesimal an  element  of  the  finite  quantity^  when  it  is  resolved 
into  an  infinity  of  parts.  Again :  an  infinite  quantity  may  be  so 
large^  as  not  only  to  surpass  the  compass  of  our  senses,  but 
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also  to  surpass  quantities  which  are  from  their  magnitude  be- 
yond them;  that  is^  there  may  be  infinite  quantities  beyond 
infinite  quantities^  and  others  again  beyond  these:  and  thus 
there  may  be  quantities  infinitely  greater  than  infinities^  and 
there  may  be  orders  of  infinities.  Astronomy  supplies  in- 
stances of  such  quantities,  to  an  extent  within  the  reach  of 
sights  by  means  of  the  telescope^  but  beyond  the  range  of  the 
micrometer  as  a  means  of  measuring  distance  \  assuming  as  the 
unit  of  length  the  mean  radius  of  the  earth^s  orbit^  which  is 
about  95  millions  of  milcs^  we  can  compare  with  it  the  mean 
radii  of  the  orbits  of  the  other  planets,  and  thus  determine  the 
relative  sizes  of  their  orbits;  but  when  we  extend  our  observations 
to  other  bodies  in  the  celestial  space^  we  find  stars  situated  at 
such  a  distance  from  the  sun^  that,  taking  the  star  to  be  the 
vertex  of  an  isosceles  triangle^  and  the  base  to  be  a  line  through 
the  sun^s  centre  and  of  190  millions  of  miles  in  lengthy  the  ver- 
tical angle  of  the  triangle  is  less  than  V\  and  in  the  case  of 
Capella  is  computed  to  be  0".046 ;  were  the  vertical  angle  1",  it 
can  easily  be  shewn  that  the  distance  would  be  20  billions  of 
miles ;  and  as  it  is  determinable^  we  may  say  that  it  is*  com- 
parable with  finite  quantities^  though  on  the  verge  of  the  infi- 
nite. '^  In  such  numbers  the  imagination  is  lost ;  the  mode  we 
have  of  conceiving  such  intervals  at  all  is  by  the  time  which  it 
^  will  take  light  to  traverse  them.  Light,  we  know,  travels  at  the 
.^  *>  rate  of  192  thousand  miles  per  second;  it  will  occupy  therefore 
^  three  years  and  eighty-three  days  to  traverse  the  distance  in 

question.  Now  as  this  is  an  inferior  limit,  which  it  is  already 
ascertained  that  even  the  brightest  and  therefore  (in  the  ab- 
sence of  all  other  indications)  the  nearest  stars  exceed^  what 
are  we  to  allow  for  those  innumerable  stars  of  the  smaller 
magnitudes  which  the  telescope  discloses  to  us?  What  for  the 
dimensions  of  the  galaxy  in  whose  remoter  regions  the  united 
lustre  of  myriads  of  stars  is  perceptible  in  powerful  telescopes 
as  a  feeble  nebulous  gleam*?''  Here  then  we  have  not  only 
finite  but  also  infinite  distances,  and  spaces  infinitely  greater 
than  these  infinite  distances ;  that  is,  we  have  successive  orders 
of  infinities,  and  in  an  ascending  scale  from  finite  distances,  of 
which  our  senses  are  cognizant,  to  those  infinite  spaces  which 
surpass  our  powers  of  measurement. 

*  Sir  John  llerschel's  Outlines  of  Astronomy,  art.  800  and  following. 


6.]         ON  CONTIinJOUS  AND  DISCONTINUOUS  NUMBER.  15 

So  again  may  anj  one  of  the  small  particles  of  the  aloetic 
acid  which  has  been  dissolved  in  the  water  be  conceived  to  be 
aoaljaed  into  other  parts  infinite  in  number^  each  one  of  which 
wiD  therefore  be  infinitesimally  small  in  comparison  of  its  ori- 
ginal particle ;  that  is^  one  small  particle  may  be  conceived  to 
be  distributed  through  a  finite  volume^  and  thus  to  be  resolved 
into  other  particles  infinitely  less  than  itself:  and  thus  we  may 
airive  at  orders  of  infinitesimals^  each  one  being  infinitesimally 
less  than  that  of  which  it  is  an  element.  It  is  also  to  be  ob- 
served^ that  in  the  resolution  of  a  finite  quantity  into  infini- 
tesimals of  successive  orders^  difiercnt  orders  of  infinities  arise 
which  severally  correspond  to  the  orders  of  infinitesimals^  to 
wbich  they  are  so  related  that  the  product  of  the  infinity  and 
infinitesinial  of  the  same  order  is  equal  to  the  original  finite 
quantity. 

Here  perhaps  it  may  be  asked^  when  does  a  quantity  pass  / 
from  the  finite  to  the  infinite  and  to  the  infinitesimal?    Hovvf' 
many  finite  quantities  must  be  added  to  make  an  infinity^  an^. 
into  how  many  parts  must  a  finite  quantity  be  resolved  so  that  ^ 
each  should  be  infinitesimal  ?   An  answer  to  such  questions  may 
be  beyond  our  power ;  and  it  may  be  a  matter  of  words  only : 
bat  it  is  also  beside  the  object  and  requirements  of  the  Calculus. 
We  have  nothing  to  do  with  concrete  quantities ;  the  instances 
above  cited  are  for  the  sake  of  illustration  only :  to  give  the 
reader  a  rough  notion  of  the  principles ;  such  as  may  serve  their 
purpose  until  other  and  more  accurate  ones  take  their  place ; 
our  subject-matter  is  number,  and  number  as  represented  by 
symbols:    and  the  form  of  the  symbols,  and  the  subsidiary 
symbols  which  will  be  derived  from  them,  as  will  be  shewn  in 
the  sequel,  enable  us  to  overcome  the  apparent  difficulty. 

6.3  To  resume  then  the  course  of  the  exposition  from  the  end 
of  the  4th  article :  variable  number  may  change  value  in  two 
ways,  either  continuously  or  discontinuously. 

A  quantity  or  number  varies  discontinuously  when  it  passes 
abruptly  from  one  value  to  another,  as  by  the  addition  of  a 
finite  quantity.  Thus  the  passage  from  1  to  2,  and  from  2  to  3, 
and  so  on,  is  made  discontinuously,  viz.  by  the  abrupt  addition 
of  the  number  1 ;  similarly  we  pass  from  2x  to  4a?,  and  from 
4r  to  &p,  by  the  successive  addition  of  2j?  and  4j?  ;  thus  the 
changes  are  made  '*  per  saltus/' 
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But  continuous  increase  is  when  number  grows,  that  is, 
passes  from  one  value  to  another  only  by  going  through  all 
the  intermediate  numbers^  whereby  the  successive  increments 
or  augments  which  the  numbers  receive  are  infinitesimal ;  thus, 
if  we  pass  from  3  to  4  not  only  by  going  through  3.1,  3.2,  3.3, 
and  if  we  pass  from  3  to  3.1  not  only  by  going  through  3.01, 

3.02,  3.03, and  if  we  pass  from  3  to  3.01  not  only  by  going 

through  3.001,  3.002, and  so  on  to  any  finite  number  of 

divisions,  the  increase  is  discontinuous;  but  if  the  number  of 
divisions  be  infinite,  and  if  the  lesser  number  pass  into  the 
greater  number  by  receiving  at  each  successive  step  an  infini- 
tesimal increase,  the  mode  of  increase  is  continuous.  For  the 
sake  of  illustration  let  us  consider  the  case  of  motion.  Con- 
sider the  gliding  motion  of  a  worm,  and  suppose  it  to  pass  uni- 
formly over  an  inch  in  a  minute ;  if  the  space  through  which 
the  worm  has  passed  be  estimated  at  the  end  of  each  minute 
only,  the  space  will  apparently  be  discontinuously  increased  by 
an  inch :  but  if  the  space  be  measured  at  the  end  of  each  in- 
finitesimal or  very  short  lapse  of  time,  the  increase  during  that 
instant  will  be  very  small,  and  if  the  instants  be  infinitesimal, 
the  space,  we  say,  will  have  increased  by  infiinitesimal  incre- 
ments. The  earth^s  motion  in  its  orbit,  the  running  out  of 
water,  the  gradual  radiation  of  heat,  the  growth  of  a  tree,  are 
all  instances  of  a  similar  continuous  increase ;  and  it  is  worth 
observing,  that  it  was  from  such  cases  that  the  Calculus  had  its 
origin.  But  if  we  count  horses  or  men,  we  count  discontinu- 
ously :  we  pass  "  per  saltum^'  from  one  man  to  two  men ;  we 
cannot  divide  a  man  into  infinitesimal  elements;  each  man  is 
an  unit  whose  personal  existence  does  not  admit  of  such  infini- 
tesimal subdivision.  Hence  it  appears,  that  numerical  con- 
tinuity requires  infinite  numerical  divisibility,  and  expresses  the 
property  of  quantity  considered  under  the  aspect  of  generation 
by  growth  :  thus  the  diff'erence  of  the  two  modes  of  increase  is 
one  of  degree  and  not  of  kind.  Hence  we  have  a  criterion 
of  them ;  the  difiference  between  two  successive  numbers  is 
finite  or  infinitesimal,  according  as  the  mode  of  increase  is  dis- 
continuous or  continuous. 

The  subject-matter  of  arithmetic  and  of  algebra  (commonly 

so  called)  is  discontinuous  number.    The  numbers  8, 9, 10, 

a,  b,  c, 3:,y^  z, as  they  are  commonly  employed,  are 
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diacontiiiuous ;  we  pass  from  one  to  another  ''  per  saltum,''  and 
do  not  contemplate  the  mode  of  continuous  increase.  The 
distinction  between  the  two  sciences  appears  to  be  the  follow- 
ing: In  arithmetic  are  discussed  the  properties  of  numbers 
which  have  certain  determinate  values,  and  can  have  none 
other;  in  algebra  we  treat  of  symbols  which  are  general  in 
form^  and  either  have  specific  values  (as  the  constants  a,  b,  c), 
or  admit  of  having  one  or  more  such  values  (as  the  variables 

7.]  Infinitesimal  Calculus  considers  number  in  its  aspect  of 
continuous  growth.  In  this  lies  its  distinctive  character :  it  is 
thus  completory  to  the  other  two  branches  of  the  science; 
for  whereas  they  treat  of  finite  and  discontinuous  number, 
it  treats  of  continuous,  and  especially  of  infinite  and  infini- 
tesimal number;  and  however  vague  these  terms  may  appear 
at  first,  yet  as  we  shall  have  to  treat  of  them  in  their  sym- 
bolized' state,  our  final  results  will  not  be  wanting  in  pre- 
ciaion. 

The  value  towards  which  an  expression  converges  nearer 
than  by  any  assignable  difference,  while  the  symbol  on  which  it 
depends  approaches  to  any  assigned  value,  is  called  a  limit  or 
limiting  value.    If  the  assigned  value  of  the  symbol  be  zero,  | 
the  limit  is  called  the  inferior  limit ;  and  if  the  value  be  in-  ^ 
finity^  it  is  called  the  superior  limit. 

Thus  the  inferior  limit  of  :j is  1 ;  although  for  every  value 

of  w  greater  than  0  the  quantity  is  less  than  1,  yet  the  nearer 

w  approaches  to  0,  the  less  becomes  the  difference  between 

and  1 ;  and  the  superior  limit  is  0 ;  for  as  x  increases,  the  quan- 
tity becomes  less  and  less,  and  ultimately,  when  x  is  greater 

than  any  assignable  quantity,   the  difference  between    . 

and  0  is  less  than  any  quantity,  and  thus  the  limit  is  zero.  So 
again,  as  the  difference  between  x  and  —1  becomes  less  than 

any  assignable  quantity,  = approaches  to  infinity ;  similarly 

X  -^  X 

the  iaferior  limit  of  tan  x  is  0,  and,  as  x  becomes  ^,  the  differ- 
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ence  between  tan  ^  and  infinity  vanishes^  and  infinity  is  the 
limit  of  tan  ^. 

Again :  suppose  that  we  have  a  series  of  the  form 

2     3     4  w-hl 

1'    r    3' ""n"' 

the  number  of  terms  of  which  is  infinite ;  although  the  terms 
become  less  and  less  as  we  proceed  from  left  to  right,  yet  the 
value  of  the  last  term  does  not  approach  to  0  but  to  unity,  ai 
is  manifest  from  the  form  of  it ;  xmity  then  is  the  limit  of  thd 
last  term  of  the  series. 

In  geometry  a  circle  is  the  limit  towards  which  the  perimeter 
of  an  inscribed  polygon  converges,  as  the  number  of  sides  is 
infinitely  increased,  and  as  thereby  the  lengths  of  the  sides  be- 
come infinitesimally  small.  Many  examples  of  finding  limits 
will  be  given  in  the  sequel.  Hence  zero  is  the  inferior  limit  of 
an  infinitesimal,  and  infinity  is  the  superior  limit  of  a  quantity 
which  is  greater  than  any  assignable  quantity. 

The  symbols  by  which  we  shall  represent  infinity  and  an 
infinitesimal  are  oo  and  0 :  the  relation  of  which  is,  that  if  a 

represent  a  finite  quantity,  00  =  ^^  and  0= — .     We  shall  at- 

u  00 

tach  a  more  definite  meaning  to  these  relations,  if  we  consider 
a  dividend  to  be  the  product  of  the  divisor  and  quotient ;  thus 
there  is  no  finite  quantity  which,  when  multiplied  into  zero  or 
an  infinitesimal,  will  produce  a  finite  product :  nothing  short  of 
infinity  can  do  it ;  and  from  the  illustrations  of  article  5  it  ap- 
pears that  it  must  be  an  infinity  of  a  particular  kind. 

8.]  If  then  any  finite  numerical  quantity  be  divided  into  any 
number  of  equal  or  imequal  parts,  as  the  case  may  be,  the 
larger  the  number  of  parts  is,  the  smaller  is  each  part ;  and  if 
the  number  of  parts  be  infinitely  great,  each  part  is  an  infini- 
tesimal :  and  the  less  the  diff*erence  be  between  the  number  of 
parts  and  absolute  infinity,  the  less  is  also  the  difierence  be- 
tween each  part  and  absolute  zero.  Suppose  then  a  to  be  a 
finite  determinate  quantity,  and  to  be  divided  into  ^  equal  parts; 

each  part  =-;  and  then,  if  x  be  infinitely  great,  ~  is  an  infini- 
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tesimal,  x  and  -  being  thus  symbols  of  an  infinity  and  an  infi- 
nitesimal^  which  mutually  imply  and  are  reciprocal  to  each  other. 
Suppose  again^  -  to  be  divided  into  x  equal  parts,  then  each 

X 

part  is  equal  to  -^,  and  s^  is  the  number  of  parts  into  which  a 

has  been  divided :  thus  ^  and  —^  severally  represent  an  infinity 

and  an  infinitesimal,  which  are  reciprocal  to  and  mutually  imply 
each  other.     By  similar  and  subsequent  divisions  we  may  find 

ar*,  — =-, ^,  — ,  and  therefore  other  infinities  and  infini- 

tesimals  which  are  relative  to  each  other. 

Or  again,  suppose  t  to  be  an  infinitesimal  element  of  a,  so 

that  a  is  divided  into  -  equal  parts,  then  -  is  an  infinity,  and 

is  relative  to  the  infinitesimal  i .    And  again,  suppose  a  to  be 

resolved  into  elements  each  of  which  is  equal  to  i^,  then  -r^- 

is  the  number  of  equal  parts,  and  -^^  is  an  infinity  which  is 
fielative  to  the  infinitesimal  i^;  similarly  by  subsequent  resolu- 

tions  may  other  infinitesimals  and  infinities  ?,  -73-, f",  -^j 

be  formed,  which  mutually  involve  each  other. 

Now  although  generally  infinities  and  infinitesimals  are  sym- 
bolized respectively  by  00  and  0,  yet  it  is  manifest  that  all  of 
each  kind  are  not  equal ;  not  only  do  infinitesimals  differ  from 
absolute  zero,  but  they  may  also  differ  from  each  other :  and  so 
may  infinities  differ  from  each  other,  and  from  a  quantity  which 
transcends  every  assignable  quantity,  that  is,  from  absolute 
infinity.     Hence  the  need  of  classifying  such  quantities. 

Assuming  then  the  order  to  depend  on  the  exponent,  it  is 
plain  that  such  orders  must  exist  relatively  to  a  certain  de- 
terminate quantity,  which  is  the  subject  of  the  exponent,  and 
which  we  call  the  base.     Taking  therefore  x  to  be  the  base  of 

infinities^  let  afi,  ofiy x^  be  infinities  of  the  second,  third, 

•..••.11^  orders;  and  taking  i  to  be  the  base  of  infin\t^\m»l%) 

n  % 


t 
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let  i^,  P i^  be  infinitesimals  of  the  second^  thirds nf^ 

orders  respectively.    Similarly  -,   -j, —  are  infinitesimals 

of  the  first,  second, n'^  orders,  if  a?  be  the  infinity-base; 

and  -,  -=r-,  -r-  are  infinities  of  the  first,  second. n* 

orders,  if  i  be  the  infinitesimal-base :  snch  properties  it  is  mani- 
fest necessarily  involve  each  other,  if  i  and  x  are  so  related 

that  0?  =  V,  or  f  =  -.    These,  it  is  to  be  observed,  are  the 

definitions  of  the  orders  of  infinities  and  infinitesimals.     Simi- 

I  3 

larly,  if  x^  be  the  infinity-base,  x,  x  ,  sfl would  be  in- 

1 
finities  of  the  second,  third,  fourth  orders ;  and  if  i^  be  the 

infinitesimal -base,  i^,  t,  i    would  be  infinitesimals  of  the 

second,  third,  fourth  orders  respectively. 

Hence  then  it  appears,  that  there  will  be  a  scale  of  infinities 
and  of  infinitesimals  in  regular  sequence :  such  that  an  infinity 
of  the  n^  order  must  be  infinitely  subdivided  to  produce  an 
infinity  of  the  (n— 1)*  order,  and  infinitely  quantupled  to  pro- 
duce one  of  the  (n-fl)'*  order:  infinitesimals  also  bear  such 
relations  to  those,  on  either  side  of  them  in  the  scale,  that  they 
are  infinitesimal  parts  of  the  one,  and  the  aggregate  of  an  in- 
finity of  the  other.  Thus,  if  ^  be  the  symbol  of  infinity  as 
above,  afi  wiir  be  the  symbol  of  the  finite  quantity,  and  the 
scale  will  be 

M',......M',  *^>  ^     i  ***  }  ,     .*•..•••>  , 

and  if  i  be  the  symbol  of  an  infinitesimal,  i^  will  represent  the 
finite  quantity,  and  the  scale  will  be 

i-~, t-*,    i-^,    «^,    t^    ?, f", 

the  order  in  each  scale  being  a  descending  one.  Hence  also, 
using  the  general  symbols  of  such  infinitesimals  and  infinities^ 
viz.  0  and  oo ,  the  scales  become 

0-«, 0-»,    0-S    0»,    01,    0», 0», 

oo", 00*,        00^,        00^,        00"*,        00~*, 00  "". 

i   Thus  then,  although  the  mind  is  incapable  of  forming  adequate 
/f  notions  of  infinities  and  infinitesimals  as  they  were  described  in  , 
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roagh  outline  in  article  6,  yet  they  may  be  brought  within  its 
grasp  when  they  are  symbolized  as  above*.  It  is  true  that 
they  do  not  always  present  themselves  under  the  simple  forms 
herein  investigated^  but  in  a  subsequent  chapter  methods  will 
be  discussed  for  determining  the  orders  of  the  more  complex 
forms :  and  when  they  are  so  symbolized^  the  Calculus,  as  its 
object  is,  successfully  considers  their  laws  and  combinations, 
some  of  which,  immediately  consequent  upon  their  definitions, 
are  stated  in  the  following  theorems,  in  all  of  which  we  suppose 
the  base  to  be  the  same. 

9.]  Theorem  I.  Infinities  and  infinitesimals,  like  finite 
quantities,  admit  of  being  mvltiplied  and  divided  by  finite  num- 
bers, and  their  order  is  not  thereby  changed :  but  multiplication 
or  division  by  the  base  or  any  power  of  it  changes  the  order  of 
the  infinity  and  of  the  infinitesimal. 

Thus  afl  and  2^  are  infinities  of  the  same  order,  and  i  and 

-  are  infinitesimals  of  the  same  order;  f'»xi**=i'*''"**,  that  is, 

4 

by  multiplication  of  the  base  raised  to  a  power  the  order  of  the 
infinitesimal  is  changed. 

Theob.  II.  Theprodtuit  of  an  infinity  and  of  an  infinitesimal 
of  the  same  order  is  a  finite  number. 

Thus  a?*x-7r  =  o;  tx-r  =  a. 
or  % 

Theob.  III.  The  product  of  an  infinity  and  of  an  infinitesimal 
of  different  orders  is  infinity  or  an  infinitesimal,  according  as  the 
order  of  the  infinity  is  higher  or  lower  than  that  of  the  infini* 
tenmal;  and  the  order  of  the  product  depends  on  the  difference 
of  the  orders  of  the  component  factors. 

Thus  a?"  X  -  =  aafl :  a?"  x =  (m?"""*"  =  --^r-^y  the  former  or 

S*  fti  /c 

latter  form  being  taken  according  as  n  is  greater  or  less  than 
m^,  and  therefore  the  result  being  accordingly  an  infinity  or 

an  infinitesimal.     Similarly,  i*x-7r  = -T«r- 

•.  *  Ste  P«iMOii,  TMM  cto  M^canique,  Tome  Ier«,  pp.  14, 16,  ^  ed.  Parift^  183S. 
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Theor.  IV.    The  ratio  to  each  other  of  two  infinities  or  infim- 
iesinials  of  the  same  order  is  finite. 

Let  a  and  b  be  two  finite  numbers,  and  -r-,  t-  be  two  in- 

finities  of  the  same  (viz.  the  n'*)  order,  then  their  ratio  is  a  :  4; 
similarly,  if  at ",  At"  be  two  infinitesimals  of  the  «**  order,  their 
ratio  is  a  :  A,  that  is,  the  same  as  before.  This  is  also  manifest 
geometrically.  Let  there  be  two  concentric  circles,  the  radius 
of  one  of  which  is  double  that  of  the  other,  and  in  them  let 
two  regular  polygons  of  the  same  number  of  sides  be  described  ,- 
each  side  of  the  larger  is  always  double  each  side  of  the 
smaller;  and  as  this  is  true  whatever  be  the  number  of  the 
sides,  it  is  true  when  the  number  is  infinitely  great ;  in  which 
case  each  side  becomes  infinitesimally  small :  and  if  the  number 
in  both  polygons  is  the  same,  the  sides  are  infinitesimals  of 
the  same  order,  and  thus  bear  to  each  other  the  finite  ratio 
of2:l. 

Hence  also  it  follows  that  quantities,  whose  symbolical  form 

is  TT,  are  indeterminate  by  virtue  of  that  form,  and  may  be 

either  infinite,  finite,  or  infinitesimal,  and  that  such  determi- 
nate values  depend  on  the  relation  of  the  order  of  infinitesimal 
in  the  numerator  to  that  in  the  denominator;  that  is^  if  the 
infinitesimal  in  the  denominator  be  of  a  higher  order  than  that 
in  the  numerator,  the  determinate  value  is  infinite ;  if  the  orders 
are  the  same,  the  value  ^finite;  and  if  that  in  the  numerator 
is  higher  than  that  in  the  denominator,  the  value  is  infini- 
tesimal. 

Thus =  jr  when  4?= a;  but  dividing  out  (a— a?)  , 

.,  u   •     (a-f^)"^      (2a)+  - 

the  result  is   ^  =        '    =  00 ,  when  ^=a. 

(a  -  xY         ^ 

^    (a  —  xf      0    .  ,  ^        a—x      0     , 

'"''*  -^^^  =  0'  ^^^""^  ''='')'  ^-^x  =  %-a^^^ *="• 

Similar  results  are  also  manifestly  true  of  infinities  and  their 
different  orders. 
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Theob.  V.  The  sum  of  two  infinities  or  infinitesimals  of  the 
same  order  is  the  product  of  the  infinity  or  infinitesimal  by  the 
sum  of  their  coefficients ;  and  the  difference  is  an  infinity  or  in- 
finitesimal  of  the  same  order,  concept  when  the  coefficients  are 
equal,  in  which  case  it  is  absolutely  zero. 

Thus  at'»-f  Ai"=(a-f  A)i'»,   ai**— Ai"=(a— *)«",   ai^—ai^=^0. 

Theor.  VI.  Since  an  infinitesimal  is  derived  from  a  finite 
number  by  the  resolution  of  the  finite  number  into  an  infinity  of 
parts,  the  ratio  between  a  finite  number  of  such  infinitesimals 
and  the  original  number,  is  that  ofOtol;  a  finite  number  there- 
fore of  such  infinitesimal  parts  can  have  no  value  at  all  when 
added  to  a  finite  quantity :  it  must  be  neglected. 

Thus  if  a  and  b  are  finite  numbers^  and  i  be  an  infinitesimal, 
of  such  an  expression  as  a-\-bi,  the  latter  part  must  be  ne- 
glected; bi  has  no  value  at  all  when  added  to  a, 

Theob.  VII.  For  a  similar  reason  a  finite  quantity  can  have  i 
no  value  when  added  to  an  infinity,  and  must  therefore  be  ne-  I 
glected. 

Thus  o{  ax  -{-b,  the  finite  quantity  b  must  be  neglected,  and 
the  expression  is  equal  to  ax. 

Similarly,  in  expressions  involving  the  sum  or  difference  of 
infinitesimals  of  different  orders  which  have  finite  coeflBcients, 
all  the  higher  infinitesimals  must  be  neglected,  and  the  lower 
ones  alone  retained.  Thus  let  a  and  b  be  two  finite  quantities, 
and  t"  and  1**+*'  two  infinitesimals ;  then 

the  latter  part  of  which  is  equal  to  a  by  Theorem*!^  and  there- 
fore 

Similarly, 

a  4-  Ai  -f  ct2  + -f-  ki**  =  a. 

And  similarly,  if  an  expression  involves  the  algebraical  sum  of 
infinities  of  various  orders,  whose  cocflBcients  are  finite,  the  ex- 
pression is  equal  to  the  infinity  of  the  highest  order,  and  all 
the  others,  and  the  finite  quantities,  can  have  no  value,  when 
added  to  it,  and  must  be  neglected. 


) 
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10.]  To  enable  the  student  to  appreciate  the  importance  of 
the  above  theorems,  some  examples  are  subjoined : 

Ex.  1.   To  find  the  inferior  and  superior  limits  of 

ax^  -f  bx^  -\-  ex  -\-  e 
mx^  +  nx^  -\-px  +  q' 

By  Theorem  VI.  the  inferior  limits  of  the  numerator  and  de- 
nominator are  severally  e  and  q,  and  by  Theorem  VII.  the 
superior  limits  are  severally  ax^  and  mx'^;  hence  the  superior 

and  inferior  limits  of  the  fraction  are  severally  —  and  -. 

•^  wi  q 

Ex.  2.  To  find  the  inferior  and  superior  limits  of 

b-\-\ 
If  07  =  0  the  inferior  limit  becomes  r- :  and  if  a?  =  oo ,  the 

limit  is  (  ^  j  ,  which  is  oo  or  0,  according  as  a  is  greater 
or  less  than  b. 

11.]  If  any  one  idea  or  conception  is  pregnant  with  the 
whole  Calculus,  it  is  that  contained  in  Theorems  VI  and  VII ; 
they  enuntiate  the  essential  properties  of  infinitesimals  and 
their  reciprocal  infinities :  such  as  fiow  immediately  from,  inas- 
much as  they  are  involved  in,  any  adequate  notion  of  such  a 
mode  of  resolution  as  the  Calculus  contemplates ;  were  not  the 
properties  of  infinitesimals  such  as  the  theorems  import,  the 
Calculus  would  not  be  what  it  is :  from  them  it  takes  its  rise, 

mcli  have  they  imparted  to  it. 

On  inspecting  the  scales  of  infinities  and  infinitesimals  which 
are  given  above,  it  will  be  observed  that  the  finite  quantity  is 
represented  by  the  symbol  which  has  0  for  its  exponent :  the 
reason  of  which  by  the  common  law  of  indices  is  manifest  frt>m 
the  examples  given  in  illustration  of  Theorem  IV  of  Arti- 
cle 9;  and  on  the  correctness  of  thus  representing  it  more 
will  be  said  hereafter.  And  it  will  also  be  observed,  that  all  the 
symbols  on  one  side  of  it  represent  infinities,  and  all  on  the 
other  infinitesimals ;  but  it  is  quite  arbitrary  which  grade  shall 
be  considered  finite,  or  the  one  intermediate  to  the  infinite  and 
the  infinitesimal.     Borrowing  an  analogy  from  the  senses,  as 
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explained  above,  we  make  them  the  test  of  finiteness^  but  such 
is  not  necessary;  and  doubtless,  were  our  senses  much  more 
delicate  than  they  are,  we  should  start  from  some  order  lower 
than  we  do,  and  call  that  finite  which  we  now  call  infinitesimal; 
and  if  we  were  living  amongst  bodies  and  distances  which  were 
comparable  with  the  distances  of  the  fixed  stars  from  the  sun, 
they  would  doubtless  be  our  finite  quantities^  and  what  are 
now  finite  would  become  infinitesimal. 

12.]  Thus  far  we  have  spoken  of  single  symbols,  and  of 
their  properties ;  it  is  of  continuous  variables  that  we  shall  treat, 
and  we  shall  not  introduce  discontinuous  ones  without  special 
statement.  Now  it  is  plain  that  two  or  more  such  variables 
may  be  combined  with  constants  in  an  equation,  and  may  be 
such  that  a  change  of  value  of  one  may  imply  a  corresponding 
change  of  value  of  one  or  more  of  the  others ;  when  this  is  the 
case,  such  variables  are  said  to  depend  on,  and  to  be  Junctions 
of,  each  other :  and  the  equation  which  expresses  the  mode  of 
dependence  is  said  to  be  b.  function  of  such  variables. 

If  one  variable  is  involved  in  such  an  expression,  it  is  said  to 
be  a  function  of  one  variable ;  if  two  variables  are  involved,  to 
be  a  function  of  two  variables;  and  so  on.  Thus  sin  x,  e", 
log  J?,  v^(«*— ^)>  are  functions  of  one  variable,  viz.  x\  c^+^, 
tan  {ax-\-by)f  a^  are  functions  of  two  variables,  x  and  y ;  xyz^ 
^  +  y*+^  are  functions  of  three  variables:  similarly  may  we 
have  functions  of  more  variables.  Functions  are  designated 
by  the  symbols  f,  /  <^,  ^,  &c.  Thus  y{x)  means  a  function  of 
one  variable  «r,  combined  or  not  with  constants  as  the  case  may 
be ;  F(a;*)  means  a  function  of  ixi^ ;  <^(j7,  y)  symbolizes  a  function 
of  two  variables ;  y\f{x,  y,  z)  a  function  of  three  variables :  thus 
these  functional  symbols  are  general,  and  the  specific  forms  of 
them  are  the  particular  functions  which  arise  from  operations 
in  algebra,  trigonometry,  &c.  Thus  if  f(^)  =  cos  x,  f  is  the 
general  symbol  of  an  operation  of  which  cos  is  the  specific  in- 
stance; similarly  would  tan  07,  log  .r,  e***,  y/{a^^x^),  be  all 
represented  by  F(a?);  and  \o^{x-\-y)  would  be  represented 

by/(^,y). 

Now  as  such  equations  represent  the  mode  of  mutual  in- 
terdependence of  two  or  more  variables  in  their  symbolized 
state^  so  in  their  imsymbolized  state  they  express  the  re- 
latiim  between^  and  the  law  of,  certain  cawae^  CLivdi  e^ecX.^. 

E 
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Suppose  a  mass  of  metal  to  have  been  heated  to  a  certain  tempe- 
rature^ and  that  we  have  to  find  the  temperature  at  any  subse- 
quent time;  this  latter  quantity  will  depend  on  (say)  these* 
circumstances,  viz.  the  original  temperature,  the  law  of  radiation 
of  heat,  and  the  length  of  intervening  time.  Moreover  suppose 
the  law  of  relation  of  these  four  circumstances  to  be  known, 
(which  it  is,)  and  it  to  be  possible  to  express  that  law  in  a 
symbolical  form ;  then  the  equation  of  dependence  will  involve 
four  variables,  viz.  the  original  temperature,  the  time  elapsed, 
the  law  of  radiation,  and  the  present  temperature,  and  thus 
will  be  a  function  of  four  variables ;  but  we  shall  also  say,  that 
the  present  temperature  is  a  function  of  three  other  variables, 
and  write  it  as  follows : 

Present  temperature  = 

F  (original  temperature,  time,  law  of  radiation.) 

Now  it  is  possible  that  any  one  of  the  last  three  variables 
may  vary  without  involving  any  change  of  the  other  two,  in 
which  case  however  the  "present  temperature''  must  vary  also; 
and  as  a  similar  variation  of  any  other  of  the  three  may  take 
place,  there  may  be  three  separate  variations  of  it  due  to  the 
separate  variations  of  each  of  the  three  variables  on  which  it 
depends.  On  this  account  it  is  called  a  dependent  variable, 
and  each  of  the  others  is  called  an  independent  variable. 

13.]  Functions  are  said  to  be  implicit  and  explicit ,  accord- 
ing as  they  assume  the  form  of  one  or  the  other  of  those  of 
the  last  article.  If  by  any  artifice  or  operation,  as  for  instance 
by  the  algebraical  solution  of  an  equation,  one  variable  can  be 
expressed  in  terms  of  all  the  others,  then  it  is  said  to  be  an 
explicit  function  of  them ;  but  if  it  be  not  solved,  and  all  the 
variables  remain  involved  in  one  expression,  then  the  function 
is  said  to  be  implicit.  Thus  the  illustrating  case  of  the  last 
article  will  be  an  implicit  function  of  four  variables,  if  the 
quantities  are  combined  in  the  form, 

F  (original  temperature,  time,  law  of  radiation,  present  temperature) 

=  0, 

and  the  present  temperature  becomes  an  explicit  function  of 
three  variables,  if  written  in  the  form, 

Present  temperature  = 

F  (original  temperature,  time,  law  of  radiation). 
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Thus  a?*-|-y*— a*=0  is  an  implicit  function  of  two  variables, 

but  y  =  (a2_a?2)^  ig  an  explicit  function  of  one  variable,  of 
which  y  is  the  dependent  and  x  the  independent  variable;  and 
y=:f(x)  is  the  general  form  of  such  explicit  functions,  and 
F(a7,  y)=c  {c  being  a  constant)  is  the  general  form  of  an  im- 

X^        4#2  ^3 

plicit  function  of  two  variables.     So  again :  — s  +  t^4-— sr=l  is 

a*      o^      c^ 

an  implicit  function  of  three  variables  of  the  form  f  {x,  y,z)  =  c; 

f        x^      y^')^ 
whereas  J2r=c  |  1 ^  ""  T2  f   >  which  is  of  the  form  z  =f(x,  y), 

is  an  explicit  function  of  two  variables.  Implicit  functions  are 
often  written  in  the  form, 

M  =  F(.r,  y,  z, )  =  c,  or  =  0, 

as  the  case  may  be. 

The  terms  dependent  and  independent  variables  have  reference 
to  explicit  functions.  When  functions  are  implicit,  there  are 
no  general  marks  whereby  to  determine  which  of  the  variables 
may  most  conveniently  change  value  first. 

14.]  Functions  have  again  been  divided  into  two  classes, 
algebraical  and  transcendental :  the  former  being  those  fimctions 
which  involve  the  operations  of  addition,  subtraction,  multipli- 
cation, division,  involution,  and  evolution,  or  the  algebraical 
sum  of  many  such  functions ;  the  latter  where  the  operations 
symbolized  are  such  as  e*^,  log<.r,  sin.r,  sec~^a?;  that  is,  where 
they  are  either  exponential,  logarithmic,  or  circular.  This  how- 
ever is  a  division  not  necessary  to  our  present  purpose. 

Functions  again  may  be  simple  or  compound-,  that  is,  accord- 
ing as  one  or  several  operations  (the  results  of  which  are  the 
functions  in  question)  are  involved.  Thus  y=:sin  x,  y=loga  x, 
are  simple  functions  oi  x;  but  y  =  \og  sin  x,  yrse**"*^  are  com- 
pound functions;  compoimd  functions  are  thus  functions  of 
functions. 

It  is  necessary  to  observe,  that,  if  two  functions  are  repre- 
sented by  the  same  functional  symbol,  they  are  formed  in  the 
same  manner  by  means  of  the  variables  which  they  involve. 
Thus  if/(a?)  =  sin  x,  fiy)  =  siny;  iff(x)=€^,f(y)=^^. 

15.]  Functions  may  be  either  contintwus  or  discontintwus.  A 
contiiiuous  function  is  subject  to  the  two  foUowmg  eoTLdL\\ioTv.'&\ 

£  2, 


28  ON  BXPUCIT  AND  IMPLICIT  PUNCWONS.  [15. 

Ist.  As  the  variable  gradually  changes^  the  fimction  must 
gradually  change. 

2nd.  The  law  symbolized  by  the  functional  character  must 
not  abruptly  change. 

When  these  two  conditions  are  not  satisfied^  the  fiinction  is 
discontinuous. 
Thus,  for  instance^  both  conditions  are  fulfilled  in  the  functiona 

y  =  ajp '\- bf    y  =  sin^; 

in  which^  as  the  variable  x  changes,  the  value  of  the  func- 
tion also  changes^  but  changes  gradually,  and  there  is  no 
abrupt  passage  from  one  value  to  another;  and  the  law  sym- 
bolized by  the  functional  character  does  not  change,  but  always 
remains  the  same :  but  if  the  function  were  such  as  to  express 
a  line  of  the  form  in  fig.  1,  so  that  ba  should  be  a  continuous 
curve  drawn  after  some  determinate  law,  but  at  a  the  law  sud- 
denly should  change,  and  the  curve,  from  being,  say,  a  circle, 
become  a  straight  line,  then  the  second  of  the  above  conditions  is 
not  satisfied,  and  the  function  is  discontinuous,  a  is  called  a  point 
of  discontinuity.  As  an  instance  of  a  function  of  this  description 
the  following  may  be  mentioned.  Replacing  the  circular  quanti- 
ties by  their  exponential  values,  it  may  easily  be  proved  that 

sin  (a- 1) 

cosa  +  cos  (a+iS)  -f- cos  (a-|-2)3)-|-...  ad  infin.  = — -. 

2  sm   ^ 
Suppose  that  a=^,  then  the  series  becomes 


cos  a  +  cos  3a-f  cos  5a+-.*  ad  infin.  =  — 


0 


28ina* 


but  if  a  =  any  multiple  of  tt,  the  sum  of  the  series  assumes 

the  indeterminate  form  ^ ;  hence  we  have  this  remarkable  result, 

each  term  of  the  series  varies  continuously  with  a,  but  the  sum 
of  the  series  varies  discontinuously,  being  always  zero,  except 
when  a  passes  through  some  multiple  of  7,  when  the  sum  of  the 

series  suddenly  and  abruptly  becomes  ^;  i. e.  some  indetermi- 
nate quantity ;  thus  we  have  a  series  of  points  of  discontinuity. 
It  is  of  continuous  functions  of  continuous  variables  gene- 
rally that  we  shall  treat;  and  if  discontinuous  ftmctions  are 


1 6.]   ON  THE  GXNERATION  OP  CONTINUOUg  QUANTITY.    29 

intTodaced,  they  will  be  considered  only  for  those  values  of  the 
variables  for  which  they  are  continuous. 

16.]  There  are  two  different  modes  of  viewing  such  continu- 
ous functions  and  variables^  both  of  which  will  be  convenient 
for  the  future  purposes  of  the  treatise.  Firstly^  suppose  xi  and 
jr2  to  be  two  definite  values  of  a  variable  number  a?,  of  which 
x^  is  the  lai^er;  and  suppose  the  difference  x^^Xi  to  be  finite, 
and  to  be  resolved  into  an  infinite  number  of  equal  parts^  each 
of  which  is  therefore  an  infinitesimal;  then  the  passage  from 
Xi  to  Xi  may  be  made  by  the  successive  addition  of  such  infini- 
tesimal elements,  the  whole  sum  of  which  is  of  course  the  finite 
quantity.  Secondly,  the  idea  of  motion  or  continuous  growth 
may  be  introduced,  and  we  may  conceive  number  to  be  in  a 
gradually  increasing  state;  and  thus,  if  the  rate  of  increase  be 
finite,  the  increment  due  to  a  finite  time  will  be  finite,  and  that 
due  to  an  infinitesimal  interval  of  time  will  be  an  infinitesimal. 
The  former  mode  we  have  hitherto  invariably  considered,  ex- 
cept in  the  illustrations  of  Art.  6,  but  as  we  have  now  to  deduce 
infinitesimals  from  finite  quantities,  and  the  latter  method  is 
more  convenient  for  that  purpose,  we  shall  apply  it.  Both 
manifestly  lead  to  identical  quantities  and  results ;  for  whereas 
in  the  one  we  consider  a  quantity  during  the  process  of  genera- 
tion, and  the  infinitesimal  elements  as  they  are  successively 
produced ;  so  in  the  other,  we  resolve  the  finite  quantity  when 
generated  into  its  infinitesimal  elements :  in  the  latter  then  we 
arrive  at  the  finite  quantity  from  the  elements,  in  the  former  we 
derive  the  elements  from  the  finite  quantity.  The  latter  idea 
is  the  more  complex,  inasmuch  as  it  involves  motion  and 
perhaps  time,  but  adapts  itself  more  readily  to  mechanical 
questions;  and  the  former  is  undoubtedly  best  suited  to  geo- 
metry. It  was  from  these  two  ideas  that  Leibnitz  and  Newton 
simultaneously,  though  independently,  evolved  the  Calculus. 

Thus  suppose  we  consider  the  arc  of  a  quadrant  of  a  circle  of 

radius  a ;  its  length  is  — ,  which  if  we  resolve  into  infinitesimal 

elements,  each  element  will  be  the  distance  between  two  con- 
secutive points :  and  the  two  points  will  be  taken  so  near  to- 
gether, that  the  line  joining  them  must  be  considered  straight ; 
and  thus  must  the  circle  be  conceived  to  be  made  up  of  an 
infinity  of  infinitesimal  straight  lines,  and  the  tax^geiiV.  ^  «s\^ 
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point  is  the  line  whicli  coincides  with  the  straight  line  joiimig 
the  point  and  its  consecutive  point ;  that  is,  the  tangent  is  the 
element  produced.  Similarly  must  all  continuous  carves  be 
considered  as  composed  of  infinitesimal  straight  lines^  and  all 
surfaces  of  infinitesimal  plane  areas,  and  all  solids  of  infini- 
tesimal elements^  and  all  concrete  bodies  as  made  up  of  infini- 
tesimal corpuscles.  Or  if  we  consider  the  quadrant  to  be 
generated  by  a  point  moving  according  to  a  given  law,  and  the 
motion  to  be  carried  on  during  a  finite  time,  and  the  time  to 
be  resolved  into  very  short  instants,  then  the  space  passed  over 
in  one  of  these  instants  is  the  infinitesimal  increment  of  the 
curve ;  and  the  direction  in  which  the  point  is  moving  at  the 
time  of  generating  the  element  is  that  of  the  tangent  of  the 
circle  at  the  point.  In  this  view  points  generate  lines,  lines 
generate  surfaces,  and  surfaces  generate  solids. 

17.]  Consider  a  continuous  function  of  one  or  more  con- 
tinuous  variables.  And  first  the  simple  case  of  an  explicit  func- 
tion of  one  variable,  of  the  form 

y=/(^);  (1) 

consider  it  in  two  successive  states,  and  first  at  a  finite  interval 
apart. 

Let  A  (which  is  used  as  an  abbreviation  of  difference)  repre- 
sent a  finite  increment  of  a  function  or  variable,  so  that  A^* 
and  Ay  represent  the  finite  increments  that  x  and  y  receive, 
and  A/(^)  the  finite  change  in  f{x)  due  to  the  finite  augment 
of  the  independent  variable  x ;  whence  we  have 

^f{x)  =  Ay  ^f{x  +  A^)  -./(^) :  (2) 

A/(a7)  is  called  the  diflcrence  of  f{x),  and  is  therefore  the 
quantity  by  which  f(x)  is  increased,  as  the  variable  on  which 
it  depends  is  increased. 

Now  suppose  these  increments  to  become  infinitesimal,  in 
which  case  we  shall  use  d  (the  abbreviation  of  differential^  or 
small  difi^erence)  to  symbolize  them :  so  that  dx  and  dy  repre- 
sent the  infinitesimal  increments  that  x  and  y  receive,  and 
df(x)  the  infinitesimal  increment  that  f{x)  receives,  owing  to 

*  /Lr  may  be  negative ;  in  which  case  it  might  perhaps  be  more  properly  called  a 
decrement;  but  in  the  following  treatise  we  shall  use  the  words  augments  and  incre- 
ments to  express  the  variations  in  the  values  of  the  variables,  whether  such  variations 
cause  them  to  increase  or  decrease. 
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the  infinitesimal  increment  of  its  independent  variable ;  thereby 

(2)  becomes 

d  f{x)  =  dy  =f{x  -h  dx)  -/(^) ;  (3) 

df{x)  is  called  the  differential  oi  f{x),  and  is  therefore  the  in- 
finitesimal quantity  by  which  f{x)  is  increased^  by  reason  of 
the  infinitesimal  increase  of  the  variable  on  which  it  depends. 

Hence  arises  the  name  "  Difierential  Calculus/^  The  opera- 
tion of  determining  the  values  of  the  differentials  of  the  func- 
tions due  to  the  difierential  increase  of  the  variable  is  called 
Difierentation,  and  is  the  first  work  of  the  Calculus ;  and  we 
are  said  to  difierentiate  the  function  rvith  respect  to  that  vari- 
able, owing  to  the  change  of  which  the  function  changes. 
Hereby  the  materials  will  be  formed,  the  laws  of  which  will  be 
subsequently  developed.  We  shall  generally  difierentiate  di- 
rectly and  without  the  intervention  of  any  other  symbols  than 
those  introduced  above,  but  sometimes  it  is  convenient  to  put 
the  result  in  another  form. 

18.]  Since  the  left-hand  member  of  equation  (3)  is  an  infini- 
tesimal of,  say,  a  first  order,  the  right-hand  member  must  be 
an  infinitesimal  of  the  same  order  ;  an  infinite'simal  must  there- 
fore be  a  factor  of  it.  But  the  only  infinitesimal  that  it  in- 
volves is  dx^  therefore  we  may  reasonably  presume  that  dx  will 
be  the  factor ;  the  presumption  however  must  be  verified  by  sub- 
sequent investigations.    Dividing  then  both  sides  by  dx,  we  have 

dy        d.f(x)       f(x  +  dx)  -f(x) 


dx  dx  dx 


(4) 


of  which  the  last  member  is  of  the  form  ^,  but  will  be  a  finite 

quantity,  if  our  presumption  is  correct.  Let  us  represent  it  by 
f'(x),  so  that 

.-.   dy  =  d.f(x)  =  f(x)dx:  (6) 

f'(x)  is  called  the  derived  function  of  f{x),  and  represents  the 
ratio  of  the  differential  of  the  function  to  the  difierential  of  the 
variable ;  and  therefore  if  it  be  known,  the  absolute  change  of 
the  function  due  to  the  change  of  the  variable  is  also  known. 
The  operation  by  which  the  derived  function  is  determined  is 
called  "  Derivation.'^  It  is  under  this  aspect  that  the  *'  Calcul 
des  Fonctions'^  of  Lagrange  ia  constructed  •,  /'  (x)  \%  e8S\j&dL  IHe 
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differential  coefficient^  becauBe  it  is  the  coefficient  of  Ar  in  tlie 

equation  d,f(x)  =  f'(x)  dx. 

It  is  also  manifest^  that  generally 

/(^±M3A^=/V)  +  a,  (7) 

when  R  is  some  residual  quantity^  which  must  be  n^lected 

when  A.r  becomes  dx, 

19.]    Similarly^  in  considering  a  function  of  many  variables^ 

such  as 

uz^7(x,yyZ ), 

we  shall  use  A  and  d  to  symbolize  respectively  finite  and  in- 
finitesimal changes:  so  that  Ati^  Ao?,  Ay represent  finite^ 

and  du,  dx,  dy,dz infinitesimal  quantities ;  wherefore 

Au=/{x-\-Ax,  y  +  Ay )  —f{x,y )  (8) 

du=f(x  +  dx,  y  +  dy,  z^-dz )  —f(x,y,z )      (9) 

20.]  Hence  we  may  describe  the  Differential  Calculus  as 
follows : 

The  Differential  Calculus  is  a  general  method  and  system  of 
rules  by  which  are  determined  the  corresponding  changes  of 
functions  and  variables,  when  the  variations  of  the  variables 
are  infinitesimal;  and  the  code  of  laws  to  which  they  are 
subject,  and  conformably  to  which  they  may  be  applied  to 
questions  of  Geometry  and  Physics. 

Before  however  we  proceed  to  give  either  general  rules  for 

the  differentiation  of  functions,  or  to  illustrate  the  process  by 

particular  examples,  it  is  necessary  to  determine  the  values  of 

two  functions  for  certain  values  of  the  variables,  which  will  be 

frequently  applied  hereafter. 

1 

21.]  Lemma  I.  To  evaluate  (l-f-o?)'  when  ^  is  an  infini- 
tesimal. 

By  the  Binomial  Theorem 

/I        N«      1  n(n— 1)     _.     n(n~l)(w— 2)     -       ^ 

Let  w  =  - 

X 

X       x^x       /1. 2     x^x       I  ^x       n.2.3 

^     ^     \-x      (1-J?)  (1— 2a7) 
=  ^+^  +  172+         1.2.8         +  
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Sappose  that  x  were  some  small  positive  firactional  number, 
it  is  plain  tliat  each  fSstctor  in  the  numerators  of  the  several 
terms  of  the  series  is  less  than  1 ;  and  therefore^  no  term  being 
negative,  the  whole  series  is  greater  than  its  first  two  terms, 
that  is,  is  greater  than  2.     Also  since 

3=1+  (1-2)      =^  +  ^+2  +  2^-^2^+ 

each  term  of  which  after  the  second  being  greater  than  the 

corresponding  term  in  the  series  above,  the  whole  series  is 

greater;  and  therefore,  when  a?  is  a  small  positive  firactional 

1 
number,  (l+o?)'  is  equal  to  some  number  greater  than  2  and 

less  than  3. 

Let  a?  be  an  iofinitesimal,  and  thus  be  symbolized  by  0,  in 

which  case  by  virtue  of  Theorem  VI,  Art.  9,  we  have 


which  must  be  summed  arithmetically  as  follows  : 

1  =1. 

1  =       10000000 

1 


1.2 

1 
1.2.3 

1 

1.2.3.4 

1 
1.2... 4.5 

1 
1.2.. .5.6 

1 
1.2.. .6.7 

1 
1.2.. .7.8 

1 

l.<&...0.«7 


=         -5000000 


=  1666666 


=  0416666 


•0083333 


•0018888 


•0001984 


•0000248 


•0000027 


1  +  1+0  +  1^3  + =       ^-^^^^^l^ 
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and  similarly^  if  tangenta  be  drawn  to  the  arc  at  pointa  between 
A  and  Q  and  q  and  p,  it  may  be  shewn  that  the  ram  of  all  tlie 
lines  similar  to  sb  is  less  than  at;  bnt  the  limit  of  all  sndi 
lines  is  the  circular  arc ;  therefore  at  is  greater  than  the  arc. 

Again^  the  chord  af  is  greater  than  t^u,  which  is  the  sine 
of  a:,  and  fq  +  qa  is  greater  than  af  ;  therefore 

FQ  +  QA  >  FM  : 

and,  drawing  other  chords  from  a  and  p  to  intermediate  points 
on  the  arcs,  it  may  be  shewn  that  the  sum  of  such  chords  is 
greater  than  the  chord  ap,  and  therefore,  i  fortiori,  than  pm; 
and  as  the  arc  af  is  the  limit  of  all  such  chords,  it  follows  that 
it  is  greater  than  the  sine  pm.  Therefore  the  arc  is  less  than 
its  tangent  and  greater  than  its  sine. 

Again,  bearing  in  mind  that  cos  x  by  its  definition  =  1, 
when  a?  =  0,  we  have 

sin  X  ■•       1  ^ 

7 =  cos  X  =zl,  when  j?  =  0 : 

tana? 

whence  it  follows  that  sinx  =  tan  x,  when  x  is  an  infinitesimal ; 
and  since  x  is,  as  above  shewn,  always  intermediate  to  these,  it 
is  clear  that  all  three  are  equal  to,  and  therefore  may  be  used 
indifierently  for,  each  other. 

Hence,  when  x  is  an  infinitesimal, 

sino?  =  0?  =  tana?; 

which  proposition  is  frequently  expressed  in  the  form  "the 
limiting  ratio  of  the  tangent,  the  arc,  and  the  sine  is  that  of 
equality/' 

This  result  is  also  involved  in  the  former  Lemma.     The  ex- 
ponential value  of  the  sine  gives  us 


sm  X  = 


2v/-l 


To  evaluate  e^>f-^  —  \^  when  x  is  an  infinitesimal; 

Let  e^>^^-l=z, 

therefore  x  and  z  are  simultaneously  infinitesimal ; 
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and  ar\/^  =  log«(l+z) 


=  ^> 


when  z  is  an  infinitesimal,  by  Cor.  I,  Lemma  I. 
Hence  c*'^~i-l  =  2x^/'^ ; 

.•.    smo?  =  — 


=  or, 
when  ^  is  an  infinitesimal. 

Hence  also  it  follows  that 

1      ^-/^  —  e-'v'^ 
tan  X  =  — =  — = =  =  X.  when  a?  is  an  infinitesimal. 

Cob.  I.  When  a?  is  an  infinitesimal,  chord  x  :=^  x. 
Tor  since  ch  ^  =  2  sin  ^, 

and  by  Lemma  II,  sin  ^  =  ^,  when  or  is  an  infinitesimal, 

.'.    cho?  =  2^  =  07,  when  a^  is  an  infinitesimal : 

that  is,  the  chord  of  an  infinitesimal  arc  is  eqnal  to  the  arc ; 
which  is  the  Vllth  Lemma  of  the  first  section  of  Newton's 
Principia. 

Cor.  II.    Hence  also,  if  a?  be  infinitesimal, 

sin""*a?  =  J?  =  tan"*j?: 

that  is,  the  sine  and  the  tangent  may  be  used  indifferently  for 
the  arc,  when  the  arc  is  infinitesimal. 

23.]  Although  it  may  be  beside  our  defined  path,  yet  it  is 
worth  while  to  shew,  that  the  arc  and  the  sine  are  equal,  when 
th^  arc  is  infinitesimal,  only  by  omitting  terms  of  a  higher 
order,  and  which  must  be  neglected  in  accordance  with  Theo- 
rem VI,  Art.  9. 

Assuming  the  validity  of  the  trigonometrical  proof  of  the 
series  ^  ^ 


vmx  =  a?  —  ^-jr-s  + 


1.2.8   '    1.2.8.4.5 
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if  i?  is  an  infimtesimal,  afl^  afi, must  be  neglected  as  thej 

are  algebraically  added  to  x^  and  we  have 

sin  07  =  07. 
Also  since 

versed-sine  of  a?  =  1  —  cos  0?, 


^""O  "^   1.2.3.4  ■"  J 


^  or* 


4- 


1.2        1.2.3.4 
it  follows  that^  if  07  be  infinitesimal, 

ver-sin  07  =  -s- ; 

and  therefore,  if  the  arc  be  an  infinitesimal  of  the  first  order, 
the  versed-sine  of  it  is  an  infinitesimal  of  the  second  order. 
The  geometrical  proof  of  this  truth  is  so  manifest,  that  it  is 
imnecessary  to  do  more  than  suggest  it  to  the  student. 
y  24.]  The  principles  above  explained  are  sufficient  for  a 
variety  of  problems,  examples  of  which  are  subjoined,  to  give 
the  student  an  insight  into  the  Hnd  of  processes  which  he  has 
to  perform. 

Ex.  1.  To  differentiate  07^,  that  is,  to  determine  the  change 
of  07^  due  to  an  infinitesimal  change  of  value  of  07. 

Let  y  =  07*, 

.'.   y-f  Ay  =  (07  + Ao?)^ 
.•.    Ay  =  (o7-fAo?)*— 07*, 
=  2o?  Aor -f  ( A07)* ; 
and  therefore,  taking  differentials  instead  of  differences, 

dy  =  rf.07*  =  2xdx^ 

omitting  the  term  (efr)*,  which  can  have  no  value,  because  it 
is  an  infinitesimal  of  the  second  order,  and  added  to  one  of 
the  first  order. 

Hence  -^  =  2o7, 

007 

and  therefore,  if  (in  accordance  with  the  notation  of  derived 
functions)  ^^^^  ^  ^^ 

djix)        ^,    , 
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which  result^  as  well  as  others  of  a  similar  kind^  as  will  be 
shewn  hereafter^  justifies  the  presumption  of  Art.  18. 
The  above  process  may  thus  be  explained  geometrically : 
Let  X  represent  the  straight  line  af^  fig.  3;  and  suppose  af 
to  be  increased  by  fq^  which  is  represented  by  A^^  then  from 
the  figure  it  is  plain  that  the  square  is  increased  by  the  rec- 
tangles DB,  BQ^  and  the  square  br,  the  values  of  which  are 
XX  ^Xy  xx^,  (Aa?)*,  whence 

Ay  =  Aa?*  =  2j7  A^  +  (Ar)*. 
Now  let  FQ  be  infinitesimal^  that  is,  let  Lx  become  dx,  whence 
also  Ay  becomes  dtfj  and  we  have 

dy  =  d.x^  =  2j?  flte  4-  (dir)* ; 
but  {dx)^  must  be  omitted  for  the  following  reason:  xdx 
symbolizes  approximately  a  straight  line^  of  which  the  length 
is  Xy  and  the  breadth,  if  one  may  so  speak,  is  dx ;  but  dx^  re- 
presents a  square  whose  side  is  dx,  and  as  ^(Ir  is  an  infinitesimal, 
its  square  is  a  point,  and  as  it  will  require  an  infinity  of  such 
points  to  make  a  straight  line^  and  as  the  coefficient  of  {dx)^  is 
not  infinity^  we  must  neglect  it;  that  is^  in  calculating  the 
enlai^ment  of  the  square  due  to  the  enlargement  of  a  side^  we 
take  account  of  the  infinitely  narrow  rectangles  which  adjoin 
the  sides^  but  must  neglect  the  small  point  which  is  required  to 
complete  the  square^  and  which  is  situated  at  one  of  the  angles, 
as  at  B^  and  no  error  is  committed  by  our  so  doing.  Or^  if  we 
introduce  the  idea  of  motion^  the  enlargement  of  the  square  is 
due  to  the  moving  forwards  of  the  two  sides  fb  and  cb^  and  the 
rectangles  by  which  the  square  is  increased  are  the  several 
spaces  passed  over  by  the  sides,  which  are  the  spaces  contained 
between  the  lines  before  and  after  the  motion;  and  as  the 
spaces  through  which  the  lines  have  passed  are  very  small^  the 
lines  being  considered  to  be  in  two  immediately  successive 
positions,  the  small  element  at  b  becomes  a  point,  and,  as  we 
have  not  an  infinity  of  such  points,  the  accuracy  of  our  result 
IS  not  destroyed  by  neglecting  this  small  quantity ;  and  there- 
fore, again,  the  increase  of  the  square  due  to  the  infinitesimal 
increase  of  the  side  is  2xdx, 

Ex.  2.    To  differentiate . 

Let  y  = , 
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Ay  = 


x-^Lx  X 


*"  {o^+^l*  {a«  +  (J7  +  Aa?)*}* 

and  expanding  the  second  member  of  the  numerator  by  the 
Binomial  Theorem^  and  neglecting  the  terms  involving  the 
square  and  higher  powers  of  Aj7,  which  will  become  infini- 
tesimals of  an  order  to  be  omitted,  we  have 


Ay  = 


Aa?{fl»+d^}*  -  a?^A3?{fl»-|-3?»}-* 

{a«4-^}*  {a«-f  (^-f  A3?)*}*       ' 
a*  A3? 


(a2+3?*)  {a2+(a?  + Ar)*}* ' 

whence^  taking  differentials^  and   omitting  dx,  because  it  is 
added  to  the  finite  quantity  x^  we  have 

,    __      a^dx 

dy  __         a^ 
'  '   dx  "  {aa  +  ^}*' 

and  .-.  if/(3?)  =  -— --r,/'(3?)  = 


Ex.  8.   To  differentiate 


Let  y  = 


y  +  Ay  = 


Ay  = 


e'  +  l' 
e'+^  +  l' 


e'+^  +  l        e'  +  l' 


_  gx|gA4r_l} 
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To  evalnate  a^— 1^  when  Ajt  becomes  an  infinitesimal  dx. 
Let  e^-1  =  z, 

.- .     A^  and  z  are  simultaneously  infinitesimal. 

.-.    e^  =  1-fxr 

^  =  l0ge(l-f '2') 

.-.    dx  r=.  Zy  by  Cor.  I.  Lemma  I. 
.-.    c^— 1  =  dx'y 

replacing  therefore  c^— 1  by  its  equivalent  in  the  above  equa- 
tion^ and  omitting  Ao?  when  added  to  the  finite  quantity  x^ 
we  have 


dy  = 

€*  dx 

/(^)  = 

t>  i'n\  — 

e* 

If  therefore 


Ex.  4.    To  differentiate  cos  .r  sin  2x. 
Let  y  =  cos  x  sin  2^^ 

.-.    y-f-Ay  =  cos(a?-hAa?)  sin2(j?-f  A.r) 
.-.    Ay  =  cos(a:-fAa?)  sin2(j?  + Aa?)— cos^r  sin2a? 

=  (cos  X  cos  Ao?— sin  ^  sin  A^)  (sin  2x  cos  2Aa? 

+  cos  2<r  sin  2Aj7) — cos  a^  sin  2a? ; 

and  taking  differentials  instead  of  differences^  and  therefore  by 
reason  of  Lemma  II  replacing  the  sine  of  an  infinitesimal  arc 
by  the  arc  itself,  and  the  cosine  by  unity,  we  have 

dy  =  {cosx^dx  sin  a?)  (sm2X'\-2dx  cos  2a?)— cos  a?  sin2a^, 
dy  =  2dx  cosx  cos  2a?— d^  sin  a;  sin  2a?, 

omitting,  as  is  necessary,  the  term  involving  (dx)^. 

If  therefore  /(a?) = coso?  sin2a?,  /'  (x) = 2  coso?  cos2a? — sino?  sin2a?. 

The  above  examples  are  instances  of  differentiating  firom 
first  principles. 

Ex.  5.  To  determine  the  Perimeter  and  the  Area  of  a 
Circle  of  given  radius. 

In  this  and  the  next  two  examples  it  is  especially  to  be  borne 
in  mind  what  is  the  strict  signification  of  ir :  viz.  that  it  is  the 

o 
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symbol  for  the  incommensurable  numerical  quantity  8.14169..., 
and  means  that^  and  properly  that  only ;  and  that  when  it  is 
used  (however  incorrectly)  for  two  right  angles,  it  indicates 
the  number  of  times  the  essential  unit  angle  (that^  yiz.  of  which 
the  subtending  arc  is  equal  to  the  radius)  has  to  be  taken^  so 
as  to  make  up  two  right  angles  \  in  degrees  this  unit  angle  is 

57.29578 ^  a  degree  being  the  360th  part  of  four  right 

angles. 

Let  ACD  (fig.  4)  be  the  circle^  of  which  let  the  radius  be  a; 
take  o  the  centre,  and  let  the  angle  aoc  be  the  nth  part  of  fbuz 
right  angles,  and  ac  be  the  side  of  a  regular  polygon  of  n 
sides  inscribed  in  the  circle ;  and  make  such  a  construction  as 
is  represented  in  the  figure. 

2ir  TT 

Then  since  aoc  =  — ,    aob  =  -, 

n  n 

.      IT  TT 

•.    AB  =  a  sm-,  OB  =  a  cos-, 

n  n 


•  • 


IT 

.'.    perimeter  of  polygon  =  «.ac  =  2n.AB  =  2na  sin-, 
area  of  polygon  =  n  x  area  of  triangle  oac  =  n.  ab.  ob 

Q      ,     IT  IT 

=  na^  sm-  cos-. 
n        n 

And  when  the  number  of  the  sides  of  the  polygon  is  infinitely 
increased,  the  perimeter  and  area  coincide  respectively  with  the 

perimeter  and  area  of  a  circle;  in  which  case  -  becomes  an 

n 

infinitesimal  arc,  and  its  sine  must  be  replaced  by  the  arc,  and 

its  cosine  by  unity.     Hence  we  have 

Perimeter  of  circle  =  2na  -  =  27ra 

n 

Area  of  circle  =  na'^  -  =  ira*. 

n 

Ex.  6.  To  determine  the  convex  Surface  and  Content  of  a 
right  circular  Cone. 

Let  A  (fig.  5)  be  the  vertex  of  the  cone,  and  c  be  the  centre 
of  its  circular  base;  let  ac  =  a,  cb  =  i,  and  let  pq  be  a  side  of 
a  regular  polygon  of  n  sides  circumscribing  the  circular  base, 

2-77 

SO  that  PCQ  =  — ;  whence  it  is  plain  that 

n 
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If 
PQ  =  2pb  =  26  tan-. 

n 

Therefore  the  area  of  the  triangle  afq  =  ab  x  bp 

n 
therefore  the  whole  convex  area  of  the  circumscribed  pyramid 

IT 

of  n  sides,  each  of  which  is  similar  to  apq,  =  nft  (a^ + d^}?  tan  - . 

But  when  n  is  infinitely  increased,  the  surface  of  the  pyramid 
coincides  with  the  convex  surface  of  the  cone,  and  replacing 

tan-  by  -  in  accordance  with  Lemma  II,  we  have 
fi       It 

Convex  surface  of  cone  =  nbia^  +  H^}^  - 

that  is,  the  convex  surface  of  a  Cone  is  equal  to  the  product  of 
the  slant  side  by  the  semi-circumference  of  the  base. 

Hence,  whole  surface  of  Cone  =  7r4*-f  7r6{a*-h6*}*. 

Again,  by  Euclid  XIl.  7,  the  content  of  the  pyramid  apqc 
is  one-third  of  that  of  the  prism  of  the  same  altitude  and  the 
same  base ;  and  therefore 

Content  of  circumscribed  pyramid  =  ^.  ac.  cb.  bp 

=  75  ab^  tan-  . 
o  n 

Let  the  number  of  the  sides  of  the  polygon  circimiscribing 
the  base  be  infinitely  increased,  in  which  case  the  pyramid  as- 

somes  the  limiting  form  of  the  cone,  then  -  becomes  an  infini- 

n 

IT 

tesimal  arc,  so  that  it  must  replace  tan  -,  and  we  have 

Content  of  Cone    =    ^  «*^  - 

3        n 

__    irab^ 
"    "3"' 

Now  it  is  plain  that  irab^  is  the  content  of  a  cylinder  of 
altitude  a  described  on  the  circular  base  whose  area  is  i:b^\ 

o  2 
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hence  it  follows^  that  the  content  of  a  cone  is  one-third  of  that 
of  its  circumscribing  cylinder. 

Ex.  7.  To  determine  the  Surface  and  Content  of  a  Sphere 
of  given  radius. 

Suppose  the  circle  acbd  (fig.  6)  to  be  a  plane  section  of  the 
sphere  by  the  paper,  or  to  be  that  by  the  revolution  of  which, 
about  its  diameter  boa,  the  sphere  is  generated.  Let  the 
radius  =  a,  and  be  divided  into  n  equal  parts,  each  of  whidi  is 

therefore  equal  to  -,  and  suppose  mn  to  be  one  of  these  parts, 

a 

,\     MN    =   -. 
n 

Draw  the  ordinates  mp,  nq,  including  between  them  the  arc 
PQ  of  the  circle.  Then,  if  pq  be  infinitesimal,  and  which  there- 
fore must  be  considered  straight,  the  zone  of  the  sphere  gene- 
rated by  the  revolution  of  pq  about  ao  is  equal  to  a  rectangle, 
of  which  one  side  is  pq  and  the  other  is  the  circular  path 
described  by  p,  as  it  revolves ;  that  is, 

The  surface  of  the  zone  =  pq  x  27r  x  mp. 

Let    PGA   =   0;      .-.     pq   =    MN    COSecO   =   ; — :; 

MP  =  a  sin d 

.  • .    Surface  of  zone  =  . 

n 

And  since  the  surface  of  the  whole  sphere  is  equal  to  2w  times 
the  surface  of  such  a  zone,  we  have 

Surface  of  sphere  =  4770^ ; 
and  is  equal  therefore  to  four  times  the  area  of  a  great  circle 
of  the  sphere. 

Now  suppose  a  cylinder  to  be  described  about  the  sphere, 
and  to  be  of  the  same  altitude  as  the  sphere,  and  to  be  gene- 
rated by  the  revolution  of  the  rectangle  aepb  about  the 
diameter  ba  ;  and  suppose  two  planes  drawn  through  m  and  n, 
perpendicular  to  boa,  so  as  to  intercept  a  zone  of  the  cylinder 
whose  height  is  p'q'  or  mn  :  then,  since  a  is  the  radius  of  the 
cylinder,  the  surface  of  the  intercepted  zone  =  2iTa  x  mn  ;  but 
from  above. 

Corresponding  surface  of  zone  of  sphere  =  27ra  -  =  2Tra  x  mn. 
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Hence,  if  a  cylinder  be  described  about  a  given  sphere,  and  the 
surface  of  the  cylinder  be  divided  into  zones  by  planes  per- 
pendicular to  its  axis,  the  surfaces  of  the  intercepted  zones  of 
the  cylinder  and  the  sphere  are  equal ;  and  therefore. 

The  whole  surface  of  the  sphere  is  equal  to  the  convex  sur- 
face of  its  circumscribing  cylinder.  ^ 

Again,  to  determine  the  Content  of  a  Sphere. 

Let  a  regular  polyhedron  of  n  equal  faces  be  described  about 
the  sphere ; 

Let  S  =  area  of  each  face,  and  a  =  radius  of  sphere, 
then  the  content  of  each  pyramid,  whose  vertex  is  at  the  centre 

of  the  sphere  and  base  is  S,  is  -^ :  and  therefore  the  content 

o 

of  the  circumscribed  polyhedron  is  n  ^;  but  when  the  number 

of  faces  is  infinitely  increased  so  that  the  polyhedron  ultimately 

coincides  with  the  sphere,  nS  becomes  the  surface  of  the  sphere, 

and  is  therefore  equal  to  47ra* ;  therefore  the  content  of  the 

,  4wa' 

sphere  =  . 

Ex.  8.    To  determine  the  Area  of  a  Parabola. 

Let  OFQBA  (fig.  7)  be  an  area  bounded  by  the  Parabola  opb, 
the  axis  oa,  and  the  ordinate  ab  which  is  parallel  to  the  tan- 
gent at  the  vertex  0. 

Let  OM  =  0?  \     OA  =  a  1 

MP  =  y  J      AB  =  i  J 
.-.    the  equation  to  the  curve  is   y*  =  —  op. 

Let  AB  be  divided  into  n  equal  parts,  and  through  the  several 
points  of  division  let  lines  be  drawn  parallel  to  oa  ;  let  k  and  l 
be  respectively  the  rth  and  (r-f  l)th  points  of  division,  and 

therefore  kl  =  -;  then,  if  n  be  taken  very  large,  the  area  of 

PQLK  =   KL  X   KP. 

But  KP   =   OA  —  OM 

=    a   ^  _  Mpa 
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"=    "   -^('•Ji) 


=   o 1  a 


b  f        r*     1 

.*.    area  pqkl  =    --ja =o}- 

n   L        n'    J 

ab  (  ^      r»  1 

and  as  this  expression  is  true  of  every  slice  similar  to  pqkl^  the 
whole  area  is  the  sum  of  all  such^  which  are  obtained  by  giving 
to  r  severally  the  values  1,  2,  3, (»— 1),  »;  therefore 

ab  C       1*           2*          8*                   n**) 
Area  of  parabola  =  — i  1 =  +  1 «  +  l s-f  ...  +  1 •  r 


abC        P+2*+ +  n« 

=  — i  n— 


n  L  n 


2 


} 


_ab(        (2n-l)  n(n -f-l)\ 
-f,      2n^  +  »*— »1 


when  f»  becomes  infinity. 

Hence  the  Area  of  such  a  Parabola  is  equal  to  two-thirds  of 
the  circumscribing  rectangle. 
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CHAPTER  11. 

CONSTRUCTION  OF  EULBS  FOE  THE  DIFFBEBNTIATION 

OF  FUNCTIONS. 

25.3  If  a  constant  be  connected  with  a  function  of  a  variable 
by  the  symbol  of  addition  or  subtraction^  it  disappears  in  the 
process  of  di£ferentiation. 

Let  y  =  f(x)  ±  c, 

y  +  ^y  =/(a?-f-A4?)  ±  c: 
.-.    Ay  =/(^-fAa:)-./(^), 
rfy  =/(^  +  Ap)-/(a?), 

=  f(x)  dx,  by  Art.  18. 

Tins  result  is  manifest  from  the  very  nature  of  constants^ 
which  do  not  admit  of  increase^  and  therefore  have  the  same 
value  in  both  states  in  which  the  function  is  considered,  and 
therefore  disappear  in  the  subtraction ;  thus  we  may  say,  that 
the  differential  of  a  constant  is  zero. 

Ex.  I.  y  =  a^x, 

dy  =  dx. 

Ex.  2.  y  =  07— a, 

dy  =  dx. 

26.3  A  constant  connected  with  a  function  of  a  variable 
by  the  processes  of  multiplication  or  division  is  not  changed 
by  differentiation. 

Let  y  =  cf(x), 

y-^-^y  =  cfijX-V^), 

Ay  =  c{f{x^^x)  -f{x)], 
dy  =  c{f{x-^dx)  "fix)}, 
=  cd.fix), 
=  c/'(x)  dx. 
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Or  again: 

Suppose  c  =  —  1,    then  y  =  — /(^)> 

rfy  =  -  rf./(a?), 
=  -fix)  dx. 
Ex.  1.  y  =  a^+i^ 

Ex.  2.  y  =  -  —  c, 

a 

,         dx 
dy  =  —, 
a 

27.]    The  differentiation  of  an  algebraical  sum  of  functions 
of  variables. 

Let  y  =f(x)  ±  Tix)  ±  (f>{x)  + 

y  +  Ay  =if{x-{-Ax)  ±  v(x-\-Ax)  ±  (f>ix-i-Ax)  -f  

^y  =f{x-{-Ax)  —fix)  ±  {p(j?  +  Aa?)  —  f(^)} 

±  {<l>ix-\-Ax)-<l>ix)}  +  

.-.    dy  =/(j?-f  rfj?)  —fix)  ±  {rix  +  dx)  —  f(j?)} 

±  {<t)ix-i-dx)-<pix)}  ± 

=  d.fix)  ±  d.Fix)  ±  d.<l>ix)  ±  

=ifix)dx±¥'ix)dx±<f>ix)dx±  

Hence  the  differential  of  the  algebraical  sum  of  functions  is 
equal  to  the  sum  of  the  differentials  of  the  functions. 

Ex.  1.  y  =  ax    —  bfix)  -f  c, 

.-.    dy  =  adx  —  bf\x)  dx. 

From  the  last  two  Articles  it  is  plain^  that  if  the  function  to 
be  differentiated  be  of  the  form 
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y^f{x)^  ^/(-l)<^(a?), 
one  of  the  functions  being  what  is  commonly  called  impossible^ 

dy  =  d.f{x)   +  ^/(-.l)rf.<^(a7), 
=  /(^)rfa?+  ^/ {-\)  4! {X)  dx ', 

whence  it  appears  that^  in  the  differentiation  of  impossible 
quantities^  we  may  treat  the  symbol  of  impossibility  in  the 
same  way  as  we  treat  an  ordinary  constant  or  symbol  of  affec- 
tion. 

28.]    Differentiation  of  a  Product  of  two  Functions  of  a 
Variable. 

Let        y  =  f{x)  X  (t>{x\ 
.-.    y-f  Ay  =/(^-f  A^)  X  <^(a?  +  Aa?), 

.•.    Ay  =/(a?  +  A4?)  x  <^(a?-f  Ao?)  — /(.r)  x  <t>{x)\ 
whence^  adding  and  subtracting  the  required  quantities^ 

y  =  {/(a?  +  Aj;)-/(^)}  <f(^)  +  {<^(^  +  A^)-<f(a7)}/(J?) 

-|-{/(a?-f  A^)-/(a?)}  {<f>{x ^- ^)  -  (t>(x)} 

.'.    dy  =  d.f{x)  X  (t)(x)  +  d.<f>(x)  x /(x)  -f  d.f{x)  x  d.4>{x); 

and  omitting  the  last  term^  which  is  an  infinitesimal  of  the 
second  order,  we  have  • 

dy  =  d.fix)  X  <^(a?)  +  d.4>(x)  xf{x), 

=  fi^)  <l>(x)dx  +  (t>'{x)f{x)  dx. 

Hence  it  follows  that,  the  differential  of  the  product  of  two 
functions  is  the  sum  of  the  products  of  each  function  and  the 
differential  of  the  other. 

Ex.  1.         y  =  (A  -f  ex)  (e  —  ax), 

,'.   dy  =  cdx{e  —  ax)  —  adx(b  -f  ex), 
=  (ec  —  ab  ^  2acx)  dx. 

29.]    Differentiation  of  the  Quotient  of  two  Functions. 


Let  y  = 


(l>(x)' 


^  f(x  +  Ax) 

^  /(>y-i-Aj?)  _  f(x)_ 

y       <f(^  +  A^)        *(^)' 

H 
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^  {f(^+^)-f(s)}<l>ix)^{<t>(x+Ax)-4>(x)]f{x)^ 

<j>  (x)  <p  {x -{- A:ff)  ' 

omitting  the  infinitesimal  dx  when  added  to  the  finite  qnantitj 
X  in  the  denominator ;  and  therefore 

/'  (x)  <p(x)dx-^  <^'  (^)/(a?)  dx 


dy  = 


-     -                  a-k-bx 
Ex.  1.        y  =  T , 


{«W}* 


,    ^  ddx{b-^ax)^adx(a-\-bx) 


d!r. 


(4 -far)* 

80.]    DiflFerentiation  of  j?". 

Let  y  =  0?", 

y-f  A^  =  (,r-f  A^)«, 
.-.    Ay  =  (a;*-fA^)"  —  0?", 

.*.    A^  and  z  are  simultaneously  infinitesimal; 

n  log,  (1  +  ^)   =  log,  (1  +2r). 
Let  A^  and  2  become  infinitesimal^  then  by  Cor.  I^  Lemma  I, 


dx 
n  —  =  z: 

X 


therefore 


(L^X\ 
1h 1    —  1   is  to  be 
X  ' 


replaced  by  n  — : 
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.',    ay  =  x*^  n — , 

that  is  d.x^  =  nx"-^  dx. 

Therefore  to  differentiate  x'^  we  have  the  following  rule : 

Multiply  by  the  exponent,  diminish  the  exponent  by  unity, 
and  multiply  by  dx. 

Suppose  the  exponent  to  be  negative,  then 

y  =  ^-«, 
cfy  =  —  »a?-C«+i)  dx; 

and  suppose  n  =  —  1, 

1  ., 

y  =  i  =  ^'\ 

dx 

dy  =  —J?-*  dx  ^ J . 

X 

Suppose  the  index  to  be  firactional,  n  =  -, 

dy  =:^  x^      dx. 

Also,   since   -J^  =  »*""S  it  is  manifest  that  if  f{x)  =  «* 

ax 

f'(x)  =  nx^"^ ;  that  is,  the  derived  function  of  x^  is  »^""^. 

The  above  rule  for  differentiating  x^  might  also  have  been 
determined  as  follows : 

y  =  ^, 

.-.    Ay  =  a!"+?ar"-i  A^+^^^^a?"-' (A^)*+ -ar" 

=  Y*""^  Aar4-    \        '  af^'^i^)^  + 

1  1  .4^ 


Let  the  increments  be  infinitesimal,  and  we  have 

dy  =  nj?""^  dr. 

Ex.  1.  y  =  a  +  to'  .'.    rfy  =  3***  *r. 

^   Ex.  2.  y  =  a\/^  rfy  =  ^77^- 

H  z 
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Ex.8.        y  =  c+^„  ^^^h- 

_,      .  a  .         2adx 

Ex.  4.  y  =  p  rfy  =  -^. 

Ex.  5.  y  =  (a  +  4j7")  (c— c^"*) 

rfy  =  nA^**~^  dip  (c— c^")  — me^"*~^  dip  (a  +  &p"). 


Ex.6. 


J** 


dy  = 


(a*  +  0?*)* 
2a*  J7da^ 


(a*  +  ^2)2  • 


31.]  Differentiation  of  a  Compound  Function^  or  of  a  Func- 
tion of  a  Function. 

Thus  far  we  have  calculated  the  change  of  value  of  a  function 
of  ^,  due  to  a  small  variation  of  x ;  but  suppose  the  function  to 
be  compound^  and  thus  to  depend  on  x,  not  immediatelyj  but 
by  means  of  some  function ;  what  modification  must  the  princi- 
ples and  results  of  the  preceding  Articles  undergo  ?  The  only 
condition  to  which  x  is  subject  is^  that  it  is  a  continuous  and 
finite  variable  for  the  values  assigned  to  it ;  and  this  condition 
will  be  fulfilled,  if  x  be  replaced  by  any  continuous  and  finite 
function  of  x,  as  its  variation  due  to  a  small  variation  of  x  will 
be  infinitesimal :  in  this  case  therefore  the  original  function 
will  vary  in  consequence  of  the  variation  of  this  latter  function ; 
and  pari  ratione  this  latter  function  may  be  a  compound  func- 
tion, and  therefore  not  vary  immediately  by  reason  of  the  vari- 
ation of  its  variable,  but  only  through  some  other  function; 
and  so  on  to  any  number  of  functions.  Taking  then  our 
former  notation,  in  this  case  y  is  a  function  of  a  function  of  Xy 
or  a  function  of  many  functions  of  «r,  and  its  differential  must 
be  calculated  as  follows : 

Since  if    y  =  f(x),    dy  =zf'{x)  dx. 

Therefore,  if  x  be  replaced  by  <f>  (x),  dx  must  be  replaced  by 
</)'(.r)  dx;  and  therefore  if 

dy  =/'{</)(.r)}  (^\x)dx. 


\ 
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And  8o  again^  if  the  x  involved  in  ^{x)  were  a  function  of  Xy 
say  ^(x),  ^{x)  must  be  replaced  by  ^{^(J?)},  and  ^' (x)  dx  by 
4>' {yj^ix)}  yjf'ix)  dx;  and  a  similar  notation  will  adapt  itself  to 
a  function  of  a  function (to  n  functions)  of  <r.    Thus  if 

Or  we  may  substitute  as  follows : 

Let  ^(a?)  =z  z  .'.    dz  =  y\r'{x)dx, 

^[^(^)]  =  (t>{z)  =  u      .'.    du  =  <t)'iz)dz, 
••.    /{*[V^(^)]}  =/(«)  =  y       .-.    dy  =f{u)du; 
.-.     dy  =f(u)du, 

=  fiu)4>\z)dz, 
^f(u)<l>'iz)ylr'(x)dx, 

dy    du   dz     , 
du   dz   dx 

But  as  generally  it  is  more  convenient  to  make  as  few  sub- 
stitutions as  possible^  the  former  value  of  dy  is  preferable  to 
the  latter ;  the  latter  also,  it  is  to  be  observed,  is  an  identity. 

Hence,  by  reason  of  the  last  Article,  if 

dy  =  n{f(x)}^-^f(x)dx. 
Ex.  1.         y  ^f(x±a)  dy  =f'(x±a)  dx. 

Ex.  2.        y  =  /(ex)  dy  =  cf'{cx)  dx. 

Ex.  8.         y  =  f{ax''±b)         dy  =  anf\ax''±b)  ^"-^  dx, 
Ex.4.        y  =  (ar"  +  c)**         rfy  =  ^(a^^-f  c)*"-^  ruix^'^  dx. 
Ex.5.        y  =  (a +  407^)"  (a— a?)*, 

dy  =  (a  +  ftj?^)  (a— ^)* s «fcp. 

Ex.6.         y  =(-+»)' 


rfy  = 


(^2-2)*' 

3(^  +  3)g  (x^-2)  dx-^x  Or»-2)  (07  +  3)^  rfr 

(^-2)* 

{x-{-3)^(-x^  +  l2x-6)  ^ 
(^112)5  ^- 


54         DIFFBBSNTIATION  OF  LOOABITHMIO  FUVOTIOIIS.      [33. 

82.3    Differentiation  of  a'. 


Let 

y 

=  «*, 

y  +  Ay 

=  a'+^. 

.-.     Ay 

Let 

a^-1 

=  ^f 

Ax  and 

z  are  simultaneous  infinitesimals ; 

.-.     a^ 

=  -?  +  l. 

Ax  loge  a 

=  loge  (1  + -2^), 

I.  Lemma  I.  lofir« 

(1 4-z)=z.  when  xr  is  infinitesimal. 

and  therefore  a^—1  must  be  replaced  by  dx  log^  a^ 

dy  =  a'log^a.  lir^ 

cf.a'  =  log^a.  a'  dx : 

that  is,  the  differential  of  a'  is  the  product  of  the  quantity  of 
the  Napierian  logarithm  of  a,  and  of  the  differential  of  the 
exponent. 

And  hence,  if  a'  =  f(x),  f{x)  =  log^a.  a*. 

88.]    Differentiation  of  e*. 

In  the  last  Article  for  the  base  a  write  the  Napierian  base  e\ 
in  which  case  log«  a  becomes  log^  e,  which  is  equal  to  1,  and 

.•.     rf.c'  =  e'  dx: 

that  is,  the  differential  of  e'^  is  the  product  of  the  quantity  and 
the  differential  of  the  exponent. 

Hence,  \if{x)  =  e*,  f\x)  =  c',  and  e'  is  a  quantity  which 
is  equal  to  its  own  derived  function. 

And  such  results  are  true  by  reason  of  Article  81,  when  x 
is  replaced  by  any  function  of  x ;  hence  we  have 

rf.  «/(')  =  log, a.  af('>  f{x)  dx, 

rf.e^C)  =  e^('yf(x)dx. 
Ex.  1.        y  =  a**  dy  =  log«  a,  a^  cdx, 

Ex.  2.         y  =  eO-^"^)  dy  =  «(*+"•>  2cx  dx. 

Ex.  8.         y  =  «-*"  dy  =  —«-*'*  /w?"-!  dir. 

Ex.4.        y  =  e'V^  +  c-'^^^    rfy  =  v^'^{e'^^^i— c-'^^jdlr. 
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Ex.5.        y  =  c'(j?«-2*-f2), 

dy  =  e'  {ar^-ar-f  2}  dx+e'  {ar-2}  rfo?, 
=  e'  x^  dx, 
Ex.  6.        y  =  c**  rfy  =  c**.  e*.  dx, 

34.]    Differentiation  of  loga  x. 

Let  y  =  loga^, 

y  +  Ay  =  loga(.r  +  A^), 

Ay  =  loga  (^  +  Aa?)  —loga  ^, 

0?  + Aj?> 


= i»e.  (^). 


A^' 


=  log<.(l+— ); 

^x  dx  I       ^x\ 

but  when  —  becomes  an  infinitesimal,  viz.  — ,  logallH ) 

z  X  ^         X  ' 


dx 

by  Cor.  11^  Lemma  I ;  hence 


X  log;  a 

dx 
dy  = 


.-.       </.  logaO?  = 


X  log«  a ' 
dx 


X  loge  a ' 
and  therefore  if  f{x)  =  loga^?, 

/'<*)  =  :n^  • 

J?  log«  a 

fUx)  dx 

Hence  also        rf.  loga/(ar)  =  r t;-;  • 

log^a/(^) 

35 .3    Differentiation  of  log^  ;r . 

Suppose   the  base   a  of  the  last  Article  to   be  e,   then 

'.'   logee  =  1. 

dx 
d.logeX  =  ~; 

X 

# 

and  therefore  if  f(x)  =  loge  ^, 

fix)  dx 
Hence  also        d.  \o^f{x)  =  "^  ^ .  .     . 
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Hence  the  differential  of  the  Napierian  logarithm  of  any 
function  of  ^  is  equal  to  the  differential  of  the  function  divided 
by  the  function  itself. 

36.]  The  general  result  of  Art.  34  might  also  have  been 
found  from  that  of  Art.  32^  as  follows : 

y  =  loga^, 

logett.  a^ dy  =  dx, 

dx 


"^           ^loge 

a 

Ex.  1. 

y  =  logo?** 

n,2?»-i  dx         dx 

dy  = —  =  »  — . 

^             a?"              ^x 

dx 

Ex.2. 

y  =  log(a?-f  y/\-\-x^) 

dy  — 

^"        {1+^}*' 

Ex.3. 

y  =  log  log  J? 

^^        dAogx          dx 
^  "    log^     ""  07 logo?' 

Ex.4. 

y  =  X*  log^r 

dy  =  2xdx\o^x-^xdx, 

=    {2l0g«d7  +  l}^^* 

Ex.  5.        y  =fix)  x<l>(x), 

.  • .    loge  y  =  logff(x)  -f  log,  (p  (x), 
dy  __  f'{x)  dx        4>'(x)  dx 

7"  ~fW  "^    «w  ' 

.-.    dy  =  f{x)  X  <^(x)  da?  +  </)'( J?) /(^)  eir. 

Ex.6.         y  =  {/(^)  }♦('), 

log,y  =  </>(a?)  log,/(^), 

^  =  <^'(^)  rfr.  log,/(a7)  +  ii>{x)  -^^jy, 

.'.    rfy  =  {/Or)}^<'>(<^'(a7)log./(^)  +  <f(^)'^)  dr. 

Ex.  7.         y  =  ^'», 

log^y  =  n  log,  07, 

dy  dx 

—  =  n  — , 
y  X 

.-.    dy  =  nx^'^  dx ; 
whence  we  have  an  independent  proof  of  the  result  of  Art.  30. 
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87*3    The  Differentiation  of  Functions  of  x  connected  with 
one  another  by  Multiplication  or  Division. 

y  =/(4?)  X  F(4?)  X  ^(x)  X  ^(x)  X  

If  all  the  functions  are  positive,  we  have 

logy  =  log/(a?)  -f  logF(4?)  +  log<^(^)  +  &c. 
^     ^  _  d.f(x)        rf.F(37)        d.^(x) 

^/  X    /  sw  X       ( d,fix)       d.Yix)      d.<b(x)  ^ 

Or,  if  some  of  the  fdnctions  be  negative, 

y«  =  [/(a?)]»  [r(^)Y  [<^(a;)]»  &c. 
log(y«)  =  log  [f{x)y  +  log  [f(x)]«  +  log  [^(a:)]*  +  &c. 
dy        d.fjx)        d.rjx)        d.  <^(a^)        - 

Therefore,  in  either  case, 

d{f{x)¥(x)<f>{x).,.}  =  rf./(j?)p(j?)<^(^)...  +  d.Tix)f{x)(t>{x)... 

4-  d.(f>{x)f{x)¥(x) ...  +  &c. 

log(y»)  =  log  [/W]*-  [log  ^  (*)]«; 
rfy  _   d./(x)        d.  <f>(x) 

■  ■  "y - ''i^(x))  ~ <i>{x)X  fix)        <f>ix)  J ' 

d.f(x)<f>{x)  -  d.<f>{x)f(x) 

{*(*)}' 

fix)  ^(x)  dx  -  <l>'(x)f{x)  dx 
{<f>ix)}' 

which  is  the  same  result  as  that  obtained  in  Art.  29. 

In  the  latter  cases  we  have  raised  both  sides  to  the  a^oaxe 

I 
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power^  in  order  to  avoid  the  apparent  diflicnlty  of  taking  flie 
logarithms  of  negative  quantities ;  but  had  this  not  been  done^ 
we  should  have  had  log^  ( — l)i  which  will  be  shewn  in  the  next 
Chapter  to  be  equal  to  (2ib+l)v\^— 1>  (see  Art.  62)  the  differ- 
ential of  which  is  zero^  as  it  is  a  constant  quantity. 

Ex.  1.        y  =  (a+x)  (b+2x)  (c-f  8a?), 

dy  =  dx(b-{'2x)  (c+8a?)+2rf»(c+3a?)  (a-^x) 

+8dip(fl+«)  (*+2fl?). 


^»-  »="{:-^}*- 


.-.   logey  =  a?+^log(a?+l)  -2log(a?-l), 

dy        ,       1    dx        1    dx 

^  =  dx+  ^ 


y  '  2a?-|-l      2a7-l' 

(a?' -2)  dx 
(a?H-l)*  (a?-l)^* 


=  e 


And  a  complicated  product  or  quotient  may  often  be  most 
easily  differentiated  by  first  taking  the  logarithms,  and  then 
differentiating  and  reducing. 

38.]  Differentiation  of  (a)  sin  a?,  (/3)  cos  a?,  (y)  tana?,  (6)  sec  a?, 
(c)  versina?,  (0  cot  a?,  (r\)  coseca?. 

(a)  y  =  sin  a?, 

y-f  Ay  =  sin  (a? -f  Aa?) ; 
.-.    Ay  =  8in(a?-fAa7)— sina?, 

and  smce         sm  -4  —  sm  5  =  2  cos  — i —  sm 


2  2     ' 

.-.    Ay  =  2  cos  (a? -f  -^j 


Aa?\     .    Aa? 
sm 


2    • 

If  then  the  increments  are  infinitesimal,  replacing  sin-^  by 
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-Q-  i^  accordance  with  Lemma  11^  and  omitting  -^  which  is 
added  to  a,  we  have 

dy  :=  2  cosa?  -^; 

.*.     d.mix  =  coBw.dx. 
If  therefore  f(x)  =  dinx, 

f'{x)  =  cos  a?. 
Hence  also    d.sinf(x)  =  cosf(x).f(x)  dx. 

(p)  y  =  cosa?, 

y  +  Ay  =  cos(a?4-Aa?); 
.'.    Ay  =  cos(a?+Aa?)  —  cosa?, 

rt    .    /        Aa?\     .    Aa? 


smce  C08-4— cosJJ  =  —2  sm — 5 —  sm — 5 — , 

,  ^   ,       dx 

.-.    ay  =  —2  sma;-^, 

.•.    d,  Qo%x  =  —  sina?  dx. 
If  therefore  /(a?)  =  cos  a?, 

f\x)  =  —sina?. 

Hence  also    rf.  cos/(a?)  =  —  sin/(a?)./'(a?)  cfe. 
(y)  y  =  tana?, 

y  +  Ay  =  tan  (a? -f- Aa?) ; 
.-.    Ay  =  tan(a?-f-Aa:)  —tana?, 
tanar+tan  Aa? 


1— tana?  tanAa? 


—tana?, 


_  tan  Aa?  {1  +  (tan  a?)*} 
~      1— tana?  tanAa? 

Let  the  increments  be  infinitesimal,  in  which  case  tan  dx  must 
be  replaced  by  dx  by  reason  of  Lemma  II ;  therefore 

{1 4- (tana?)*}  dx 


dy  = 


1— tana?,  dx     ' 

=  {l  +  (tana?)«}  dx, 
I  2 
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omittdng  the  term  of  the  denominator  inyolving  dx,  inaamuGh 
as  it  is  an  infinitesimal  subtracted  from  a  finite  quantity ; 

.'.    cf.  tana?  =  {l-|-(tana?)*}  d»  =  (secfl?)*  cto. 

Hence  therefore  if /(a?)  =  taxix,      f'{x)  =  (sec  a?)*. 

Also  rf.tan/(ar)  =  {sec/(a?)}*./'(a?)  dx. 

(h)  y  =  seca?  =  — —  =  {co%x)'^; 

cos  X 

,\    dy  =z  (cos  a?)"-*  sin  a?  d!^,  by  Art.  80, 

,          ,                 ainxdx  ^         , 

,'.    dy  =  d.  seca?  = r^  =  seco?  tBnxdx. 

^  (COSfl?)* 

If  therefore  f(x)  =  sec  a?, 

/'(ar)  =  secar.tana;; 
and  rf.  sec/(a?)  =  sec/ (a:).  tan/(a?)./'(ay)  dx. 

(e)  y  =  versina?  =  1  — cosa^; 
.-.    dy  =  rf.  (1  — cosar)  =  sisixdx. 

If  therefore  f{x)  =  versina;, 

fix)  =  sina?; 
and  rf.  versin/(a?)  =  sin/(a7)./'(a?)  dx. 

(f )  y  =  cot  X, 

y-f  Ay  =  cot  (a? -f  Ai?), 

Ay  =  cot  (a?  -f  Aa?)  —  cot  a?, 

1  —tan  a?  tan  Aa?  1 


dy  =  — 


tana^  +  tauAar         tana?' 

—  {1  -f  (tana?)^}  tan  Aa; 
(tana?  +  tau  Aa:)  tana?    ' 

(seca?)^  dx 


(tana:)2   ' 
dx 


=  —  (coseca?)^  dx. 


(sina?)^ 
If  therefore  f(x)  =  cotar, 

/'(a?)  =  —  (coseca?)^; 
and  d,cotf(x)  =  —  {co8ec/(a;)}^/'(ar)  dx. 
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(ri)  y  =  cosec^^ 

saix 
rfy  =  —  (sin  a?)-*  cosi»  {far, 

__  ^    cos  a?     , 

""       (sin  a?)*      ' 

d.  cosecd?  =  —  coseca;  cota;  cfa?. 

If  therefore  f{x)  =  eosec  a?, 

/'(ar)  =  —  cosecar.  cot  a?; 

and  rf.  cosec/(ar)  =  —  cosec/(a?)  cotf(x).f(x)  dx. 

39.]  It  is  also  manifest  firom  the  geometry  of  the  figure 
(see  fig.  8),  that  the  increments  of  the  trigonometrical  functions 
due  to  the  increment  of  the  arc  are  such  as  have  been  deduced 
in  the  above  formulte.  For  let  ap  be  the  arc  of  a  circle  whose 
radius  is  imity,  and  fq  be  any  small  arc  added  to  it : 

Let  AP  =  Xf  PQ  =  Aa?. 

Then  PM  =  sina?,  nq  =  8in(a7+Aa7);     .*.  qr  =  A.sinar. 

CM  =  cos  a?,  CN  =  cos(a?-f  Aa?);     .*.  nm  =  —A. cos  a?. 

AT  =  tana?,  at'  =  tan(a?-f Aa?);     .•.  tt'  =  A. tana?. 

CT  =  seca?,  ct'  =  sec(a?-f Aa?);     .*.  st'  =  A.seca?. 

ST  :  QP  ::  ct  :  cp,  i.e.  st  :  Aa? ::  seca? :  1. 
.'.     ST  =  Aa?  seca?. 

When  Aa?  becomes  dXy  pq,  st  become  straight  lines,  and  per- 
pendicular to  CT,  and  st  becomes  dx  sec  a? :  whence 

d.mXX  =  QR  =   PQ    siUQPR  =   PQ    COSRPC  =   PQ    COS  PCA 

=  dx  cos  a?. 

r/.COSa?=   — NM  =    —PR  =    — PQ  C08QPR=    — PQ   siuPCA 

=  —dx  sin  a?. 

cf.tana?  =  Tt'  =  st  sec  t'ts  =  st  cosec  cta  =  st  sccpca 

=  (sec  J?)*  dx, 

d.  sec  a?  =  st'  =  st  tan  t'TS  =  st  tan  pca  =  sec  a?  tan  a?  dx, 

40.]  The  differentials  of  tana?  and  cot  a?  may  also  be  de- 
termined firom  those  of  sin  a?  i|nd  cos  a?  as  follows : 
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sinx 

xi^      i.       1.     A_^  o/^       ^         C08d?rf.8md?  — sinarrf. C08« 
therefore^  by  Art.  29,      oy  = j rj , 

_  (8m3?)'rfig4-(co8^)'<to 
dx 


(COSd?)*' 

=  (sec  a?)*  dx. 

And  y  =    cot  a?    =  -t — , 

,          ,      .          sin^  </.  cos^  —  C08^  </.  sin^ 
•.    dv  ^  a,cotx  = • — : s 

_  —  (sina?)*  dx  —  (cosa?)*  rfa? 
""  (sma?)*  ' 


(sina?)*^ 
=  —  (coseca?)*  dx, 

41.]    Ex.1,    y  =  sino?*  dy  =z  coho^Zx  dx. 

Ex.  2.    y  =  sin  sin  07  ^y  =  cos  sin  x  cos  ^  dx. 

Ex.3,     y  =  a«*'  dy  =  — log«aa«*'sina?dr. 

Ex.4,     y  =  (sin  a:  4- cos  0?)", 

dy  =  n(sina?4-cosj7)'*"^  (coso:— sina?)  dx. 

Ex.5,    y  =  e"*  cosn,r, 

dy  =  ae**"  cos  nx  dx  —  ne^  sin  no?  rfr, 
=  e^  {a  co^nx  —  n  %mnx}  dx. 


Ex.6.    y=(«"^) 


smnj? 


n 


,    _  w(8ina?)'»"icosj7sin«,rd!a?— n(sina?)"coswj?rfir 
""  (sinnj?)*  ' 

_  n(8in3:)***^  (cos 3;  sinnj?— sin  j  cosnj?)  dx 

(sin  nx)^  ' 

__  n(sin  j?)**-^  sin  (n— 1)  a?  rfj? 
""  (sin  nx)^ 
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42.]    Differentiation  of  Inverse  circular  Functions. 

(a)     y  =r  sin-i  -, 

,  •P4-  Ax 
y  +  Ay  =  sm-i — ^ — , 

.'.  Ay  =  sin-* sm-*-, 

a  a 

='^-{'-^0-S*-sO-{^'}")'}' 

=^-.{i±-(l-^)'-?(.-^-?^)'}. 

by  reason  of  Cor.  II,  Lemma  II, 

,         J    '     1  X  dx 

.•.    ay  =  a.  sin*^  -  = 


a        {a2-^}* 


If  therefore  f{x)  =  sin-^  -, 

a 


The  differential  may  also  be  found  as  follows : 

X 


y  =  sin"*  - 


but  cos 


07  =  a  sm  y, 

dx  :=  a  cos  y  (/y ; 

^1* 


y=  {l«(siny)«}*=   {l--J    : 
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dw 


=  «{^-^}*''*=t'^-'*^*'^' 


.-,    dy  =  rf.  sin"^  -  = 


and  as  this  latter  process  is  the  shorter,  we  shall  use  it  in  the 
following  similar  problems,  although  the  former  would  be  more 
elementary  and  is  equally  applicable. 

(j8)  y  =  co8-i-, 

X 

,-.     cosy  =  -, 

dx 
.',     rf.cosy  =  — siny  dy  =  — ; 

but  siny  =  {l-(eosy)«}*=|l-^}    =^{a«-«»}*, 

.-.     —  {a*— a?*}*  dy  =  dx, 

,         J         ,  a?  — dx 

.•.     oy  =  a.  COS"*  -  = 


«        {a^-^}* 


If  therefore  /(a?)  =  cos-^  -, 


{a«-jp»}* 

(y)  y  =  tan-i  - , 

.*.     X  =  a  tany, 

da?  =  a{l  +  (tany)^}  dy, 

,  .  ,  a?         a  dx 

,',     dy  =1  d,  tan-^  -  =  -^ — 3  . 

a        ar-^-ar 

If  therefore  f(x)  =  tan-^  -, 


f1 
r 


a^+a^' 
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(8)  y  =  sec-*  - , 

a 

.\    *  =  a  secy, 

d!r  =  a  sec  y  tan  y  dy, 


.  ,  ,0?  adx 

.'.     ay  =  a.  see"*  -  = 


«        ^{;r»-a2}* 


If  therefore  fix)  =  see"*  - , 

a 


f(x)  = 


;p(^-a»}* 


(c)  y  =  versin"*  -, 

X  =^  a  versin  y, 
dx  =  a  amy  dy; 
but  siny  =  {1  — cos*y}*  =  {1  — (1  — versin  y)*}*, 

.-.    dx  =  {2aa?  —  ofl}^  dy, 

X  dx 

.•.    dy  =  rf.  versin"*  -  = 


«        {2aa?-a?»}* 


If  therefore  f(x)  =  versin"*  - , 

a 


/'W  = 


{2a^-;r»}* 


(f )     Similarly,  if     y  =  cot"*  - , 


X        — tt  dx 
dy  =  rf.  cot"*  -  =    a  .     , . 
^  a       a*  H-  «* 


K 
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30 

(17)  y  =  coaec-i  - , 


,  -  y  X  —a  dx 

dy  =  o.  cosec"^  -  = 


«       x{x^  -  a»}* ' 
It  is  to  be  observed  in  respect  of  the  above  differentifds^  that 

X  X 

the  sum  of  d.  sin~^  -  and  d,  cos"^  -  is  zero,  which  arises  from 

a  a 

the  fact  that  the  sum  of  two  such  arcs  is  ^,  which  is  constant, 
and  whose  differential  therefore  is  equal  to  zero.    The  same 

X  X 

thing,  and  for  the  same  reason,  is  true  of  d.  tan~^  -  -f  rf.  cot-^  -, 

X  X 

and  of  rf.  sec~^  -  +  rf.  cosec"^  - . 

a  a 

48.]    Hence,  if  the  radius  be  unity,  we  have 

,    .     ,  dx 


{1-^}*' 

d.  COS"*  X 

-dx 

rf.tan-*^ 

d.  cot-*  X 

—dx 

~  !  +  *»' 

//    fiA/k*"!  n/* 

dx 

U»  BCi/         A 

~  x{a^-l}^' 

il   ^nspo'l  'V* 

—dx 

c*  •  i/vr9Ci/       U/ 

~  x{x*-l}*' 

it.    vPiHiin"!  «* 

dx 

C*.  VCIOUI         Hit 

~  {2x-a^}^  ' 

Hence  also,  by  reason  of  Art.  31, 

rf.  sin- >/(af) 

f(x)dx 
{l-(/(x))«}*' 

rf.  tim-i  /"^.r^ 

f{x)dx 

1  +  (f(x)Y ' 

Similar  results  are  true  of  the  other  functions. 
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44.]    These  results  may  also  be  obtained  firom  geometry,  by 
a  process  similar  to  that  employed  in  Art.  39.     See  fig.  8. 

To  find  d.  sin~^  x. 

Let    MP  =  a?  .•.   AP  =  sin~*d?  =  y, 

NQ  =  x  +  ^        .*.   AQ  =  sin"*(a?-f  A^)  =  y  +  Ay. 

.'.    RQ  =  Aa?. 

Ay  =  A  sin^^o?  =  the  arc  pq  =  rq  sec  pqr  =  rq  sec  pca; 

dtXr 

,',   dy  =  rf.sin"^a?  =  dla?  sec (sin"^ a?)  =  -. 

To  find  d.  tan"^  x, 

AT   =  ar  .'.   AP  =  tan-~^j?  =  y, 
at'  =  a?+Aa?  AQ  =  tan-*(a?  +  Aa7)  =  y  +  Ay, 

.•.  tt'  =  Ao?. 

CP 

.-.    Ay  =  A  tan-*  a?  =  the  arc  pq  =  st  — : 
^  ct 

•.'    PQ  :  ST  ::  cp  :  ctj 
but  ST  =  tt'  cos  stt'  =  Aa?  cos  tan-*  a?  = 


CP  =  CA  =   1, 

CT  =  sec  tan-*  a?  =  {1  +  a?*}* : 

dx 
.-.    rf. tan-*a?  =  = =; 

and  similarly  may  the  other  differentials  be  found. 

mdx 


45.]    Ex.  1.        y  =  sin-*  ma?  dy  = 


{l-m«a^}* 


Ex.  2.        y  =  e^"'*  dy  =  e^  ^* 


2dx 


Ex.3.        y  =  tan-(j^)         dy  =  ^-^. 

Ex.  4.        y  =  a?^"'', 

.*.   log^y  =  sin-*a?  loga?. 

dy       ,  dr  sin-*  a?,  rfa? 

-f-  =  logar -f , 

K  2 
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The  number  of  examples  whicli  have  been  diflerentuAed, 
including  the  types  of  all  known  algebraical,  exponential, 
logarithmic,  and  circular  forms,  and  all  of  which  indicate  the 
derived  function  to  be  a  new  function  of  Xy  is  sufficient  to  jn8« 
tify  the  presumption  of  Art.  18.  It  is  in  fact  almost  an  induc- 
tive argument  per  simplicem  enumerationem. 

46.]    On  Functions  of  many  Variables. 

When  many  variables  are  involved  in  an  equation,  it  is  theo- 
retically possible  so  to  arrange  them  that  one  should  be  a 
function  of  all  the  others,  whereby  it  becomes  an  explicit  func- 
tion of  many  variables ;  and  these  latter  variables  may  be  inde- 
pendent of  each  other,  or  have  such  relations  amongst  them 
that  a  variation  of  one  may  involve  a  variation  of  one  or  more 
of  the  others,  whereby  the  number  of  independent  variables 
may  be  diminished ;  the  former  case,  which  is  the  more  general, 
shall  be  first  considered,  and  then  such  modifications  shall  be 
introduced  into  the  result  as  shall  adapt  it  to  the  latter,  and 
as  the  mutual  interdependence  of  the  variables  may  require. 

For  the  sake  of  illustration  let  us  consider  a  tree,  and  sup- 
pose its  growth  to  depend  on  three  circumstances  which  are 
independent  of  each  other,  viz.  the  fertility  of  the  soil,  the  rain 
that  waters  it,  and  the  heat  of  the  sun :  then,  if  the  relation  or 
law  of  connexion  of  these  four  things  be  expressed  mathe- 
matically and  in  an  explicit  form,  we  shall  have  the  growth 
of  the  tree  a  function  of  three  variables ;  thus. 

Growth  of  tree  =  f  (fertile  soil,  rain,  solar  heat). 

And  if  the  law  be  known  which  connects  the  single  effect  with 
the  three  producing  causes,  then  f  (the  symbol  of  the  form  of 
the  fimction)  is  known. 

Now  observing  the  independence  of  the  three  valuables  in- 
volved under  the  functional  symbol,  and  that  therefore  any 
one  may  vary  without  necessitating  a  variation  of  the  others, 
and  that  a  variation  of  any  one  will  cause  a  variation  in  the 
tree's  growth,  it  follows  that  there  may  be  three  several  varia- 
tions of  the  effect,  owing  to  the  separate  and  several  variations 
of  the  three  producing  causes.  Thus,  suppose  the  fertUity  of 
the  soil  to  be  increased,  while  the  other  two  causes  are  un- 
changed, the  tree's  growth  may  be  thereby  increased ;  and  simi- 
larly may  it  be  increased  by  a  change  in  either  of  the  other 
two  causes.     Now  although  these  three  acting  causes  are  so 
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•mbined  by  means  of  the  oonnecting  equation^  that  when  a 

lite  change  of  one  has  taken  place^  a  subsequent  change  of 

Lother  may  not  have  the  same  absolute  effect  on  the  tree's 

"owtb  as  if  it  had  changed  without  the  first  having  previously 

ried^  yet  such  will  not  be  the  case  when  the  changes  are 

finitesimal;  because  the  infinitesimal  variation  of  one  acting 

ibsequently  to  and  on  the  back  of  the  infinitesimal  variation 

'  the  other^  iufinitesimals  of  a  higher  order^  or  products  of 

finitesimals,  will  be  introduced  which  must  be  neglected  by 

rtue  of  Theorem  VI,  Art.  9 ;   and  thus  the  absolute  infini- 

simal  change  in  the  tree's  growth,  due  to  the  infinitesimal 

kriation  of  any  one  of  the  three  acting  causes,  will  be  the 

me,  whether  the  other  two  causes  have  changed  or  not.    And 

lerefore,  when  all  three  have  changed,  the  resulting  change  of 

lc  effect  will  be  the  sum  of  the  three  effects  due  to  each  of 

lc  three  producing  causes;  of  this  however  a  mathematical 

id  rigorous  proof  will  be  given  subsequently.     Thus  we  have 

kriations  of  the  growth  of  four  distinct  kinds :  a  variation  due 

•  each  of  the  three  causes  acting  separately,  and  the  whole 

iriation  which  is  the  sum  of  these  three.     This  latter  is  called 

total  variation  or  a  total  differential,  and  the  former  are  called 

trtial  variations  or  partial  differentials;  each  of  which,  it  is 

ain,  is  to  be  calculated  on  the  supposition,  that  one  variable 

ily  changes  and  that  the  others  do  not  change. 

Or  again :  consider  a  plane  rectangle  oprs  (see  fig.  9),  of 

hich  one  side  op  =  or,  and  the  other  os  =  ^ ;  and  let  u  repre- 

nt  its  area.    Therefore, 

u  =  jpy. 

ow  the  area  may  vary  owing  to  a  change  in  the  length  of 
ther  side,  or  to  changes  of  the  lengths  of  both.  Suppose  w 
I  be  increased  by  pq  =  A«r,  (see  Art.  19) ;  then  the  area  is 
creased  by  the  rectangle  rpqw  :=  yAa:;  which,  when  A^ 
icomes  dxy  is  y  dx.  Or  suppose  y  to  receive  a  finite  incre- 
ent,  that  is,  os  to  be  increased  by  st  =  Ay :  then  the  increase 
'  the  area  is  the  rectangle  tr  =  xAy;  which,  when  the  in- 
ease  is  infinitesimal,  is  xdy ;  hence  the  partial  changes  or 
crements  of  the  rectangle  are  y  dx  and  x  dy.  But  suppose 
»th  sides  to  vary  simultaneously,  that  is,  x  to  become  x  -f  dx, 
id  y  to  become  y  +  dy,  then  the  rectangle  becomes 
(J?  -f.  ctr)  (y  -f  rfy)  =  xy  -h  ydx  -{-  xdy  +  dxdy\ 
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that  is,  the  increment  of  the  rectangle  is  y  rfa?  +  ar  rfy  +  da?  (^, 
which  severally  represent  the  rectangles  rq,  tb,  u  w  ;  and  there- 
fore, when  the  increments  are  infinitesimal,  the  first  two  are 
rectangles  of  finite  length  bnt  of  infinitesimal  breadth,  and  the 
latter,  being  a  rectangle  with  infinitesimal  sides,  is  but  a  point, 
which  must  therefore  be  neglected,  and  we  have  the  total 
differential  of  u 

=  xdy  +  ydx 

=  the  sum  of  the  partial  differentials. 

Bearing  in  mind  what  was  said  in  Art.  19,  and  that  Greek 
letters  are  used  to  signify  finite  changes  or  differences^  and 
English  letters  infinitesimal  variations  or  differentials,  we  shall 
find  the  following  sjrmbolization  convenient. 

Let  u  =  T(x,y,z, )  be  the  function  of  many  variables, 

and  Dt<  or  DF  represent  the  total  differential  of  u  due  to  the 
variations  of  all  the  variables, 

dxU,  or  djcT  .     .     the  partial  change  of  u  due  to  a  change  o(x, 

dyU,  or  rfyF y, 

rf^M,  or  dgY Zy 

du\    tdu\    idu 
di''  \~dyr  V^ 

represent  the  ratios  to  the  increments  of  the  variables,  of  the 
several  variations  of  the  function  due  to  the  variation  of  the 
variables  separately ;  that  is,  let  them  represent  partial  differ- 
ential coefficients^  or  derived  functions,  the  brackets  indicating 
that  they  do  so,  and  the  variable  in  the  denominator  of  the 
fractions  being  that,  due  to  the  change  of  which,  the  partial 
variation  of  u  is  calculated. 

Thus,  although  the  numerators  involve  the  same  symbol  i/ti, 
yet  the  same  thing  is  not  represented  by  them;  for  the  du 
arising  from  the  growth  of  x  into  x  H-  dx,  may  be  a  wholly 
different  function  from  the  du  which  comes  from  the  growth 
of  y  into  y  -f  dy.  Tf  then  we  have  occasion  to  use  these 
symbols  together,  a  mark  of  distinction  is  necessary,  such  as 

djcU,  djfU,  but  when  the  ratios  of  the  changes  are  required, 

the  denominator  in  addition  to  the  bracket  is  sufficient  to  indi- 
cate the  origin  of  the  function. 


and  let  \-^j,  \7i~n  \lf^' (omitting  the  subscript  letters) 
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47.2    Diff^erentiation  of  a  Function  of  Two  Variables. 

Let  jp  and  y  receive  the  increments  ^  and  Ay,  and  the  cor- 
responding increment  of  uhe  Aw,  so  that 

Aw  =  F(d7-f  Aj?,  y  +  Ay)  —  p(^,y); 
. • .  All  =  p(j? -f  A^,  y -f  Ay)  -f(^,  y  4. Ay)  +  v{x,  y  +  Ay)  -F(a?,  y). 
Let  the  variations  of  x  and  y  be  very  small^  then 

Au  becomes  j>u,  which  is  the  total  change  in  u; 
F  (a?-f  Aj7,  y  -f-  Ay)  —  F  (j?,  y  -f  Ay)  becomes  djcU, 

because  whatever  difference  there  is  between  the  first  and 
second  of  the  above  quantities^  it  is  solely  due  to  the  change 
of  X ;  and  for  a  similar  reason 

'  (^>  2^  +  ^y)  ~~  '  (^3  y)  becomes  dyU,  and  therefore 

Du  =  djcU  +  dyU; 

that  is^  the  total  differentiation  of  a  function  of  two  variables  is 
equal  to  the  sum  of  the  partial  differentials.     Also,  we  have 

Ax 

F(^,y  +  Ay)-F(a?,y) 

Ay  ' 

•••  ^"  =  (£)  ^  +  (J)  ^y- 

In  which  formula  cb?  and  dy  are  the  small  increments  of  x 
and  y ;  whence  we  easily  find  the  ratio  of  the  total  change  of 
the  fonction  to  the  change  of  either  variable :  thus  we  have 

j>u  __    /du\         /du\    dy 
dx  "   ^dx'         ^dy'    dx^ 

Dti  _   /rftt\    dx        /du\ 
dy  "   ^dxf   dy        ^dy'  ' 

Ex.  1.         tt  =  ay^  H-  bxy  +  cx^  +  ey-{-ffx  +  k, 
dgU  =  bydx  -{■  2cxdx  +  gdx, 

=  (Ay  +  2cx  +  ^)  rf^, 

dpU  =  2aydy  -{-  bxdy  -{-  edy, 

=  (2ay  H-  *a?  +  e)  rfy; 
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.■.    D«  =  dgU  +  dfU, 

=  {by  +  2cx  +  g)  dx  +  {bx  +  2ay  +  e)  dy. 

Or       (^)  =  fty  +  2cx  +  ^r, 

=  (Ay  H-  2ca?  +  ^)  rfj?  +  (4^  +  2iiy  4-  «)  rfy. 
£iX.  2.         fi  =  —5-  -|-  7-5-, 


fdu\  __  2x     /du\   __  2y 


Ex.  3.        «  =  sin-*  -  +  sin-i  f , 

a  0 

<}t(\  1  /(fi(\  1 


/au\  _         1  /ott\   _ 

^dx'  ~  {aJ_^}4  Vrfy/   ~  (jj_y»}** 

dx  dy 

.     DM  = +  " 


Ex.4.        «  =  a?y,^(|), 

Ex.  5.        u  z=  X  <f>{xy), 

.:,   Dtt  =  <i){xy)  dx  -\-  X  (y  dx  -\-  xdy)  <t>{xy). 
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48.]  Differentiation  of  an  Implicit  Function  of  Two  Vari- 
ables. 

The  principles  applied  in  the  last  and  preceding  Articles 
enable  us  to  differentiate  an  implicit  function  of  two  variables, 
and  thereby  to  determine  the  ratio  of  the  corresponding  differ- 
entials of  the  variables,  without  the  expression  being  put  in  the 
form  of  an  explicit  function  of  one  variable*. 

*  To  the  above  method  of  differentiating  implicit  functions  it  may  be  ob- 
jected, that  if  -,       V 

there  can  be  no  change  in  u  due  to  a  partial  change  in  x,  because  u  is  con- 
stant ;  and  for  a  similar  reason  there  can  be  no  variation  in  u  due  to  a  varia- 
tion of  y  only ;  and  therefore  that  x  and  y  cannot  vary  separately,  but  must 
vary  simultaneously ;  that  one  cannot  change  without  the  other,  and  there- 
fore that  there  can  be  no  partial  variations  of  the  function.  To  this  it  is 
replied  by  asking.  What  do  we  mean  by  a  constant  such  as  c  on  the  right- 
hand  side  of  the  equation  ?  We  mean  that  whose  total  variation  is  zero.  If 
therefore  we  consider  c  to  be  the  sum  of  two  quantities  c^  and  c^,  such  that 
when  X  varies  c,  varies,  and  c^  varies  when  y  varies,  but  that  c^  and  c^  are 
so  related  that  dc,  +  dc^  =  0  =  dc;  then  the  total  variation  of /(a?,  y)  being 
the  sum  of  the  partial  variations  will  be  equal  to  0,  and  the  condition  o{f{x,y) 
being  equal  to  c  wiU  be  satisfied.  Whereas  then  each  partial  variation  taken 
separately  is  a  violation  of  the  condition  expressed  by  the  equation,  yet  the 
relation  of  the  two  when  added  together  is  such,  as  to  be  in  accordance  with 
the  equation.  The  partial  variation  of  the  second  neutralises  the  incon- 
sistency of  the  partial  variation  of  the  first  with  the  equation.  This  may  be 
geometrically  explained  as  follows.    Suppose 

which  equation  represents  an  ellipse  the  size  of  which  depends  on  the  value 
of  the  constant  c,  as  well  as  on  a  and  b.  Suppose  we  consider  y  alone  to 
vary,  while  x  is  constant,  the  point  corresponding  to  ^,  y  +  dy,  is  no  longer 
on  the  original  ellipse,  but  lies  a  little  above  it  or  below  it,  according  to  the 
sign  of  dy ;  i.  e.  it  is  a  point  of  another  ellipse,  which  second  ellipse  depends 
on  the  variation  of  the  part  of  c  corresponding  to  the  variation  of  y.  And 
now  suppose  x  to  vary,  y  being  constant,  in  consequence  of  which  the  other 
part  of  c,  which  has  a  variation  due  to  the  variation  of  x,  changes,  but 
changes  in  such  a  manner  as  to  bring  back  the  point  to  the  original  ellipse, 
the  variations  of  the  two  parts  of  the  constant  being  such  that  the  sum  of 
them  is  zero ;  whereas  then  the  partial  variation  of  the  first  carried  the  point 
off  the  ellipse,  that  of  the  second  brought  it  back  again.  This  case  then  is 
exactly  that  of  the  total  variation  of  a  function  of  two  variables,  except  that 
the  two  partial  variations  are  so  related  as  to  render  the  total  variation  equal 
to  sero. 

L 
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Let  f{Xf  y)  =  c  be  the  implicit  function  of  two  ▼aziabki, 
which  may  be  put  in  the  form 

Then,  since  u  is  equal  to  a  constant,  dk  =  0;  and  therefofe 
by  the  last  Article, 

dy    _        ^dx' 
dx    "^         /du\ 

Ex.  1.        ti  rr  x^-{-8axy-{-y^  =  a', 

(*)  =  8^+8„  (*)  =  8,.+»«, 


Ex.  2.        ti  =  a^J'+y*  =  a, 

(^)  =  yar^-i+y'logey      (^)  =  a?ylo&a?+«jf*-i- 

dy yjcy-i-f.y*logy 

rfa?  ""       a^y'-^  +  a^^loga?* 

49.]    Differentiation  of  a  Function  of  many  Variables,  all 
of  which  are  independent  of  each  other. 

Let  u  =  if(x,yy  z^ ) 

be  a  function  of  many  variables,  x,  y,  z, all  of  which  are 

independent  of  each  other;  then 

tf  +  Ati  =  p(a?H-Aa?,  y  +  Ay,  -r  +  Ajzr, ...); 

.:.  Ati  =  T(x  +  Ax,y-\-Ay,  z-\-Az,...)—v(x,y,z, ..,) 

=  v{x-{-Ax,  y  +  Ay,  z  +  A^,...)— P(4?,y4-Ay,z  +  Az,...) 

H-  F(^,  y  +  Ay,  z  +  A2r, ...)     -F(ar,  y,  2r  +  A2r, ...) 

+  p(d?,  y,  ar  +  Az, ...)  - 

4- - 

■♦■ -T(x,y,z...)} 


wv 
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whence,  inalciTig  the  increments  to  be  infinitesimal,  and  ob- 
serving the  forms  in  which  the  last  lines  have  been  written, 
we  have  .  »  j 

Dtl  r=  DV  =  djcU  +  d,U  +  dgU  + 

that  is,  the  total  differential  is  equal  to  the  sum  of  the  partial 
differentials. 

And  if  the  result  be  expressed  in  terms  of  partial  derived 
functions^  as  in  Art.  46,  then 

°« =  °'  =  (£)  ^  +  (J)  '^y  +  ©*'■*■ 

Whence,  as  in  Art.  47,  the  ratio  of  the  total  differential  to  that 
of  any  one  of  the  variables  may  be  found. 

Ex.  1.    u  =z  siniyz  +  zx  +  xy), 

(^)  =  (^  +  y)  cos(yj2r  4-  -zra?  +  xy), 

(^)  =  (a?  H-  z)  cos  {yz-\'ZX'\-  xy), 

(^)  =  (y  +  a?)  cos  {yz  -^^  zx  -^  xy)  ] 
.-.  Dti  =  cos{yz-\'ZX-{-xy)  {{j/^-z)  dx-^-^z-^-x)  dy  +  (x+y)  dz}. 

Eli.  2.    ti  =  (a?>+y«H-2r»)*  +  tan-^  -  -f  ax+by+cz; 

z 

xdx-{-ydy'\-zdz       zdx^xdz  ,        rj    ,    j 

.-.   Dtt  =  ^  ^      ^     H-  +  a(te  H-  bdy-^cdz. 

(ayi4.ya4.2r*)*  x^  +  z^ 

Ex.8,    u  =    ^   ^,, 

2r*— a' 


(rfw\  _    2a?y 


/rftt\    _       x^ 


\dyf       z^^a^* 

\dzf  "        (z^-aV' 

_  a? (z*  —  a*)  (2y  rfa?  4-  ^rfy)  —  2a?*yz rfif 
•"•   ^*  -  (^1  -  a^)K 

L  2 
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50.]  If  the  Variables  are  so  combined  in  an  Equation  that 
it  is  impossible  to  express  any  one  explicitly  in  terms  of  the 
others,  then  ^^^^^^^ ^  ^  ^. 

and  therefore  df  =  0^  and 

©  ^  +  (g)  *  +  o  *  ^ =  o- 

whence  may  be  determined  the  absolute  variation  of  any  one 
of  them  which  is  due  to  the  variations  of  all  the  others ;  as  e.  g. 

0''^  +  ©*^  + 

dx  = 


(dr 


) 


And  similarly  may  be  found  the  variation  of  any  one  of  the 
variables  which  is  due  to  the  variation  of  any  one  of  the  others; 
as  for  instance^  suppose  we  have  to  find  the  relation  between 
the  corresponding  variations  of  a:  and  ^  in  an  equation 

r(^,y,^, )  =  c, 

when  the  other  variables  do  not  change  value^  then 

/rfF\     ,  /dY 


(S  ■^  +  O  *  = »' 


dx^  ^dy 

{-) 

dx    _         ^dy' 

dy     ~~         (dY\ 

\dxf 


Similarly  the  corresponding  variations  of  x  and  z  may  be  found 
from  , 


dY' 

dx    _         \dz 

dz    ~~         /dY\ 

\dx^ 


51.]  Differentiation  of  a  Function  of  many  Variables,  some 
of  which  are  dependent  on  the  others. 

As  the  principles  of  differentiation  of  functions  of  many 
variables  which  have  been  explained  in  the  five  immediately 
preceding  Articles  are  general,  whatever  be  the  values  of  the 
variables,  a  fortiori  they  are  applicable  to  the  less  general  case 
in  which  the  variables  are  connected  with  each  other  by  cer- 
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tain  given  relations ;  and  first  we  will  consider  the  most  simple 
case,  viz.: 

Let        M  =  p  (ar,  y)  where      y  s=  /(ar) ; 

The  meaning  of  the  several  terms  of  which  expression  is 
sufficiently  obvious  firom  their  symbols. 

Ex.  1.        tt  =  tan-*  -  and        y  =  {o*— a?*}*  j 

_  ydw—xdy  ,    _  xdx 

whence,  substituting  ^ 

DM  = 


a  result  which  is  manifestly  as  it  ought  to  be^  if  we  consider 
that  the  relation  between  u  and  x,  after  the  elimination  of  y,  is 

X 


u  =  sin-^  - 
a 


Or  again^  consider  the  less  simple  case^  u  =  r{x,  y,  z),  where 

y  =f(^),        and        z  =  4>{x); 
/rfp\    ,  fdT\    ,  /dF\ 

DM 


=  (rf^)  '^  +  (i)  '^y  +  (5;)  ''*• 


rfa?'  ^dy^  ^dz* 

dy  =  /(a?)  dx, 
dz  =  0'(a?)  d!r; 

whence,  substituting  and  dividing  by  dxy 

S  =  ©  +  0  /•<-)  ^  (S)  *'<->• 

Ex.  2.        M  =  sinflw?  +  sinAy  +  tan"^  -, 

z 

y  =  sec;r, 
2r  =:  cosec^. 
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D«  =  <ioo8<urd[r  +  &oo8£sf<ly+     ^^    . 

dy  =  ^ecxtanxdxy 

dz  ^  ^  cosec^r  cot^rcKr; 

D«  =  a  cosaxdx  +  i  cos(b9ecx)  Becxtanxdx -^dx. 


Or  again^  suppose  u  =  ¥(x, y), 

and        ^  =  /(O  y  =  *(/), 

/  being  another  variable. 


D« 


Or  again,  suppose 
and 


«  =  F  (^,  y,  z), 


DK 


=  (£)  "^  ^  &)  *  +  {£)  *. 


but 


Dz  (or  dxr)  =     (£}dx+   {£  dy, 


dx 


dy 


DU 


=  ((£)-  (£)  (f ) }  ^-  { (|)  -  (£)  (f ) }  * 


Ex.8. 


u  = 


Dz  (or  rfr) 


Dtl  = 


x^*  and         2r  =  sin  (a?y) ; 

yzx^'"^  dx  +  57**  logc^  {ydz  +  ^rrfy), 
cos  (o^y)  {ydx-\'X  dy) ; 

y  d?y*  •!  — h  y  log«  ^  cos  (ory)  >  d[r 

+  logeO?  a?«*  {;2r  +  a?y  cos  (xy)}  dy. 

Ex.  4.         Given  r  =  f  {y  -f  xf{z)},  where  y  and  x  are  inde- 
pendent  variables,  it  is  required  to  find  (g)  and  (g) . 


dy^ 


lave 
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>r  the  sake  of  abbreyiation  symbolizing  v'{y+xf(z)}  by  f', 

(I)  =  { ■  -  '/■«  (I) }  -■■ 


/dz 


dy)  -  l-xf'{z)r" 


;h  result  is  of  great  importance  in  the  solution  of  a  future 
ilem.     See  Art.  84. 

be  cases  of  differentiation  of  functions  of  the  preceding  kind 
io  various  and  numerous^  that  it  is  impossible  to  discuss  all 
lem;  but  the  principles  explained  and  illustrated  as  above 
applicable  universally^  and  from  the  examples  given  the 
ent  ought  to  find  no  difficulty  in  solving  other  similar  ones. 
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CHAPTER  in. 

SUCCESSIVE  DIFFERENTIATION,  AND  THEOREMS 

DEPENDENT  ON  IT. 


SECTION  I. 

ON  SUCCESSIVE  DIFFERENTIATION  OF  AN  EXPLICIT  FUNCTION 

OF   ONE   VARIABLE. 

52.^  In  the  former  part  of  the  last  Chapter  rules  were  con- 
structed for  differentiating  explicit  functions  of  one  yariable^ 
and  thus  of  deducing  from  f(x),  which  was  assumed  as  the 
typical  form,  d,f(x)  or/'(,r)  dx\  in  this  case  x  was  made  to 
increase  or  grow  by  the  infinitesimal  dx.  Suppose  now  that  x 
is  made  to  increase  again  by  an  infinitesimal  variation^  it  is  our 
object  to  inquire  what  effect  such  a  second  increase  will  have 
onf{x)  and  ouf'{x)  dx;  this  second  increment  may  or  may  not 
be  equal  to  the  former  one :  doubtless  the  simpler  case  will  be 
when  it  is  equal,  and  therefore  we  will  consider  it  first  with 
this  limitation,  and  subsequently  discuss  the  general  case  when 
the  successive  increments  of  x  are  not  equal.  When  x  in- 
creases by  equal  increments,  or  growSy  as  we  may  say,  at  an 
uniform  rate,  it  is  said  to  be  an  equicrescent  variable. 

Or  we  may  consider  the  subject  from  another  point  of  view; 
f'{x)  is  in  general  a  new  function  of  ^;  and  therefore  as  it  was 
derived  from  f(x),  so  by  a  similar  process  may  another  func- 
tion be  derived  from  it.  This  new  function  by  an  analogous 
notation  is  symbolized  by/"(^),  and  will  in  general  be  another 
function  of  «r,  and  thus  will  admit  of  having  another  function 
derived  from  it  by  a  similar  process,  which  will  be  symbolized 
hj  f'"(x),  and  so  on.  Thus  may  derivation  be  considered  an 
algebraical  artifice  by  which  successive  functions  are  formed^ 
each  from  the  preceding  one,  and  are  called  the  derived- 
functions  or  derivatives  of  different  orders  of /(a?),  viz. : 
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/w.  /(^),  r  (^),  r{^)> /"  w,  f^^^  {X) ;     (1) 

fix)  is  called  the  primitive  function;  f'{x)  the  first-derived; 
f'\x)  the  second-derived;  /"C^)  the  nth  derived-function  of 
/(<r).  It  is  also  to  be  observed^  that  each  function  in  the  above 
series  is  the  first-derived  of  the  immediately  preceding  func- 
tion. 

In  the  same  way  therefore  as  d.f{x)  =z  f\x)  dx,  so  does 
d.f\x)  =  f"{x)  dxy  and  so  on;  whence  we  have  the  following 
series  of  equations : 

d.f(x)  =f'{x)dx, 
d.fix)  =:f'{x)dx, 
d.f'ix)  =  r\x)  dx,    \^  (2) 


d.f^'-^ix)  =/"(a?)  dx. 

The  dx  s^  which  are  factors  on  the  right-hand  side  of  the 
above  equations^  are  the  several  increments  of  x  which  give 

rise  to  the  difierentials  o{f(x),f'(x), and  therefore  are  not 

necessarily  all  equal;  but,  as  above,  to  consider  the  simpler 
case,  let  them  be  equal,  so  that  the  several  functions  vary  by 
reason  of  equal  variations  of  their  variables :  that  is,  let  x  be 
equicrescent ;  then,  since 

y  =  Ax), 
dy  =  d.f(x)  =^f{x)  dx. 

And  since /^(^)  is  a  function  of  x,  we  may  difierentiate  again; 
whence,  ns  dxis  constant,  we  have 

d.dy  =  d.f\x)  dx; 

and  since  d.  dy  signifies^  that  the  operation  symbolized  by  the 
character  i/  is  to  be  performed  twice  on  y,  and  one  operation 
on  the  back  of  the  other,  we  may,  in  accordance  with  the  no- 
tation of  the  index  law,  abbreviate  d.  dy  into  dh/ ;  and  replacing 
d.f{x)  by /"(a?)  dxy  and  writing  ds^  for  the  square  of  dx,  since 
the  dx  8  are  equal,  we  have 

dhf  =/"(a?)  da^. 

Similarly  difierentiating  again,  and  writing  d^y  for  d.  d^y^ 
and  dx^  for  the  cube  of  dx,  we  have 

M 


w 
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iPy  =  d.f'ix)  dx' 

and  so  on ;  whence  the  general  expression  becomes 

The  quantities  £fy^  d^y,  cPy, d'^y, are  severally  called 

the  firsts  second^  third, nth difTerentials  of  y;  hence 

it  follows,  that  the  differential  of  the  nth  order  of  y  or  f{x)  is 
equal  to  the  product  of  the  nth  derived-fiinction  and  {da)\ 

Also  /"(^),  /"(^), /"(^) are  severally  called  the 

second,  third, nth differential  coefficients,  in  accord- 
ance with  the  principle  of  nomenclature  given  in  Art.  18; 
because  in  the  above  equations  they  are  the  coefficients  of 
dx^,  dx\ £fa?" 

Hence  also  we  have, 

y  =  /(^), 


(8) 


By  which  form  of  writing  the  fractions  on  the  left-hand  side 
of  the  equations,  it  is  indicated  that  x  is  equicreacent.  Also  let 
the  difference  of  notation  be  observed  between  d^y  and  cte*. 

Hence  also  it  appears,  that  the  nth  derived- function  of /(dp) 
is  equal  to  the  ratio  of  the  nth  differential  of  the  function  to 
the  nth  power  o{  dx:  dx  being  the  quantity  by  which  x  has 
varied  in  each  of  the  successive  derivations;  hence  also  it  is 
plain  that,  if /"(a?)  be  finite,  d'^y  is  an  infinitesimal  of  the  nth 
order  with  respect  to  <£z*  as  a  base. 

It  is  also  to  be  observed,  that  as  -—  represents  the  ratio  of 

the  variation  of  y,  or/(^)  to  that  of  x,  so  ^  =/"(a?)  =  ^iLM 

represents  the  ratio  of  the  variation  of /'(a?),  that  is  of  -^,  to 

dx 
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he  variation  of  x-,  and  so  ^-^  represents  tlie  ratio  of  the 
»riation  of  ^-^  to  that  of  X'y  and  similarly  of  the  other 


/ » 


eriTed-fanctions. 

Ex.  1. 

y  = 

X^y 

dy  _ 
dx 

nx*' 

-1 

d^y 
dx^^ 

n(n' 

-1)  a?"- 

-s 

^  =  n(«-l)(«-2)»-». 


^  =  n(«-l)  (»-2) ...  (»-r+2)  (n-r+1)  »"-'. 


Ex.  2.        y  =  log,*. 


^  =  1  =  *-i 

g  =  (-)«1.2.x-», 
g=  (-)» 1.2.8.*- 


^  =  (-)••-»  1.2.8 (r-2)  (r-1)  «-'. 


Ex.  8.        y  ss  a*, 

5P  =  (lo&  «)*«'» 


^=:(log.a)'a'. 


M^ 
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Ex.  4.        y  sz  mnx, 

|  =  oos*  =  «in(x+j). 

It  appears  therefore  that  the  effect  of  one  derivation  on  sin  or 
is  to  increase  the  arc  by  ^^  and  therefore  it  might  at  once  be 
concluded^  that  the  effect  of  r  derivations  is  to  increase  the 
arc  by  r^. 

SimUarly.if  ^^  ^  ^3^^ 

cPy       ,      ,,  1.2.3  ( ,        ,   .       ,        ,   ."I 


A  similar  method  of  decomposition  into  partial  fractions  may 
also  be   employed   to   find  the    general   derived-fimction   of 

^5 \'  ^.    2>  ZSI — 2>  *^^  other  functions  of  a  similar  form. 
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Ex.  6.         y  =  e**  smnx, 

^  =  e^  {a  smnx  -\-  n  cos nx]  . 

Let      r  a  =  *  CO8  0  ^  r      *>  =  a*+n* 


!a  =  A:  c< 
n  =  A  si 


sm0  (  i  tan0  =  -: 

on  the  legitimacy  of  which  substitutions,  see  Art.  57. 

whence  it  is  maoifest,  that 

^  =  A*"  e*"*  sm  (na?  +  r0), 

r 

=  {a^-\'n*y  e^  sin  (no?  +  r0). 

53.]  The  following  theorem,  due  to  Leibnitz,  and  commonly 
called  Leibnitz's  Theorem,  may  be  conveniently  employed  to 
find  the  general  (the  rth)  deriyed-fimction  of  a  product  of  two 
functions  of  ^. 

Let  f(x)  be  the  function  of  x,  of  which  let  the  two  factors 
be  u  and  v,  so  that        y  =  f(w)  =  u  x  v; 

dy  =  vdu  +  dvUf 

d}y  =z  vd^u  -\-2dvdu  -\'  d^vu, 

d^y  =  t;  cP«  -\'9dv  d^u  +  8 d^v  du  +  d^vu; 

the  law  of  the  coefficients  being,  as  it  is  manifest,  that  of  the 
coefficients  of  (l+xY;  and,  to  shew  that  such  is  always  the 
case,  let  us  assume  that 

r— 1 
-f  H = — dud^'-'^v  +  ud^^^v, 

and  differentiate ;  whereby 

-f-  +  rdud^-^v  +  wd'^t;.         (4) 

Therefore^  if  the  formula  be  true  for  (r— 1)  it  is  true  for  r  *,  but 
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it  is  true  for  2,  .*.  it  is  true  for  8;  and  therefioie  it  is  tme  &r 
aU  positive  and  integral  values  of  r'*^. 

.-.    d^'iuxv)  =s/''(^)rf^''  =  vd^'u  +  jdvd^^u 

+  ^^^^^rf»vrf'-«u+  (5) 

^  ,  ^  rf''ti      rdvd'^'^u     rir-'l)  d^vd^-^u  .        ,-, 

.•./•■(^)  =  «dJ,  + 1^5^ +  ^72-5^.5^, +  -(6) 

In  applying  the  last  formula  to  a  given  example,  let  the 
student  be  careful  to  assume  as  u  that  function  whose  general 
derived-function  is  the  more  easily  calculated. 

Ex.  1.        To  find  the  rth  derived -function  of  e^  a?". 


u  =  e^, 

« 

V  =  ^**, 

dx  =  "'""'' 

dx^ 

£"-»(»  1)'-' 

d^'u 

d^{e^x^)  _ 
dx^ 

^ax 

x^ 

+ 

!!  a»-i  e**  na;»-i 

r 

A 

(r- 

-1) 

/!» 

-«  ^0*  n  rn  — 1^  j?»-»  J- 

1.2 


=  e^  {a**  a?**  -I-  Y  ^'"'"^  **  ^'*"^ 


Ex.  2.        To  find  the  rth  derived-function  of  e^  cosfur  4P*. 
w  =  c^  cosno?^  r  =  ^•'; 

.-.   by  Ex.  6,  Art.  52,  if 

*  On  this  mode  of  inductively  proving  the  above  theorem^  see  some  re- 
marks in  a  "System  of  Logic,"  by  John  Stuart  Mill,  book  III,  ch.ii,  §.2, 
2n<i  edition,  London,  1846. 
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tan0  =  -  and  *  =  {n*+a*}*. 


du       .  dv 

^  =  *  e«  cos  (»«  +  *),  ^ 


d^u  d^v 

—  =,  k^e<^  cos  (nx  +  20),       5^  =  »» (^"1)  ^*"^ 

— j;  =  i**  c*^  COS  (nx  +  r0). 

rf*"  (e^  cos  no?  a?*")  , ,  . 

— ^^ ^-p =  c«^  {**■  cos  (nx  +  r<^)  a?"* 

+  y  A*""^  cos(»wr  +  (r— 1)<^)  ma?""^ 

+  ^^^T^^  i*-*  cos(iwr  +  (r-2)0)  w(w-l)  ^•-» 

+ } 


Section  2. — ^Maclaurin's  Theorem  for  the  Expansion  of  an 
ExpKcit  Function  of  One  Variable. 

54.3    Suppose  /(^)  to  be  a  function  of  x,  and  to  be  capable 
of  expansion  in  a  series  of  ascending  powers  of  ^,  of  the  form 

fix)  =  Ao  +  Aia?  +  Ajd?*  + +  A„a?"  + (7) 

and  which  is  subject  to  the  following  conditions : 

1st.    Ao,  Ai,  A2 An are   constants,   and   to  be    de- 
termined. 

2nd.  Ao^  Ai,  A2 An do  not  become  infinite  for  any 

value  of  X  for  which  the  series  is  applied. 

3rd.  The  series  contains  no  terms  involving  negative  or  frac- 
tional powers  of  x. 
Then,  since 

fix)   =  Ao  +  Ai^  +  A2^«  + +  AnJ?"  +   

.-.    f(x)   =  Ai  +  2A8a?  +  8a3^2  + 

f"{x)  =   2A8  +  2.8A8d?  4- 

/-(a?)  =  2.8A8+ 


/»(d?)  =  1.2.8 (n— 1)  n  An  4- 
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In  these  eqoatioiu  let  d;  =  0;  then,  since  by  tlie  oondituiu 
(2)  and  (3)  none  of  the  quantities  assume  the  indeterminate 

form  ^,  or  become  infinite^  we  have 

/(O)  =  Ao, 
/'(O)  =  Ai, 

/"(0)   =   1.2.A„  .-.      A,  =-ffl, 

/"'(0)   =   1.3.8.  As  .-.      A3="Q^J 


/»(0)  =  1.2.8 nxn       .-.     A,  =     {"^  ^     . 

Whence,  substituting  in  equation  (7),  we  have 

/(o?)  =/(0)+/(0)|  +r(0)  ^  +  ...  +  /"(0)^g^3    ^  +  ...(8) 

/(O),  /'(O),  /"(O) being  the  values  of /(^),  /'(^),  /"(;r), 

when  ^  =  0. 

The  series  was  discovered  by  Stirling^  an  English  mathe- 
matician of  the  early  part  of  the  last  century ;  but  having  been 
introduced  by  Maclaurin  into  his  Treatise  of  Fluxions,  has  been 
generally  called  by  his  name. 

55.]  For  certain  functions  of  x,  such  as  those  of  the  form 
(a  +  ^)'*,  where  n  is  positive  and  integral,  the  derived-functions 
will  vanish  after  a  certain  number  of  diflerentiations,  and  there- 
fore the  number  of  terms  of  the  above  series  is  limited  in 
such  cases;  but  generally  the  successively  derived-functions 
are  functions  of  ^r,  and  the  series  is  continued  to  an  infinite 
number  of  terms ;  but  the  sum  of  all  the  terms  after  the  nth 
may  be  expressed  as  follows,  by  an  algebraical  formula.     Since 

fix)  =/(0)+/'(0)  f  +  /"(O)  ^  +  ...  +/'-i  (0)         "^""^ 


1    '  •'    '  '1.2  '        ^■'       '' 1.2.3... («-l) 


1.2.3... w   '  "^        '  '  1.2.3. ..(n-fl) 


^n+2 


+  ^""(Q>1.2.3...(n  +  2)  +  <«> 
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The  sum  of  all  the  terms  after  the  nth 


ntfi  mfl+l 


=  ^"<^>  TJ^n  +  >'""(«>  1.2.8  ...(n-fl)  + 
"^       {/-(O) +/-+U0)     "^ 


1.2.3. ..n  ^''   ^  '     ■'       ^  '  n-\-\ 


ar» 


+  -^"^'<Q>(»-H)(n+2)+  >         (1^> 


J? 


=  123    ^  {a  quantity  >  /»(0)  and  <  ^(x) }  (11) 

the  latter  factor  of  (10)  is,  I  say,  greater  than  /"(O),  because 
the  sum  of  the  series  is  (algebraically)  greater  than  its  first 
term;  and  is  less  than/"(^),  because  by  reason  of  (9) 

X       ^_  . « ,^.    x^ 


fn{x)  =  /»(0)  +/"+H0)  Y  +  /'•+«(0)  j-^  + 


And  with  the  exception  of  the  first  term  of  this  series,  each 
term  of  it  is  greater  than  the  corresponding  term  of  the  series 
given  in  (10),  inasmuch  as  the  denominators  are  severally  less. 
Hence  representing  by  6  some  positive  and  proper  firaction,  we 
may  symbolize  (11)  by 

for  the  latter  factor  is  too  small  when  ^  =  0,  and  is  too  large 
when  d  =  1. 

Hence  we  may  write  the  series  as  foUows : 

fix)  =/(0)  +/'(0)|  +/"(0)^  +  ...  +  j^^£— /»(0^)  (13) 

which  has  a  definite  number  of  terms ;  and  therefore  the  only 
apparent  difference  in  the  absolute  equality  of  the  two  sides  of 
the  equation  is  that  which  arises  from  6  being  an  undetermined 
fraction  greater  than  zero  and  less  than  unity. 

As  this  series  however  is  of  great  importance  in  the  applica- 
tion of  the  Calculus,  the  proof  of  it  must  not  rest  on  any 
fSsdlacious  assumption,  or  any  vague  limitations  which  may  be 
too  wide  or  too  narrow,  such  as  those  of  the  stated  conditions. 
Hence  arises  the  need  of  a  rigorous  and  exact  proof  of  it,  and 
of  one  which  will  limit  the  extent  of  its  applicability,  and  which 
wiU  be  given  hereafter;  and  therefore  the  explanation  of  the 
last  two  articles  is  to  be  considered  only  as  yielding  a  presump- 
tion that  such  a  series  as  (13)  is  likely  to  be  true. 
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56.]    Examples  of  Maclaurin's  Theorem. 
£x.  1.  Let 

f\x)  =  n(a+a?)»-^  /'(O)  =  iia— 1, 

/'(a?)  =  n(n-.l)  (a+a?)'-«,  /"(O)  =  n(n-l)  a^'\ 


whence^  if  n  be  positive  and  integral, 

/"(a?)  =  n(n-l)  (n-2).. .8.2.1,    /"(O)  =  n(n-l)(n-.2)...8.2.1j 

+ +  nax""-^  +  ^••,         (14) 

the  common  Binomial  Theorem,  which  is  therefore  a  particular 
case  of  Maclaurin's  Theorem. 

Ex.  2. 

f(^)^e',  .-.    /(0)  =  1, 

fW  =  e',  /'(O)  =  1, 

....  ••*. 

/«(d?)  =  e',  f\Ox)  =  c*' ; 

X       X  x^^^  x^ 

■'■  ^'  =  ^  +  i+r:2+-+i.2.8...(»-i)+i:2x::^*"<^^> 

Ex.3. 

/(a?)  =  sin  J?,  /(O)  =  0, 

/'(*)  =  8ill(*+|),  /'(0)  =  1, 

/"(a?)  =  8in(*+2|),  /"(0)  =  0, 


•         . 


/'•(J?)  =  8in^j7  +  n^j,  /"(M  =  sin^d;i?+»0. 


x^  x^ 


sin  a?  =  ^  —  T-Tw*  + 


1.2.8  '   1.2.3.4.5 


^""^  •  f/  IX    ''^l  •!*^''  //I  »\,T^N 
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Ex.4. 

/(a:)  =  008*,  .-.    /(0)  =  1, 

/'(«)  =  C08(n+|),  /'(0)  =  0, 


•         •         •         • 


/"(*)  =  coa{x+n'^y  /"(««)  =  eoByOx+n^y, 


X*  X* 

COS*  =  1  —  =— s  + 


1.2  '  1.2.3.4 


+ 


1.2.3^(1-1)  ^'{^"-^>i}  +  oS3'^('^+"i)^^''> 


Ex.5. 

/(«)  =  log.(l+Jf),  .-.  /(0)  =  0, 
/'(x)  =  (l +  «)-?,  A0)  =  1, 

/'V)= -(i+^)-»,  /"(0)  =  -i, 

/'"(z)  =  ( - )» 1 .2  (1  + «)-»,  /"'(O)  =  1.2, 

/""(ar)  =  (-)» 1.2.3  (1  +x)-\  /""(O)  =  -1.2.3, 


/»(«)  =  (-)"-!  1.2.3 ...  (n-1)  (1  +  Jf)-», 

f*($x)  =  (-)"-» 1.2.3 ...  («-l)  (1  +  «a?)-» 


«*      <r' 


.-.     log,(l  +  a?)  =  af-y +  -g-  + 


j»n— 1  I   /       «;       \n 

<-)-'jii:T(-)-^s(lT5i) <^«) 

Ex.  6. 

/(ar)  =  sin-iar,  /(O)  =  0, 

/'(«)  = L—  =  (1  -«»)-*,  /'(O)  =  1, 

(l-«»)* 

/»  =  a?  (1 -««)-*,  /"(0)  =  0, 

f"{x)  =  (1  -ar»)-» + 3  a?«  (1  -«»)-*,  /'"(O)  =  1, 

/""(«)  =  9«  (1  -«»)-*-3.5  J!»  (1  -a»)-^,  /""(O)  =  0, 

/"'"(«)  =  9  (1  -««)-♦  + /'""(O)  =  9. 

N  3 
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The  general  deriYed-function  is  of  too  complicated  a  form  to 
be  useful ; 

'•  "°"*^  =  ^  +  r:23  +  o:3A5  + ^^ 

But  sin~~^  X  may  be  more  easily  expanded  by  the  following 
artifice,  which  adapts  itself  to  those  fimctions  of  which  a  de- 
rived-function assumes  an  algebraical  form. 

Difierentiating  equation  (8),  Art.  54,  we  have 

/'(ar)  =  /'(O)  +/"(0)  I  +/"'(0)  ^  +r"(0)  1^  +  

and  from  above, 
fix)  =  (1  -a?»)-*, 

ar«      1.3^      1.3.5    ar' 
~      '^  T '^ '2^  172 '^    2»    riiS"*"  

whence,  equating  coeiSEicients  of  the  same  power  of  ^  in  the 
two  series,  we  have 

/'(O)  =  1,  r(0)  =  0,  r\o)  =  ^,  /'-(O)  =  0, 

r""(0)  =  ^'^  1.2.3.4 


/2r+l(0)   = 


2»      1.2     ' 
1.3.5.7  ...  (2r-l)  1.2.3  ...  (2r-l)  2r 


2»' 1.2.3. ..(r-1)  r 
whence  we  have 

.     J     _           11.2    .r^         1.3  1.2.3.4       w^ 
sm     ^'-^  +  2"ri:2:3"^"2^  "T2~  1.2.3.4.5  "^ 

1.3.5. ..(2r-l)  1.2.3.4.. .(2r-l)2r  a?»*-+^ 

"^  2*^  1.2.3. ..r  1.2.3...  2r(2r-|-l)  ■*■  ••• 

iriS  Q  <yt6 

^6  ^1.2.3.4.5  ^ 

1.3.5. ..(2r~l)j?»'-+^ 
"*"    2.4.6. ..2r(2r  +  l)    "^ ^^ 

cos~^^,    tan~^.r,    cotan"^.r,    log(l-fj7),   are   other  functions 
which  may  be  conveniently  expanded  by  this  method. 
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57.]  As  many  properties  of  some  series  which  have  been 
expanded  in  the  last  Article  will  be  necessary  in  the  sequel  of 
the  Treatise^  it  is  most  convenient  to  introduce  them  here^ 
though  they  may  more  properly  be  considered  to  belong  to 
analytical  trigonometry. 

By  an  imaginary  or  impossible  quantity  is  meant,  one  of  the 

form  ,    , 

o4-*v'-l;  (28) 

a  and  b  being  symbols  of  positive  or  negative  possible  quanti- 
ties, and  the  symbol  \/— 1  being  that,  which,  when  squared, 
is  equal  to  —  1 :  two  such  expressions,  which  diiSer  only  in  the 
sign  of  >/— 1^  are  said  to  be  cofyugate  to  each  other.     Thus 


o  +  Av/— 1  and  o  — Av'— 1 

are  called  conjugate  imaginary  expressions ;  and  it  is  to  be  ob- 
served, that  the  product  of  two  such  conjugate  expressions,  viz. 


(a  ^-i^_i)  (a-AvZ-l)  =  o^+A*.  (24) 

Now  such  an  expression  as  (23)  may  always  be  put  under 

the  form  

r(cosd+  >v/— 1  sind);  (25) 

in  which  case  r  is  called  the  modtUus  of  the  expression 
a  +  Av'"^.    For  let 

tand  =  -:  \ 

a  ^ 

and  as  a  and  b  are  possible  quantities,  a^+A^  is  a  positive 
quantity,  and  therefore  r  is  possible ;  and  as  tan  6  passes  through 
all  values,  from  —  oo  through  0  to  +  oo ,  as  ^  increases  from 

—  ^  to  +  ^ ,  whatever  be  the  relative  signs  and  magnitudes  of 
a  and  A,  there  is  always  some  arc  between  —  ^  and  ^  which 

will  satisfy  the  equation  tan  0  =  - ;  therefore  the  substitutions 

made  for  a  and  A  are  possible,  And  therefore  a  +  A  v^—I  may 
always  be  put  in  the  form  r  (cos  Q  +  \/— 1  sin  0).    Also, 

sin  ^       cos  ^  I 


{a«+A«}* 


by  Preliminary  Theorem  I. 
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68.]    In  leries  (16),  Art  66,  suooeesiyely  write  for  m,  m^/^ 
and  — «\/— 1;  then 

e'^- =  l+.V-l  -  ^  -  ./=T  j^+j^  +  ...  (27) 
.-^- =  1-^./— 1  -  ^  +  V3T  j^+ j^  -  ...  (28) 

=  2  COS  a?,    by  series  (17),  Art.  66 ;       (29) 
^.-.  -  e-'^-  =  2  V3T(.-  ^  +  j^  _  ...  ) 

=  2  v/^  sina?,  by  series  (16),  Art. 66 ;  (80) 


.•.    c*-^"^  =  coso?  4-  v'— 1  sina?;  (31) 


g-*v-i  =  coso?  —  \/— 1  sino?;  (82) 

whence,  by  division, 

^^^j:ri  ^  cosa;+  ^/^sina?^l-^  ^/^tlUM?.  ^jjg^ 
coso?— \/— 1  sino?    1— v'— ItandP 

and  taking  the  Napierian  Logarithms  of  both  sides  of  the 
equation. 


2a?\/  — 1  =  log(l+  \/— 1  tana?)— log  (1—  \/— 1  tana?), 

(tan  a?)*        , — =■  (tan  xf 


=   \/  — ltana7  +  ^^ — s— ^^ — s/  —  \ 


(tan  a^)^  (tm^ 


-{-^— ltana.  +  ^\^:=l 


(tana?)' 


8 

(tan  a?)*        . — r-  (tan  a?)* 


_^-^(Jan^^^ } 


4 

the  series  being  expanded  by  equation  (18),  Art.  56;  whence, 
equating  impossible  parts,  and  dividing  both  sides  by  2-%/— 1, 

^^    ^^^  ^  (tana?)*      (tana?)* 

a*  =  tana?  -       ^       +       ^   ^   - (84) 

which  is  a  series  useful  for  the  calculation  of  ir. 


59-]         O^  CSmilS  TRIGOKOMETBIOAL  EXPRESSIOIfS.  95 

Again,  by  equation  (31 ), 

gx^-i  «-  cosa?  -f  \/— 1  sin^, 
^y-z-i  =  cosy  H-  \/— 1  siny; 
.-.    by  multiplication  c('+*')^"^  =  cosa?  cosy— sin  j?  siny 

-I-  \/— 1  (cos^  siny  +  cosy  sin^r),         (35) 
but  c(*+y>  ^"^  =  cos  (j? + y)  +  \/"^  sin  (j? + y ) ;  (36) 

wherefore,  equating  the  possible  and  impossible  parts  of  the 
equal  quantities  (35)  and  (36),  we  have  the  fundamental  trigo- 
nometrical formulae, 

cos(a7+y)  =  cos d?  cosy— sin 0?  siny,  (37) 

sin(a?4-y)  =  sin  a?  cosy + cos  ;r  siny.  (38) 

Again: 


(cos a? -I-  ^/— 1  sino?)  (cosy+  ^/—l  siny)  (cos2r-|-  \/— 1  sin^r)... 


=  cos(a?-|-y-|-2r-|- ...)  +  -s/— 1  sin(^H-y4-^+  ..•) (39) 

whence,  if  a?  =  y  =  2r  = to  m  quantities, 

(cos J? -I-  \/— 1  sin^)*  =  cosma?+  \/— 1  siniwar (40) 

which  is  De  Moivre's  Theorem. 

By  these  processes  therefore  the  multiplication  of  a  series  of 
factors  of  the  form  cos^+  v^— 1  sin^,  and  therefore  of  all 
imaginary  expressions,  is  reduced  to  the  addition  of  arcs  under 
the  circular  functions,  and  the  involution  of  such  quantities  to 
the  multiplication  of  the  arcs. 

59.]  Equivalent  expressions  of  (sin  a?)"  and  (cos  j;)**,  in  terms 
of  the  sines  and  cosines  of  the  multiple  arcs. 

To  abbreviate  the  notation,  let  us  substitute  as  follows : 


(41) 


2cos^  =  2r+-,  2cosiwa?  =  2r'*+ -—,     (42) 

Z  XT" 


— 1  sino?  =  ^""  **    2\/— 1  sinm^r  =  z"* -.    (43) 
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Since  therefore  2cosj?  =  z  +  -, 

z 


.'.  2*' (cos J?)" = {^^-^-^y 

,      n(n  — 1)    .  . 


n(n-l)     1  1         J^ 

■*■       1.2       Z-*  "^  "  2r«-»  "^  ^r» 


=  2cos9M?+2nco8(n— 2)^+2  co8(n— 4)j?+  ... 

.'.   (co8^)"  =  ^^j3;y|co8»m?  +  n  COS (n— 2)  a? 

"^^  1^      C08(n-4)a?-h |  (45) 

If  It  be  even,  say  =  2r,  there  are  2r  4-  1  terms  in  series  (44), 
2r  of  which  will  give  rise  to  r  different  cosines,  viz.  cos  na^, 

cos(n— 2)^, cos2j7;   and  the  remaining  term,  which  is 

the  middle  one  of  the  series,  is  independent  of  «r,  viz. : 

n(«-l)(n-2) (»+2)(|+l) 


^  •  m'  .  %^  ...... 


(i-0  I 


But  if  n  be  odd,  say  =  2r  -f  1,  the  series  will  have  2r  +  2  terms, 
which  may  be  combined  into  pairs ;  from  each  of  which  a  cosine 

will  arise,  and  there  will  be  different  cosines,  viz.  cos  nx, 

cos  (n— 2)  a?, cosSo?,  cos  or. 

Two  examples  are  subjoined  to  illustrate  the  method  of 
expansion. 
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Ex.  1.    To  expand  (cos  j?)*  in  terms  of  cosines  of  multiple  arcs. 

•.•    2cos;r  =:  z  -\-  -, 

z 

2*(co8;r)«  =  z«  +  6z^  +  I5z^  +  20  +  ^  +  ^,  +  1, 

z        z        z 

=  2cos6a7  +  I2cos4^  +  80coB2a?  +  20^ 
.-.     (cosj?)*  =  o6  I  cos6j?  4-  6co84a?  -f  16co82a?  +  10  j-  . 
Ex.  2.    To  expand  (cos  x)'^  in  terms  of  cosines  of  multiple  arcs. 

2cosj?  =  «  +  -, 

z 

.-.    2»(co8^)»  =  (z*+l)+5(it3+l)+10(«+i), 

=  2cos6ar  +  lOcosSo?  +  20cos^^ 

.-.     (cosj?)*  =  ^4  cos6^  H-  6cos3x  +  lOcosa?  j- . 
Again,  since 

2\/— 1  sin  a?  =  z , 

z 

2»(-l);(sinjr)- =  («-!)", 


of  which  series  there  will  be  four  cases  according  as  n  is  of  one 
or  other  of  the  forms  4r,  4r  -f  1,  4r  -f  2,  4r  +  3 ;  but  it  is  not 
worth  while  to  write  down  the  general  terms  of  the  series,  as 
particular  examples  had  better  be  solved  independently.  But 
it  is  to  be  observed  that,  if  n  be  even,  the  series  (46)  involves 

o 
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cosines  only;  whereas,  if  n  be  odd,  it  inyolves  sines  only. 
Two  examples  are  subjoined. 

Ex.  1.   To  expand  (sin  x)^  in  terms  of  sines  of  the  multiple  ares. 

2\/— 1  sin  J?  =  z , 

z 

2»^/=T  (sin^)»  =  j?6  -  5r»  +  lOz  -  loi  +  5^  -  -^, 

z         z        z^ 

=  2\/— IsinSd?— 10\/— lsin3d?+20>/— Isina:, 
.• .    (sin x)^  =  ^  -j  sin 5;r  —  5  sin  3a?  +  10  sin  j?  r  . 

Ex,  2.    To  expand  (sin  x)^  in  terms  of  cosines  of  the  multiple  arcs. 

2\/— Isino?  =  2r , 

z 

.-.    -2e(sin.?)«  =  (^  +  i^)-6(r^H.l)  +  15(2r3  +  ^)-20, 

=  2cos6a?  —  12cos4a7  +  30cos2a?  —  20, 

.-.    (sin.r)®  ~  9^  1  —cos 6 J? +  6 cos 4a?— 15 cos 2 J? +10  J-  . 

60.]    The  Resolution  of  a?**  — 1=0,  and  a?" +  1=0  into  their 
factors. 

Since  by  equation  (40),  Art.  58, 

(cos  X  +  \/— 1  sin  xy*  =  cos  mx  ±  \/— 1  sin  mx,  (47) 
and  since  this  equation  is  true,  whether  m  be  positive  or  nega- 
tive, integral  or  fractional,  for  m  let  -  be  substituted,  and  for 

n 

the  general  symbol  «r,  let  x-\-2kTf  be  written,  k  being  a  whole 
number,  so  that  (47)  becomes 

{cos  (x  -f  ^k-n)  ±  \/— 1  sin  (a?  +  %k'n)}n 

Hr\/— Ism— -^- .       (48) 


=  cos 


»        ""  n 


Firstly  in  this  equation  let  <r  =  0 ;  therefore,  as  cos  2A:ir  =  1 
and  sin2A:ir  =  0,  we  have 
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(l)i  =  COS—  +  y^  sin—  (49) 

n    ~  n 

1 
but  if  ^*  —  1  =  0,  a?  =  1  n,  and  therefore  the  several  values  of  x, 

or  roots  of  the  equation  j:*'  —  1  =  0,  are  the  values  which  the 

right-hand  member  of  equation  (49)  admits  of.     Now  k  may  be 

any  whole  number;  let  therefore 


1  , 

^  =  0    .     .     .'.   In  =  cosO  +  V  — 1  sin  0  =  1^ 

*=1     .     .     .      In  =  cos h  \/— 1  sin — , 

»  ~  n 

«.  ,1  47r  / — =-    .    4jr 

a:  =  2     .     .     .      1  n  =  cos h  V  — 1  sm  — , 

n  —  n 


"^ 


)(50) 


and  so  on,  until,  if  n  be  even, 

,        n      -  ,1  n— 2      ,     / — r   .    71—2 

k   =    zr  —1      .        .         in   =    cos  -TT-fV— Ism TT, 

2  n        —  n 

it   =   ^        .       .       .        1  n  =   COS  TT  +    \/  — 1  sin  TT  =    — 1 . 

After  which  term  the  values  recur,  for  the  substitution  of 

n  1  .      . 

^  +  1  for  A:  gives  the  same  values  of  1  n  as  the  substitution 

And  if  n  be  odd,  the  substitutions  for  k  must  continue  until 

A:  =      ^  .-.    (l)n  =  cos ir+v— Ism "n*,  (51) 

<^  n  n 

after  which  the  values  recur;  and  thus  in  both  cases  we  have 

n,  and  only  n,  different  values  of  1 « :  and  therefore  a?*  —  1  =  0 
has  n,  and  only  it,  roots. 

And  thus  we  may  resolve  j?*  —  1  into  its  factors ;  for  observ- 
ing the  roots  in  group  (50),  corresponding  to  X:  =  0,  there  is  a 
factor  a?  —  1 ;  corresponding  to  A:  =  1,  there  are  two  factors,  viz. 

/       2tt        r-^  .    27r\  ,  /       2ir        /— r-   .    SttX 

J?—  I  cos h  V  — 1  sm —  I,  and  ^—4  cos v  — Ism —  I, 

\i*  n  /  \        n  n  / 

o  a 
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which  may  be  compounded  into  a  quadratic  factor 

x^  —  2x  cos h  1. 

It 

Similarly  may  each  of  the  other  pairs  of  simple  factors  be 
compounded  into  a  quadratic  factor ;  and  the  last  factor,  when 
It  is  even,  is  a?  +  1.     So  that 

a?»— 1  =  (a?— 1)  (a?*— 2d?  cos  — +  l)(a7*— 2a?  cos hi) 

(a^^ixcoB  ^^  w  +  1^  (a?  +  1).  (52) 

Similarly  when  n  is  odd : 
0?*— 1  =  (a?— 1)  (a?*— 2a?cos  —  4-l)(^— 2a?cos hi) 

(a?>-2a?cos  ^^  ir  +  lY  (58) 


Secondly,  in  equation  (48),  let  a?  =  ir;  then,  since  cos  (2A:  +  1)  v 
=  —  1,  and  sin  (2*  -f  1)  ir  =  0, 

^     ,1  2A:-hl      ^     ^-y    .    2*  +  l  ._^ 

(  — l)n   =  COS IT   ±    V  — 1  Sm IT.  (54) 

It  It 

1 
But  if  a?"  +  1  =  0,  a?  =  (  — l)n,  and  therefore  the  several 

values  of  a?,  or  roots  of  the  equation  a?**  -h  1  =  0,  are  the  values 

which  the  right-hand  member  of  equation  (54)  admits  of.    Now 

k  may  be  any  integral  number ;  let  therefore 


=  0       .-.    (  — l)n  =  cos-  +  V— 1  sm-, 


It  ~  It 


k-=.\  (  —  !)»»  =  cos h  V  — 1  sm  — , 

^       '  It    —  It 


>    (55) 


imtil,  when  it  is  even, 

X:  =  H  — 1         (  —  1)"  =  cos ir+  V  — Ism tt; 

2  It      —  It      ' 

It 
after  which  the  values  recur,  for  the  substitution  of  ^  for  k 

1  .      .  It 

gives  the  same  values  of  (  —  !)»»  as  the  substitution  of  ^  —  li 
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and  the  substitution  of  ^  +  1  for  k,  gives  the  same  values  of 

1  .      .  n 

(— 1)»  as  the  substitution  of  ^  —2. 

And  if  It  be  odd^  the  substitutions  for  k  must  continue  until 


r      »»— 3        ,     ,,i  n— 2  / — r  .  »— 2 

ir  =     -      .-.  (—!)»»  =  cos 7r+  v  — Ism tt, 

2  n       —  n 

k  =  (—I)"  =  cosir  +  \/— 1  sin  IT  =  —1, 


^    (56) 


after  which  the  values  recur;  and  thus  in  both  cases  we  have  n, 

1 
and  only  »,  diiSerent  values  of  (  — l)n;  and  therefore  x^  H-1=0 

has  n,  and  only  n,  roots. 

We  may  thus  resolve  j?'»  -f  1  =  0  into  its  factors;    for 

observing  the  roots  in  group  (55)^  corresponding  to  A:  =  0, 

there    are    two    factors^    viz.  ^—  (cos  -  -f  \/— 1  sin  -),  and 

\       n  n^ 

X  —  (cos \/— 1  sin  -j ,  which  may  be  compounded  into 

a  quadratic  factor  x^  —  2x  cos  -  -I-  1.     Similarly  may  each  of 

the  other  pairs  of  factors  corresponding  to  k^\,k^2y 

^=^— 1  be  compounded  into  a  quadratic  factor;  so  that, 

when  n  is  even, 

j?"  +  l  =  (j7*— 2a?cos- +1)  (^*— 2^  cos  — 4-1)  

\  n        f   ^  n         ' 

(a?*— 25?cos 7rH-l).(57) 

Similarly,  when  n  is  odd,  there  are  quadratic  factors  cor- 

n— 3 
responding  to  A:  =  0,  A:  =  1,  A:  =  2, k  =  ;  and  when 

n— 1 
k  =  ,  as  appears  by  (56),  there  is  a  simple  factor  ^  -f  1, 

so  that 

ar*-hl  =   (a?*— 2^  cos- +  ij  (a?*— 2^7  cos— +  l)  

(ara-2a?cos^^^7rH-l)  (a?  +  1).  (58) 
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61.]    If  the  problem  be  to  resolve  ^*— a'»,  and  a?*+a"  into 
their  factors^  then,  since 

^»»  —  a«  =  0,       and        a?"  -f  a»  =  0, 

1  1 

a?  =  o(l)n,  and        j:  =  a(— 1)»; 

whence^  in  both  cases,  there  will  be  n  different  values  of  x, 

1  1 

arising  from  the  n  different  values  of  (l)n  and  of  (  — 1)»,  which 

have  been  found  above. 

There  are  very  many  useful  and  curious  properties  of  the 

roots  of  -fl  and  of  —1,  which  are  explained  in  treatises  on 

the  Theory  of  Equations;  but  which  it  would  be  beside  our 

object  to  discuss^  as  the  above  resolution  is  all  that  we  shall 

require  in  the  subsequent  parts  of  our  work. 

62.]  On  the  impossible  Logarithms  of  positive  and  negative 
numbers. 

One  of  the  most  remarkable  results  of  our  admission  into 
the  subjects  of  the  Calculus  of  such  quantities  and  symbols  as 
we  are  now  considering^  is  the  extension  that  they  afford  to  the 
theory  of  logarithms. 

Since,  by  equation  (31),  Art.  58, 

cos<r  -f  V— 1  sina?  =  e*^-^, 
for  J?  let  us  write  .r  -f-  2kTr,  k  being  any  integer, 

.-.    cos{a;^2kir)  -f  V^^  sin(^H-2M  =  e(*+2*ir) v/^.     (59) 

Let  ^  =  0  .-.     1  =  e2*'V^,  (60) 

X  =   IT  -1    =   ^(^A+Dtv'-I;  (61) 

in  which  remarkable  results  it  must  be  remembered  that 
e  and  it  are  severally  the  symbols  of  the  arithmetical  numbers 
2.7182818  and  3.14159.  Therefore  from  (60)  it  follows,  that 
2A:7r\/  — 1  is  the  general  Napierian  logarithm  of  1,  and 
(2  A:  4- 1 )  TT  \/— 1  of  —  1 ;  and  therefore 

2k^T[^r^  =  log,l,  (62) 

{2k-^l)TTV'-[  =  log,(-l).  (63) 

In  (62),  if  A:  =  0,  log«  1=0,  which  is  the  common  arith- 
metical logarithm  of  1 ;  but  as  k  may  be  any  integral  number, 
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it  follows  that  -f- 1  has  an  infinite  number  of  Napierian  loga- 
rithms^ all  of  which,  except  0,  are  aflfected  with  ^/ —\  ;  hence 
also  it  follows,  that  every  positive  number  has  an  infinite 
number  of  logarithms  to  the  same  base.  For  suppose  x  to  be 
the  arithmetical  Napierian  logarithm  of  y,  so  that 

y  =  «'> 

.-.    y  =  e'xl    =  c'xe**'^"^   =   c<'+**»^~i);  (64) 


therefore  x  +  ^lcn  \/— 1  is  the  general  Napierian  logarithm  oiy, 
which  we  will  represent  by  Log^y,  and  represent  the  arith- 
metical logarithm  by  log«y; 

.-.     Log^y  =  logey  +  2A:7r^/^.  (65) 

Hence  the  arithmetical  logarithm  is  the  particular  value  of  the 
general  logarithm  corresponding  to  A:  =  0. 

Also  since  Logay=  j^^^,  Logay  =  logay  -f    j^      ^    ;  (66) 

and  therefore,  whatever  be  the  base,  every  number  has  an  infi- 
nite number  of  logarithms  to  that  base. 

Again,  in  equation  (63),  since  k  is  to  be  an  integer,  it 
follows,  that  log«(— 1)  can  never  be  a  possible  quantity,  and 
therefore  —1  has  no  arithmetical  logarithm;  yet,  since  k  may 
be  any  integer,  every  negative  number  has  an  infinite  number 
of  Napierian  logarithms,  and  therefore  of  logarithms  to  any 
other  base,  all  of  which  are  affected  with  \/— 1. 

In  equation  (63),  let  A:  =  0, 

...     ^yZi  =log,(-l);  (67) 

and  more  generally, 

two  of  the  most  curious  results  in  Analysis ;  in  which  however, 
and  in  all  similar  expressions,  we  must  bear  in  mind  that  e  and 
V  are  the  symboUcal  representations  of  certain  series,  and  are 
therefore  to  be  interpreted  with  respect  to  them;  and  in  an 
algebraical  system  of  course,  which  admits  them  amongst  those 
quantities  whose  laws  it  takes  cognizance  of 
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Section  8. — Theory  of  the  Equicrescent  Variable,  and 

Taylor^s  Series. 

63.]  In  the  two  preceding  Sections  of  this  Chapter  we  have 
considered  certain  theorems  which  arise  from  an  algebraical 
relation  between  f(x)  and  its  several  and  successive  derived- 
functions  ;  but  as  these  have  been  formed  on  an  unexplained 
hypothesis  of  x  increasing  by  equal  increments,  by  virtue  of 
which  X  has  been  called  the  equicrescent  variable,  an  adequate 
conception  of  the  subject  requires  a  discussion  at  greater 
length.  We  shall  reserve  other  important  algebraical  relations 
to  the  next  Chapter. 

Let  y  =  f{x)  be  an  explicit  function  of  x,  finite  and  con- 
tinuous for  all  values  of  x  under  which  we  consider  it ;  whether 
any  other  values  may  make  it  infinite  or  discontinuous  is  what 
we  are  not  concerned  with. 

Let  X  receive  an  increment  dx,  so  that,  in  accordance  with 
Art.  17,  y  becomes  y  -\-  dy,  and  we  have 

y  +  rfy  =  /(^  +  dx).  (69) 

And  let  x  receive  another  increment,  not  necessarily  equal  to 
dx^  and  let  it  be  dx-^-d.dx  =  dx-\-cPx;  so  that  we  have 

y^dy-\-d{y  +  dy)  =  f{x-\-dx-\-d(x^dx)], 

y  +  2dy-\-dhf  =  f{x+2dx-^d^x).  (70) 

And  again,  let  x  receive  an  increment  not  equal  to  the  former 
ones  j  and  so  on,  whereby  a  series  of  equations  will  be  formed : 

y  =  f{^)> 
y^dy  =f(x-\-dx), 

y-^2dy  +  dhf  :=^  f(x-^2dx+d^x), 

y-f3rfyH-3rf2y  +  d3y  =  f(x  +  Sdx-\-Sd^x-{-d^x), 


J      «(»  — 1)   .,       »(n— 1)(»— 2)   -- 
y-fnrfy-h    ^^^      d^y+         ^^3 d^y  + 


>    (71) 


=  f{x-^ndx  +  "—^  d^x  +  }, 

the  last  general  expression  in  which  group  may  be  shewn  to  be 
true  for  all  positive  and  integral  values  of  »,  by  a  method 
similar  to  that  employed  in  Art.  53. 
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Hence  are  determined  the  several  and  successive  complete 
variations  of  an  explicit  function  of  x^  corresponding  to  the 
successive  values  of  the  variable;  but  the  general  result  is 
much  shortened  by  making  x  equicrescent*. 

64.]  Let  all  the  dx%  be  equals  so  that  (Px,  which  is  the 
increment  of  one  dx  over  another^  is  equal  to  zero;  and 
similarly 

d^x  —  d^x  =   .     .     .   =  d'^x  =   .     .     .   =  0; 
whereby  the  equation  becomes 

Thus  the  distinguishing  character  of  an  equicrescent  variable 
is  that  all  its  differentials  affcer  the  first  vanish.  And  as  this 
condition  is  of  the  greatest  importance  in  the  application  of  the 
Calculus  to  questions  of  Geometry  and  Physics^  it  is  advisable 
to  illustrate  it  before  we  proceed  to  discuss  its  other  properties. 
Suppose  that  we  are  considering  any  function  of  x  between 
the  values  Xn  and  Xo,  Xn  being  the  greater  of  the  two,  and  the 
function  remaining  finite  and  continuous  for  all  values  of  x 
between  these  limits;  let  us  resolve  the  difference  Xn—Xo  into 
small  elements,  the  number  of  them  being  of  course  infinitely 
large  when  each  element  is  infinitesimal ;  let  dx  be  the  type  of 
each.  It  is  at  once  manifest  that  all  the  elements  need  not  be 
equal;  that  is,  all  the  dx%  are  not  necessarily  equal.  And  if 
they  be  not,  there  will  be  an  increment  of  one  over  another; 
that  is,  there  will  be  a  d'^x.  Neither  again  need  all  the  d^x% 
be  equal ;  but  if  they  be  not,  there  will  be  an  increment  of  one 
d^x  over  another  d^x  ;  that  is,  there  will  be  a  d.d'^x  or  a  d'ar. 

*  The  variable,  which  I  have  ventured  to  call  Equicrescent,  and  thus  to 
coin  a  new  word  for,  is  by  most  writers  called  "  Independent,"  and  by  some 
old  ones  "  Principal  Variable ;"  to  the  latter  term  the  objection  is,  that  it  does 
not  express  the  characteristic  property  of  the  thing  to  which  it  is  applied,  and 
has  in  &ct  no  pretension  to  appropriateness  of  nomenclature;  the  former 
term  is  by  all  writers^  and  in  the  present  treatise,  used  in  a  different  significa- 
tion, viz. :  to  express  that  variable  which  first  changes  value,  and  due  to 
the  change  of  which  the  other  variables  change,  and  are  therefore  called 
dependent:  see  Art.  12;  and  as  such  an  independent  variable  may  or  may 
noc  be  equicrescent,  it  is  inconvenient  to  use  the  same  term  in  two  different 
senses :  and  especially  as  the  term  does  not  express  that  character  of  the 
vuiable  which  renders  a  distinctive  i^ipellation  desirable. 

p 
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And  similarly  with  regard  to  the  other  differentials.  But  if  we 
once  introduce  the  condition  that  a  differential  of  any  order 
shall  be  resolved  into  elements  which  are  all  equal  to  one 
another^  then  all  the  subsequent  differentials  vanish ;  and  thus^ 
if  all  the  dxs  are  equals  as  above^ 

d^x  =  (Px  =  =  0. 

Or  again^  conceive  a  small  body,  as  a  billiard-baU^  to  move 
over  a  finite  distance  in  a  straight  line  in  a  finite  time ;  con- 
sider the  straight  line  to  be  the  axis  of  x ;  let  the  body  at  the 
beginning  of  the  motion  be  at  a  distance  Xq  from  the  origin, 
and  at  the  end  of  the  time  be  at  a  distance  Xn,  and  conceive 
the  time  of  its  passing  over  the  distance  a?n— ^0  to  be  f ;  resolve 
this  time  into  equal  elements  dt,  and  the  space  >n— ^0  into 
corresponding  elements^  of  each  of  which  the  type  is  dx.  If 
the  body  moves  through  the  whole  space  at  the  same  rate^  viz. 
with  the  same  velocity^  then^  during  equal  times  dt,  equal 
spaces  dx  will  be  described ;  but^  if  the  velocity  varies^  equal 
spaces  will  not  be  passed  over  in  equal  times.  On  the  first 
supposition  aU  the  dxs  will  be  equals  therefore  d^x=Oj  and  x 
is  an  equicrescent  variable;  on  the  second  the  dxs  vary,  and 
d^x,  which  is  the  increment  of  one  dx  passed  over  in  a  time  dt, 
over  another  dx  passed  over  in  the  preceding  or  succeeding 
time  dt,  as  the  case  may  be^  is  the  measure  of  the  increase  of 
the  rate  of  motion.  If  then  all  the  d^xs  were  equals  we  should 
say  that  the  velocity  of  motion  is  continually  increasing,  and 
at  a  constant  rate ;  but  if  d^x  were  not  constant,  then  the  rate 
of  increase  of  the  velocity  of  the  ball  is  no  lo^ger  constant,  but 
varies  according  to  some  law  on  which  the  rate  of  increase 
depends.  It  will  be  observed,  however,  that  if  the  whole  time 
of  motion  be  resolved  into  equal  elements  dt,  the  supposition 
of  X  being  equicrescent  is  incompatible  with  a  varying  velocity. 
Hence  too  it  is  manifest,  that  generally  we  are  not  at  liberty 
to  consider  more  than  one  of  the  variables  to  increase  or  de- 
crease by  equal  augments ;  as  in  the  case  above,  if  we  resolve 
the  time  into  equal  elements,  then,  in  general,  unequal  spaces 
will  be  passed  over  in  equal  times,  and  we  cannot  consider  all 
the  dxB  to  be  equal,  and  therefore  we  cannot  make  d^x  =  0; 
and  if  we  resolve  the  distance  into  equal  parts,  then,  if  the 
velocity  varies,  these  equal  spaces  will  be  passed  over  in  un- 
equal times,  and  therefore  all  the  dts  will  not  be  equal,  and 
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we  cannot  put  dH  =  0.  In  general^  however,  we  are  at  liberty 
to  choose  for  an  equicrescent  variable  whichever  is  most  con- 
venient. 

65.]  Let  us  now  consider  in  what  manner  such  considera- 
tions as  these  modify  the  equations  of  derived-functions  in 
Art.  52.    In  the  series  there  given  we  have 

y  =  /(^), 
dy  =  f\xl  dx. 

Now  considering  f'(x)  dx  to  be  the  product  of  two  variable 
quantities,  and  differentiating  it  as  such,  and,  in  accordance  with 
the  former  notation,  making  f"(x)  dx  to  be  the  symbol  for 
d.f(x)  and/'"(^)  dx  for  d.f'\x),  and  so  on,  we  have 

[  rf«y  =  /"(a?)  dx^-\-fix)  d^x, 
^    rf^  =  f'\x)  dx^^SfXx)  dx  d^x-j-f\x)  d^x, 

d*y  =  f''\x)  dx*^6f'\x)  dx^  d^x-j-Sf\x)  (d^x)^ 

-f  4/"(ar)  dx  d^x^f(x)  d% 


Now  let  dx  be  constant;  whence  d^x  =  0,  d^x  =  0, 

.'.     dy  z=f\x)dx, 
dhf  =  f\x)  dx\ 
d^y  =  f'\x)  dx\ 
d^x  =zf''\x)dx^; 

.*•    /"(^)i  or  its  equivalent  ^-^,  is  derived  from /'(a?),  on  the 

supposition  that  x  is  the  equicrescent  variable ; 

d^y 
/"'(or),  or  its  equivalent  -7-^,  is  derived  from /"(a?),  on  the 

•ame  supposition; 

(j[ny 

and/"(^)  =  j-~  is  derived  from/"-* (a?),  on  the  same  sup- 
poaition. 

Whenever  therefore  we  meet  with  these  or  similar  symbols, 
it  is  to  be  borne  in  mind  that  they  have  been  successively 
derived  on  the  supposition  that  the  variable  x,  that  is  the 
variable  in  the  denominator,  is  equicrescent. 

P  7, 
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66.]  To  return  to  equation  (72)^  Art.  64.  Let  ndx  =  A, 
A  being  a  finite  quantity^  so  that  dx  being  an  infinitesimal^  n  is 
an  infinity  of  the  same  order ;  whence  we  haye 

and  by  substitution  in  equation  (72), 

/(ar+A)  =  y  +  ^  rfy  +  dx\dx        /  cPy 

O 


■\-  dx\dx       /  \dx       / 


dV  + (74) 


1.2.8 


.,       ,.  ,dy      h(h—dx)  d*y 

h(h-dx)  (h-2dx)  d»y 

+ TXs 5P  + ^^^' 

and  as  cb?  is  infinitesimal,  we  must  omit  in  the  several  nume- 
rators the  infinitesimals  which  are  subtracted  from  the  finite 

quantities^  and  we  may  replace  y,  -^,  -j-^ by  f{x),  f\x), 

f"(x), ;  whence 

/(a?+A)  =/(^)  +  hf\x)  +  ^/"(*)  +  i^/'»  +  - 


A  series  known  by  the  name  of  Taylor's  Series^  having  been 
discovered  by  Dr.  Brook  Taylor^  and  first  given  in  his 
^'Methodus  Incrementorum^'  in  the  year  1715;  but  as  it  is 
of  the  utmost  importance  that  the  conditions  and  extent  of 
its  applicability  should  be  accurately  determined^  another  and 
more  exact  proof  will  be  given  hereafter ;  and  the  above  must 
be  considered  in  the  light  of  a  presumption^  that  such  a  rela- 
tion as  equation  (76)  is  likely  to  be  true. 

67.]  In  certain  cases  wherein  the  derived-functions  ulti- 
mately vanish^  the  number  of  terms  of  the  series  (76)  is  finite; 
but  generally  the  successively-derived  functions  are  functions  of 
X,  and  the  series  is  continued  to  an  infinite  number  of  terms; 
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bat  the  sum  of  all  the  terms  after  the  nth  may  be  expressed 
as  follows  by  an  algebraical  formula.     Since 

/(x+A)  =  /(or)  +  j/'(«)  +  ^/»  + 


"^  1.2.3...  (n-l/""'^'^^''"  1.2.8...n-^"^^^ 

-^1.2.8r(U  !/""<"> -^ ^''^ 

Therefore  the  sum  of  all  the  terms  after  the  nth  is  equal  to 

hn  An+l 


1.2.3.. .n''   '  '^  1.2.3...  (n-fl) 

=Y¥^ {  ^°^®  quantity  >  /"  (x)  and  <  /*•  (^H- A)  j-       (79) 

the  latter  fitctor  of  (78)  is  I  say  greater  than/"(^),  because 
the  algebraical  sum  of  such  a  series  of  terms  is  greater  than 
its  first  term;  and  it  is  less  than/"(dr+A),  because  if  equation 
{77)  be  deriyated  n  times^  there  results 

/*(^+A)  =/-(a:)  +  j/'-^^^)+  ^/»+«(^)H.^/n+8(^)  ^ 

and  with  the  exception  of  the  first  term  of  this  series^  every 
term  is  greater  than  the  corresponding  term  of  the  series  in  the 
latter  fiactcnr  of  (78),  because,  the  niunerator  of  the  fractions 
being  the  same,  the  denominators  are  severally  less.  Hence 
representing  by  6,  same  positive  and  proper  fraction,  we  may 
symbolise  (79)  by  .  „ 

^^^Jn^.^OH)  (80) 

for  (80)  is  too  small  when  0  =  0,  and  is  too  large  when  $  =  1; 
hence  some  value  of  $  between  0  and  1  will  give  the  correct 
value.     Hence  Taylor's  Series  becomes 

f(x^h)  =  fix) + J  fix)  +  ^r(^)  + 


-^i:2fcs-^"(-+^*>(8^> 
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and  as  the  right-hand  side  of  the  equation  has  a  determinate 
number  of  terms,  the  only  difference  in  the  absolute  eqnaUtj 
of  the  two  sides  of  the  equation  is  that  which  arises  firom  6 
being  an  undetermined  fraction,  mean  between  0  and  1. 

68.]    Examples  of  Taylor's  Series. 
Ex.  1.  fix)  =  log^or, 

fix)  =  1  =  x-\ 

X 

f'iw)  =  (-)  x-\ 
f'Xx)  =  (-)»1.2«-», 


/"(jF)  =.  (-)»-» 1.2.8 (»-l)  «—; 

l06.(*+A)  =  log.*  +  ^  -  ^  +  ^,  - 


^     '      (ii-l)ar«-i^     ^       n  ix^eh)^         ^^ 

Ex.2.  fix)  =z  mnx; 

taking  the  several  derived -functions  as  calculated  in  Ex.  4, 
Art.  52,  we  have 

A                A* 
8in(a?-|-A)  =  sina?  +  cosar^-  —  sino^r— ^  + 

+ 1:2^  "^  (*+<'* +  "i)     <83) 

Ex.8.  fix)  =  tan-^o?; 

X       1/       rx       X       1  1      A  2a?        A* 

.-.   tan~^(a?-fA)  =  tan-* a?  + 


l+ar«l      (1+^)21.2 

2(8j?»-1)     A8 
"^    il+x^     1.2.8"^ ^^^ 

The  general  term  is  too  complicated  to  be  of  any  practical  use, 
though  it  may  without  difficulty  be  symbolically  expressed  by 
the  method  of  Ex.  5,  Art.  52. 
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Ex.  4.  Given /(ar-fy)  =/(a?)+/(y),  where  x  and  y  are 

independent  of  each  other^  it  is  required  to  find  the  form  of 
the  function. 

Expanding /![^+y)  by  Taylor's  Series^  we  have 


.-.   f(y)  =/»f  +/»Y^  +-^'"^''^iS3  + 

As  X  and  y  are  independent  of  each  other^  the  form  of  the 
function  of  y  does  not  depend  on  x ;  therefore  x  and  all  func- 
tions of  X  are  constant  with  respect  to  y.     Hence  we  may  put 

f'(x)  =  a  constant  =  a ; 

.-.  /»=/'»= =  0; 

.-.  f(y)  =  ay;  whence  also /(<r)  =  ax, 

and/(a?-hy)  =  a(x-\-y)', 
a  result  which  palpably  satisfies  the  required  conditions. 

Ex.5.      f{x-\-y)  =f{x)xf(y\  where  x  and  y   are  inde- 
pendent^ to  determine  the  form  of  the  function. 

Expanding  as  before,  we  have 

/(.r)  x/(y)  =  Ax)  +/'(^)|  ^Tix)  ^  ^r(x)  ^^    - 

f(v)    1  ./^<^)y  ,>^^<^)  y'  i-^"<^>  y'  , 

/iy;  -  ^  +  /(^)  1  "^  /(or)  1.2  "*"  /(a?)  1.2.3  *^ 

For  the  same  reason  as  in  the  last  example,  let 


A^) 


=  a;  .'.  f\x)  =  af(x), 

.-.   fix)  =  a/'ix)  =  a»/(ar),         .-.  -^  =  a». 


Similarly  'C^  =  «'.  &c- 


ay      o'y*       a^y^ 
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.-.     9lBof(x)  =  e«*        and       /(«?+y)  =  €«<*+«'), 

which  satisfies  the  required  condition. 

By  a  similar  process  let  the  student  prove  that^  if 
fi^-^-y)  +/(^-y)  =  2/(0?)  x/(y),       /(a?)  =  cosoo?; 
and  if       /(an/)  =  /(a?)  +  /(y),  ]         f(x)  =  lo&»  x. 


Section  4. — Change  of  the  Equicrescent  Variable. 

69.3  From  the  supposition  then  which  we  are  at  liberty  to 
make  of  one  of  the  variables  involved  in  an  equation  increasing 
by  equal  increments^  and  therefore  of  the  several  difierentials 
of  it^  after  the  first,  vanishing,  problems  such  as  the  following 
arise. 

(1.)  Suppose  y  =f(af),  and  that  an  expression  is  given  in- 
volving x,  y,  and  some  of  the  derived-functions  or  difierential 
coefficients  which  have  been  calculated  on  the  supposition  that 
one  of  the  variables  is  equicrescent;  to  change  the  equation  into 
its  equivalent,  when  neither  of  the  variables  is  equicrescent. 
Or 

(2.)  To  transform  it  into  its  equivalent,  when  the  other 
variable  is  equicrescent.     Or 

(3.)  An  expression  being  given  involving  a  variable,  which 
is  either  equicrescent  or  not,  and  its  difierentials,  and  also  an 
equation  being  given  connecting  this  variable  with  some  other 
new  variable ;  to  eliminate  the  old  variable  and  its  difierentials  by 
means  of  these  two  equations,  and  to  replace  them  in  the  original 
equation  by  their  equivalents  in  terms  of  the  new  variable :  the 
new  variable  being  equicrescent  or  not,  as  the  case  may  be.    Or 

(4.)  It  may  be  required  to  replace  the  variables  and  their 
difierentials  in  a  given  difierential  expression,  by  their  equiva- 
lents in  terms  of  new  variables,  which  are  connected  with  the 
old  variables  by  means  of  a  sufficient  number  of  given  equa- 
tions :  the  old  and  the  new  variables  being  equicrescent  o^  not, 
as  the  case  may  be. 

These  several  processes  are  called  Changes  of  the  equicrescent 
variable,  and  the  method  of  efiecting  them  is  the  same  in  all 
cases,  viz. : 
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To  replace  the  expression^  which  has  been  simplified  by  the 
condition  of  a  variable  being  equicrescent^  by  its  complete  value 
when  no  supposition  has  been  made^  and  then  to  introduce 
whatever  other  conditions  the  problem  requires. 

70.]    Thus  to  solve  the  first  two  of  the  four  cases  above. 

Let  the  given  expression  involve  ^>  y»  ^>  j-l> >*^^ 

differential  coefficients  (as  their  form  indicates)  having  been 
calculated  on  the  supposition  that  x  is  equicrescent ;  it  is  re- 
quired to  replace  these  several  differential  coefficients  by  their 
equivalents,  when  x  is  not  equicrescent. 
Since  by  equations  (2)  and  (3),  Art.  52, 

S  =  ^     «.a     /-(.,  =  !, 

.- .    if  ^  be  not  equicrescent, 

d^y  _      ^dx^f  __  (d^ydx--(Pxdy)dx—S(d^dx--d^xdy)d^x  ^^ 
dx^  ~'       dx      "  dx^ 

and  similarly  the  equivalents  of  the  other  differential  coefficients 
may  be  determined;  the  second  members  of  the  equations  (85) 
and  (86)  being  the  complete  values  when  neither  x  nor  y  is 
equicrescent. 

If  ^  be  equicrescent,  the  equations  are  identical. 

If  y  be  equicrescent,  then  d^y  =  d^y  =  =  0,  and  the 

original  quantities  must  be  replaced  by  their  equivalents,  viz. : 

j-^  must  be  replaced  by  .     .     ,     .     .     . -^-^ ,        (87) 

^y                                             3  (rf^o?)*  dy^d^xdydx  ^^^^ 

dp rf^6 '        ^^^ 

d^y  ^  10d8a?rf«a?rfr-(dr)»rf*2?-15(rf2a?)»  .^^^ 

dP^ rf^7 ^y*  (89) 

The  form  however  of  the  nth  equivalent  is  too  complicated  to 
be  of  any  use  in  the  solution  of  a  given  example. 

Q 
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Ex.  1.        To  transform  ^  j^  +  (^)  -  ^  =  ^>  ^^  ^^ 

equivalents^  (a)  when  neither  w  nor  y  is  equicrescent^  (fi)  when 
y  is  equicrescent. 

(a)     Replace  ^-~  by  its  value  as  given  in  equation  (85)^ 

and  multiply  by  (rfa?)' ; 

x(d^  dx  —  cPx  dy)  +  rfy®  —  dy  rfr*  =  0. 

03)     Let  «Py  =  0,  and  we  have 

d^x        idx\^     ,        ^ 

Ex.  2.  To  transform  (rfy?  +  «&?*)* + adx  rf*y  =  0,  when  x 
is  equicrescent^  into  its  equivalents^  (a)  when  neither  x  nor  y 
is  equicrescent^  ()3)  when  y  is  equicrescent. 

(a)     Replace  rf^  by  --^- — ^ ^ ,  and  we  have 

(rfy»  +  da?)^  +  a(flPy  dx -- d^x  dy)  =  0. 
()3)     And  if  y  be  equicrescent  rf*y  =  0,  and  we  have 
(rfy*  +  rf^)*  -  ad^xdy  =  0, 


=  0. 


71.]    In  (3)  and  (4)  of  the  cases  of  Art.  69;   suppose  the 
given  expression  to  involve  y,  x,  -^,  'j\> wherein  x  is  the 

equicrescent  variable,  and  suppose  the  new  equation  to  be  of 
the  form  x  =  /(^),  and  the  problem  to  be  the  elimination  of  x 
and  its  differentials  between  these  two  equations,  we  must  first 

replace  -^ by  their  complete  values,   and  calculate  dx^ 

d^x,  d^Xy in  terms  of  cf^,  rf^^,  «P^, ,and  then  we  are 

at  liberty  to  make  any  supposition  that  may  be  convenient  as 
to  y  or  0  being  equicrescent.  And  a  similar  method  (as  is 
shewn  in  example  3.  below)  must  be  adopted  when  two  equa- 
tions are  given  connecting  x  and  y  with  two  new  variables^ 
say  r  and  B, 
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Ex.  I.        EUminate  x  between 

rfx*  ^  l-^>  £fc  ■*■  l-^«  ~  "'  *^^ 

and  simplify  the  result  by  making  0  the  eqnicrescent  variable. 
Or  the  question  may  be  put  thus^ 

To  transform  -t-\  —  ^ j  -j-  +  ,        ,  =  0  into  its  equi- 

Talent^  when  ^(=  cos*"^  x)  is  the  equicrescent  variable. 

The  above  equation  when  complete  is 

dh^  dx  —  d^x  dy  x      dy  y      __ 

d^  r=^  ^  "^  r=^  ""  ^ 

X  =  cosd;  .'.     dx  =•  —%mOdO, 

d^x  =  -cos  e  (dO)^  -sin  $  d^B. 

But  since  ^  is  the  equicrescent^  d^O  =  0 ;  whence^  substituting^ 
we  have 

— </2y  sin  0  d0  +  cos6{de)^  dy        cosO        dy  y       _ 

-(sin^)3rf^  ■*"  (sin ^)a  sin^rf^  "*"  (sin 6)^  "    ' 

Ex.  2.         Eliminate  x  between 

-tK  +  -  ^  +  y  =  0,  and 
dx^       X  dx       ^         ' 

X*  =  4>e, 

and  express  the  result ;  (a)  when  neither  y  nor  0  is  equicrescent^ 
O)  when  0  is  equicrescent,  (y)  when  y  is  equicrescent. 

The  complete  expression  of  the  above  equation  is 

d^y  dx  —  d^x  dy        1  ^  _ 

vhenoe,  by  substitution, 

Q  2 


116  CHANGE  OP  THE  BQUICRBSCBNT  VARIABLE.  [71. 

(a)       y{def  H-  dy  (dO)^  +  Bd^ydB  -  Odydl^O  ^  0. 
(p)      And  if  ^  be  equicrescent^  d^$  =  0 ;  whereby  we  have 
yidS)^  +  dy  {dOf  +  ^rf»y  rf^  =  0; 

or  B  — —  A — ^  -I-  »  =  0 

de^  ^  de^  ^ 

iy)      And  if  y  be  equicrescent,  cPy  =  0;  whereby,  we  have 


0 


"'-O'-'Q'^o- 


dy^        ^dy'        ^  \dy 

Ex.  3.        Eliminate  x^  y,  dx  and  dy  between 

xdy—ydx  ,        (x  =  rco%B 

^  =  —:r ^hj-      and      -J  .    . 

ydy-j-xdx  Ly  =  r  sinS; 

,\     dx  =^  dr  COS  ^  —  r  sin ^  d$y 
dy  =  rfr  sin  ^  H-  r  cos  0  d$ ; 

.'.     xdy  —ydx  =  r^dO, 
xdx  -{-  ydy  =  rdv, 

rde 


t  = 


dr 


Ex.  4.         Express  in  terms  of  r  and  6,    p  z=. 


having  given  x  =  r  cos  ^,  and  y  =  r  sin  ^,  and  state  the  result, 
(a)  in  the  most  general  form,  (/3)when  6  is  equicrescent,  (y) 
when  r  is  equicrescent. 

The  complete  value  of  p  is 

_     (dx^  4-  ^y')^ 
~  rf2j7  ^y  —  rf^y  do? ' 

cLv  =  «?r  cos^— r  sin^^^, 

c?y  =  rfr  sind  +  r  cos^^^j 

.-.    d^x  =  rf2^cos^-2sin^rfrrf^-rcos^(rf^)«-rsin^flP^, 

d^y  =  d^r  sin e -^2co9 Odr  do —rHia 6  (de)^'\-r  cos Bd^O; 

.  • .    (*r)*  H-  (rfy)*  =  (rfr)2 + r^  (rfd)*, 

d^xdy-'dh/dx  =  rd^rde-2i,drfde''r^{def'-rdrd:^e. 
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.  . {W  +  r»(rfg)»}i 

■dr\*      .")i 


03) 


(y) 


Section  5. — Successive  Differentiation  of  Explicit  Functions 
of  two  or  more  Independent  Variables. 

72.]    Let  u  =z  V  (Xy  y,  z, )  be  the  type  of  the  function  of 

many  variables  which  we  are  considering^  and  of  which  the 
successive  differentials  are  to  be  found.  But^  to  fix  our 
thoughts^  let  us  first  take  a  function  of  two  variables,  viz. : 

u  =  v(x,y).  (90) 

The  first  total  differential  of  i«  is 

in  which  expression^  l-pj  and  (^)>  and  therefore  du,  are  in 

general  functions  of  both  x  and  y,  and  therefore  admit  of  being 
differentiated  again^  as  well  in  respect  of  all  the  variables^ 
whereby  successive  total  differentials  are  formed^  as  of  any  one 
of  the  variables^  whence  successive  partial  differentials  arise. 
The  total  differential  of  bu,  viz.  b,du,  we  shall  represent  by 
D^ti ;  the  total  differential  of  d^u^ viz.  d.d^i^,  by  d^u,  and  so  on ; 
and  the  nth  total  differential  of  u  will  be  represented  by  D"f<. 

And  in  accordance  with  our  former  notation,   [rj—Uf  \zr~2) 

will  severally  represent  the  2nd  differential  coefficients  of  u 
with  respect  to  x  and  y,  x  and  y  being  equicrescent  variables ; 

wo 

and  (5— r*)  ^U  represent  the  2nd  differential  coefficient  of  «, 
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formed  by  making  first  y  and  then  x  to  vary.  An  analogous 
meaning  attaches  to  snch  symbols^  as 

Thus  for  instance  by  (  2/72)  ^®  nieant,  the  fourth  derived- 
function  of  u,  calculated  by  making  y  to  vary  twice,  and 
subsequently  a?  to  vary  twice :  the  order  of  factors  in  the  de- 
nominators indicating  the  order  in  which  the  differentiations 
are  performed.  And  here  we  must  remai'k  upon  a  defect  in 
notation.  I{  u  =  ¥  {x,  y),  for  instance^  the  same  symbol  cPu 
in  the  numerators  of 

means  processes  and  results  altogether  different.  In  the  first 
it  means  the  second  differential  of  u  springing  from  two  suc- 
cessive variations  of  ^ ;  in  the  second  it  represents  d^u  springing 
from  a  variation  of  x,  taking  place  on  the  back  of  a  previous 
variation  of  y ;  and  in  the  third;  d'^u  as  originating  in  two  suc- 
cessive variations  of  y.  The  brackets  therefore  are  used  in 
conjunction  with  the  different  denominators  to  indicate  these 
variations  of  the  same  symbol^  and  are  marks  sufficiently  dis- 
tinctive to  prevent  confusion.  But  before  we  proceed  further, 
we  must  prove  the  following  proposition. 

73.]  If  a  function  be  differentiated  many  times  in  respect 
of  independent  variables  which  it  contains,  the  result  is  the 
same,  whatever  be  the  order  of  the  variables  n^ith  respect  to 
which  it  is  differentiated :  provided  that  it  be  differentiated  the 
same  number  of  times  and  with  respect  to  the  same  variables. 

Let  u  =  ¥{^  y,  z, ) 

/  d^u  \         I  d^u 


then      (-—\   =    (^-!l\ 


dxdy'         ^dydc 
For  the  sake  of  convenience,  using  symbols  of  differentiation, 
^^r(a?,  y,2r, ...)  =  r(a?  +  «?^,y,-2^, ...)  —  F(d7,y,z, ...)        (92) 
rfy  F  (^,  y,  Zj ...)  =  r  {x,y  +  dy,  z, ...)  —  f  (o?,  y,  z, ...)        (93) 
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.-.     firom  (92), 

d,d,T(x,y,z,...)  =  p(ar+rfir,y  +  rfy,;?, ...)— F(a?H-dr,y,xr,...) 

-F(a7,y  +  rfy,z, ...)  +  r(af,y,z,...); 
and  from  (98), 

dMd,T(x,y,z,..)  =  p(a?H-rfr,y  +  rfy,xr, ...)  — F(^,y-frfy,^,...) 

—  p(^  +  dr,y,2r, ...)  +  p(a7,y,r, ...); 
and  as  tbe  two  results  are  identical,  it  is  manifest  that 

d,d,r{x,y,z,..,)  =  djfd,v(a;,y,z, ...) ; 
or,  writing  the  result  according  to  the  notation  oif  Art.  46, 

/  d^u  \   _   (  d^u  \ 
^dxdyf    ~    ^dydx' 

As  the  proof  here  given  does  not  depend  on  the  differentia- 
tion having  been  performed  with  respect  to  two  variables  only, 
it  is  plain  that  an  analogous  theorem  is  true  for  a  differentia- 
tion with  respect  to  any  nunfber  of  variables ;  so  that  we  may 
always  interchange,  in  whatever  manner  it  is  convenient,  the 
order  in  which  the  several  differentiations  are  performed ;  as 
for  instance : 

dx  dpdgU  =  d^  dzdxU  =  dg  d^dxU; 
d^u     \         /     d^u     \         /     d^u 


or 


(     "  **     \   —    ^         **     \   -^   (  \ 

^dxdydz'   "   ^dydzdx'    "   ^dzdxdy' 


Hence  also  it  follows,  that  if  successive  partial  differentiations 
are  performed  on  a  function  of  many  independent  variables, 
by  making  x^  y,  and  z  to  vary  severally  r  times,  s  times^  and 
i  times,  the  order  of  these  variations  may  be  interchanged  in 
any  permutation,  and  the  result  is  the  same  \  thus 

if        tt  =  T(x,y,z, ...), 


dx^  dy'  dz^        dy*  dz^  dx*"        dz^  dx^  dy' 


dy  dx^"^  dz^  dx  dy*-^ 


(90) 


Of  this  property,  thus  proved  in  the  general  case,  some  par- 
ticular examples  are  subjoined. 
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00^  —  t/^ 
Ex,  1.  w  =  -j^ — ^; 

/du\  _     4d?y*  /rftt\   __    — 4ar*y 

Ex.  2.  t<  =     ^^      - 


2— fl2' 


(du\^     y*  (^^\_    2^y  /rftt\  __  — 2a?y*j2r 

W^^^^^^'  \^/"r*-a«'  Vrf^/""(^-a*)«' 

/     cPw     \    _    /     ^^^^     \    —    /     ^'*'     \    —     — 4y2r 
^dxdydzf    "    ^dydxdzf    ""    ^dz  dy  dx'    ""   (;?■— a*)* ' 

74.3  To  differentiate  a  Function  of  two  Independent  variables. 

Let  tt  =  p  (ar,  y) ; 


dx'  ^dy 


'du\       ,  /du 


In  general,  f^j  and  f ^ )  being  functions  of  x  and  y, 

.(i)=(if)..(i|i).. 

whence,  considering  the  most  general  case,  when  neither  x  nor 
y  is  equicrescent,  we  have 

°''« =  °  (£)  ''^+°  (^)  ''y+  (£)  ''*^+  (|)  '^y' 
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the  brackets  indicating  that  the  derived-fimctions  within  them 
are  partial.     Similarly^ 

dH«  = 

+  (I)  ^'+  ($)  ^■»-    <'<»' 

Similarly  may  other  total  differentials  be  found;  but  the 
general  term  is  too  complicated  to  be  of  any  practical  use. 

Now  let  the  results  be  simplified  by  making  x  and  y  equi- 
crescent,  neither  of  irhich  assumptions  is  inconsistent  with  the 
giyen  equation;  then 

tPx  —  (Px  = =  0;       d*y  =  ePy  = =  0; 

and  we  haye  the  following  series  of  equations : 

tt  =  p  (j?,  y), 

and  so  on;  the  law  of  the  coefficients  being  the  same  as  that 
of  (1  -f  ^)" ;  which  may  be  proved  to  be  true  for  positive  integral 
Taloes  of  the  exponent,  by  a  train  of  reasoning  similar  to  that 
in  Art.  58;  whence  the  nth  differential  is 


D» 
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Ex.  1.        u-  (d?»+y»)*; 

/<fe\  _         ar  /rf«tt\  _        y*  /rf»w\  _     -3ay» 

Vrfr/  ~  (^3  ^  y«)i  '    \rfa:V  ~  (^J  +  y>)4  '    \dx^)  ~  (^J  +  y»)* ' 

/rf«\_        y  /  rf'tt  \         -ay       /  d»tt  \    y(2ar«-y') 

\rfy /  ~  (^s  ^.  y«)4 '  V«trrfy /     (^»  ^  y»)l  '\da*dy)      (ar»  +  y»)*  ' 

/rf»tt\_       a?'         /  fPw  \_ar(2y»— J!») 
Vrfy  V  ~  (^a  ^.  y»)l '  Vctr  rfy V  ~  (jJ + y»)*  ' 

W/      (ar«+y«)«' 
D»M  =  I  — 3a?y«  rfar»  +  3y  (2a?*  -  y«)  rfar*  rfy 

+  Zx  (2y»  -  a?«)  dx  dy>  -  3yx^  rfy»]-  ^^_||  .^  . 

Ex.  2.         tt  =  6"+'* ; 

=  {adx  -\-  b  dyy  e"^-^^. 

75.]  By  a  similar  process  we  have  the  following  series  of 
equations^  considering  t<  to  be  a  function  of  many  independent 
variables,  so^y^z, all  of  which  are  equicrescent. 

u  =  T{x,y,z, ) 
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11  ^,y,z are  not  equicrescent,  terms  will  have  to  be 

added  analogous  to  those  which^  by  reason  of  x  and  y  being 
equicrescent^  vanished  iGrom  equations  (100)  and  (101). 

Also,  using  the  notation  of  partial  differentials,  the  above 
equations  become 

Dt«  =  djgU  +  d,u  -f  dgU  -h -^ 

D  2tt  =  rf^^tt  +  d\u  +  d^gU  +  2d,  d:,u  -|-  2dt  d^u  -f  2dj,  dyU-{-J^       ' 

Ex.  1.  tt  =  sin(a^  -\-  by  '\-  cz); 

(du\  ,  /d^u\ 

^j  =  acos(ap+«y  +  cr,),     y^j)  =  -a'^8m((M?+fty  +  C'?), 

^^p  =  Acos(ar4-Ay  +  c-2r),      (^)  =  -A^  8in(flw?  +  Ay  +  Cir), 

^^j  =  c cos  (or  +  Ay  +  cz),       (5^)  =  —  c^  sin  (fiw?  +  *y  +  cr), 

.-.     D^te  =  — (a2rfa-2  ^  Jarfy2  _|.  c^d^r^  _|.  2bcdydz 

+  2cadzdx  +  2abdxdy)  sin(a^  +  Ay  4-  ^-sr). 

76.]  By  means  of  the  general  results  of  the  last  Article 
are  proved  certain  properties  of  homogeneous  functions  due  to 
Euler,  and  which  are  generally  known  by  the  name  of  Euler's 
Theorems  of  Homogeneous  Functions. 

DEF.  A  homogeneous  function  of  many  variables  is  one 
which  has  the  sum  of  the  indices  of  the  variables  in  every  term 
the  same ;  and  if  the  sum  of  the  indices  in  each  term  =  n,  the 
function  is  said  to  be  homogeneous  of  n  dimensions. 

R  2 
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Let  u  =  r(x,  y,  z, )  be  the  homogeneous  fimction  of  11 

dimensions  and  r  variables;  for  a?,  y,  z, let  tsF,  ty,  tz, 

be  written^  and  suppose  the  function  to  become  u'  when  these 
substitutions  are  made;  then^  by  the  definition  of  homogeneous 
functions, 

u'  =  F{tx,ty,tz, )  =  /-F(ar,y,  2r, ).  (108) 

Let  tx  =  X ,  .'.    -J-  =  X, 


ty  =  y.  -jf  =  y, 

dz' 
tz  =  z,  W  ^  "' 

.-.     u'  =  r{x',y\z', ); 


V(109) 


•'•     dt  ~  W/  dt  "^  Vrfy'/  dt   "^  \dz'J  dt  ■*" 

=  '(£)- »(0)  ^  KS)  + <"<» 

and  differentiating  (108)  with  respect  to  t,  we  have 

-^  =  nt--^Y{x,y,z, )  (111) 

equating  which  to  (110),  since  they  are  equal, 

«<»-iF(^,y,r, )  =  ^{%)  +  y{%)  +  Ks?)  +  - 

Let  /  =  1,  then  of  ::^  Xy  y'  ^y, 

Again,  taking  the  second  total  differential  of  u',  and  dividing 

by  m\ 

W  ~  \dafy  dt'  ■•"     Xdx'dy')  dt  dt  '^  \di^*)  dt*  "^  

and  substituting  from  (109),  we  have 
dV       /rfV\    -     »/  dhi  \  (dhi\    ,  ,„-, 
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also  differentiating  (111)  with  respect  to  t,  we  have 

jjf=n{n^l)t-*T(x,y,z, )  (114) 

whence,  equating  (113)  and  (114),  and  making  /  =  1,  we  have 

Similarly  may  it  be  shewn  that 
n(.-l)  (.-2) .  =  .'  (g)  +  8.V  (^) 

and  similar  theorems  are  true  for  any  other  order  of  differen- 
tials. 

Ex.  1.         r(a:,y,z)  =  u  =  Aa7*-f  By*-f  C2r*-|-Eyj2r  +  G2ra?+H^, 

which  is  an  homogeneous  function  of  two  dimensions  and  three 
variables. 

(J)  =  2»y  +  '=^+=^'         0  =  2b,        (^)  =  «. 

(S)  =  2cr+Ey+o*,  (^)  =  2c,  (^)  =  H, 

therefore  by  equations  (112)  and  (115) 

jr(^)  +y{^)^z[^)=2{Ax^  +  By^-\-cz^  +  Eyz-^QZx  +  nxy} 

-  (S)  +»■  9)  ^"  ©  -»»'  o 

2  {A4?*  +  By*  +  cz*-|-Eyz-|-G2ra?+Ha7y}  =  2u. 
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Ex.  2.        «  =  F  (-),  which  is  a  function  of  0  dimenmona; 

fy  _  1  p'  (y.) . 

77.]    In  the  above  discassion  we  have  considered  aU  the 

variables  which  enter  into  the  function  r(x,y,z, )  to  be 

independent ;  but  it  may  of  course  sometimes  happen  that  two 
or  more  are  functions  of  each  other^  or  that  all  of  them  are 
functions  of  other  variables ;  the  principles  involved  in  the 
previous  Article  are  however  sufficient  for  all  such  problems^ 
and  therefore  it  is  unnecessary  to  consider  them  at  length ;  but 
the  student  must  be  on  his  guard  against  an  undue  assumption 
of  one  or  more  equicrescent  variables.  There  is  however  one 
case  of  great  importance  and  wide  application,  which  it  is 
necessary  to  consider  at  some  lengthy  viz.  that  of  an  implicit 
function  of  two  or  more  variables. 


Section  6. — Successive  Differentiation  of  Implicit  Functions. 

78.]    Firstly,  consider  a  function  of  two  variables  x  and  y, 

and  of  the  form  ,       . 

tt  =  p  (57,  y)  =  c, 

c  being  a  constant ;  then 
■>"  =  0  =  (I)  ..  +  (|)  ay.  (U7, 


dx'  Wy> 


d^u 


^'"  =  ^  =  (t^S)  ^^'  + 
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and  oonsideriiig  jr  to  be  equicrescent^  we  have 

whence  we  liave  the  following  values  of  -^ ,  and  of  ^~ : 

^  =  --  -±i  (121) 

dx  /du\ 

dx^ ^ro  ^^^^^ 

\dy) 

The  latter  might  have  been  derived  from  (121)  by  differentiating 
with  respect  to  the  equicrescent  variable  x,  as  well  as  from  (120)^ 
whence  we  have  deduced  it. 

Similarly  from  n^u  =  0  may  be  deduced  -j\',  and  from 

subsequent  total  differentials  the  other  derived-frmctions  of  y 
may  be  formed. 

79.]    Ex.  1.  Given  y»  -  2yx  +  «»  =  m  =  0, 

to  find  -~  and  -=-— . 
dx  dx^ 

(I) = - »..     o = 0. 

{%)  =  ^y-^'.      m  =  -  ^. 


{—)   -2- 


by  (121)        ^y  -  y 


dx       y—x^ 
and  by  (122)  J^  =  y/?^. 

*  dx^       (y— ^)* 
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Instead  however  of  introducing  ,^>n7ta%  the  general  valnes  of 

^  and  -j^,  given  in  equations  (121)  and  (122),  it  is  more 

convenient  to  differentiate  the  given  function  immediately 
according  to  the  principles  contained  in  Art.  48;  the  two 
following  examples  illustrate  the  process : 

Ex.  2.        a?^  +  aaxy  +  y^  =  0,  find  ^  and  ^ . 

Differentiating,  we  have 

(a?»  +  ay)  rfa?  +  (y»  -h  aa?)  rfy  =  0;  (128) 

^  _  __  gy^-f  gy. 
rf^*  ""  (y*+flw?)* 

""  (FTo^* 

Ex.  8.         a?a  +  y*  =  a«,   to  find  ^  and  ^, 

xeUc  -^  ydy  =  0 ; 

.*.     yJ^  +  ^  =  0,         and        J^  =  -  -, 
o^  a^  y 


^  S  +  (l)V  1  =  0, 


dw^       ^dw 

d^y       x^^y^  _  ^  ,      d^ a^ 

^dx^^      y2       ~^'  '•     dx^"        y8* 

80.]  Hence  also,  if  an  implicit  function  be  given  involving 
X  and  y,  we  may  calculate  the  several  coefficients  of  the  powers 
of  :r  in  Maclaurin^s  Theorem  (see  Art.  55),  and  thus  expand  y 
in  a  series  of  terms  of  ascending  powers  of  x. 

Let  the  given  implicit  function  be 

«  =  F  (cr,  y)  =  c ; 
then,  since  in  the  series  (13),  Art.  55^ /(O), /'(O), /"(O), 
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are  sevenSfy  the  values  of  y,  ^,  ^-^ 
have  by  the  equations  (121)  and  (122) : 

\/Lrf 


when  X  =0,  we 


y  =/W==[y]  + 


w  J 


07 
T 


-h 


Vd^/ v^/~*'^Vrf^/  l^/  \^/      \dii^)  \dxl 


du\^ 


o 


X 


2 


1.2 
(124) 


the  square  brackets  being  employed  to  signify  that  particular 
values  of  the  coefficients  are  taken^  viz.  when  or  =  0. 


Ex.  1.         ay*  —  o?y  =  II. 
Let  07  =  0; 


dx 


(Say^^x)^y  =  0, 


.-.    /(O) 
/'(O) 


1, 
3a' 


d^y 


dy 


d.>  (^"y*-^) + rfr 


^j^ 


(•«»E-o-i=»./"'») 


=  0, 


r'(0)  =  - 


27  a 


3' 


.-.    fix)  =  y  =  1  + 


X' 


1    0? 


3a  1      27  a3  1.2.3 


+ 


which  is  one  of  the  values  of  y  in  terms  of  x  deduced  from  the 
given  cubic  equation;  the  other  two  values  may  be  foimd  by 
taking  the  other  two  (impossible)  cube  roots  of  imity  in  the 
value  of/(0). 

Ex.  2.         y»-3y+^  =  0;       .-.   /(O)  =  0  and  =  ±  V^, 


|(3y«-3)  +  l=0, 


/(0)=|  and  =  -|, 


8 
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3  (y'-l)  +  ?»  g  =  0,  /"(O)  =  0  and  =  +^. 

r'(0)  =  |,and  =  -^, 


Of       2     X 


8 


^  "  8  "^27  1.2.8^ 


and  the  tliree  series  give  tliree  different  values  of  y,  which  are 
the  three  roots  of  the  given  cubic  equation  in  terms  of  r. 

Ex.  8.  An  equation  also  may  often  be  put  in  different 
algebraic  forms^  and  then  expanded  by  Maclaurin^s  Theorem^ 
and  sometimes  in  a  series  of  descending  powers  of  or.  As  for 
instance^  consider  the  last  example 

y8  -  3y  -f  J?  =  0. 

Divide  by  or  a       o      i 

^        a?*  ^* 

y  1 

For  -^  write  y,  and  for  —  write  x ;  whereby  we  have 

y3  -  3ya:  +  1  =  0. 

Expanding  which^  as  in  the  last  two  examples^  and  taking  only 
the  possible  cube  root,  we  have 

X        x^ 


^=-l-I  +  -3-- 


and  replacing  y  and  x  by  their  values^  and  multiplying  through 
by  07*,  we  have  ,  , 

81.]  By  the  above  process  also  may  we  expand  a  function 
which  is  of  great  importance  in  the  calculation  of  many  series, 
and  thereby  arrive  at  some  numerical  coefficients  which  are 
known  by  the  name  of  Bernoulli's  Numbers. 
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To  expand  y  =  ^^  =  /(»). 

We  may  observe  that   /(—*)  =    _^^^  =    ^_^, ; 

and  as  whatever  odd  power  of  a?  entered  into  the  expansion  of 
/(jp)  would  also  enter  into  that  of /(a?)— /(—a?),  it  follows  that 
no  odd  power  of  x  enters  into /(a?)  except  the  first. 

Now  from  above  «  mokx 

ye*  —  y  +  x;  (125) 

^  /rf»y        rf""^y  dy       \      d^y 

the  last  term  being  the  general  differential  of  (125).  Let  now 
«  =  0  in  these  several  equations,  and  we  have 

/(O)  =  /(O),  which  is  an  identity; 

/(O)  =  1,  .-.    /(O)  =  1, 

2/'(0)+/(0)  =  0,  /'(0)=-i, 

3/"(0)  +  8/(0) + /(O)  =  0,  /"(O)  =  i ' 

4/"'(0) + 6/"(0)  +  4/'(0) + /(O)  =  0,  /'"(O)  =  0, 

5/""(0)  + 10/"'(0)  + 10/"(0)  +  6/'(0)  +/(0)  =  0, 

/""(0)=-^, 

-/-MO)  +  "^""^^V'-'W  + +  n/'(0)+/(0)  =  0.  (126) 

8  2 
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the  last  term  being  the  general  equation,  by  means  of  which 
/'•-i(O)  may  be  determined  in  terms  of  the  preceding  coeffi- 
cients. But  the  labour  of  calculating  from  this  expression  may 
be  diminished  by  observing  that^  ^f(^)  involTes  no  odd  powers 
of  X  except  the  first, 

/'"(O)  = =/»^-H0)  =  0. 

Hence  in  (126),  if  n  be  of  the  form  2r-f  1,  we  have 


+  (2r + 1)/'(0)  +/(0)  =  0,        (127) 
by  means  of  which  any  coefficients  may  be  found ;  and  we  have 

^         —   1  —  ^  ^       ^    ^*    —    ^  0?*  1  07*  -  jjQ 


€'-l  2  1  '  6  1.2      30  1.2.8.4  ^  42  1.2.8.4.5.6 

The  values  of/(0),  f{0),  /'(O), are  commonly  called  the 

numbers  of  Bernoulli;  and  though  they  do  not  eapUcitly  follow 
any  palpably  regular  law,  yet  they  are  implicit^  connected 
with  each  other  by  the  formula  (127).  It  is  convenient  to  re- 
present them  by  distinctive  symbols ;  we  will  therefore  substi- 
tute as  foUows : 

Bo  —    1,       Bi   —    —  ^,        B2   —   ^,        Bs   —   y),       B4  —    —  g^, 

Required  to  develope  -^ — =-  by  Bernoulli's  numbers. 
X  X  2x 


X  X  2x 

'     e'+l  ""  C  — 1        c^'-l' 


x^  C  4x^  ") 

=    Bo+Bi^  +  B2j-^  -h   -  |Bo  +  Bi2a?4-B«  j-^  -f   ...   | 


.    .        _^   =    _B,-(2^-l)B.j^-(2^-l)B,j^^^ 


c-'-l- 


x'^ 


-(^•-^>»«  1:2^4376 <^2^^ 


the  law  of  which  is  sufficiently  obvious. 
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To  expand  tan  47  by  means  of  Bernoulli's  numbers. 
By  equation  (33),  Art.  58, 

tan«p  = = =r, 

_      1      e*'^^i— 1 


whence,  by  means  of  equation  (129), 

2^ 
.2 


t^^  =  •;^^^{l  +  2Bl  +  2^/=T(2»-l)Ba|^ 


^, as  ^3  ^ 

-2y3-i(2*_i)^__ } 

which,  being  written  at  length,  becomes 

x^        8af»        \7x'' 
tan^  =  *  +  -g-  +  ^  +  -^+ 

and  the  law  of  the  series  is  sufficiently  obvious  in  equation 
(130).  Also,  differentiating  the  above,  we  can  find  an  equa- 
tion for  (tan  x)^. 

Similarly  may  cot  x  and  (cot  xY  be  found. 

82.]  It  is  imnecessary  to  enter  at  any  length  on  the  general 
subject  of  implicit  functions  of  more  than  two  variables,  as  the 
principles  above  explained  and  illustrated  are  applicable  to  all 
such  cases;  but  as  particular  forms  occur,  and  particular  ex- 
amples have  to  be  solved  in  the  sequel  of  our  work,  it  is  con- 
venient to  consider  them  at  this  point  of  the  Treatise  where 
they  naturally  fall ;  such  is 

Lagrange's  Theorem  for  the  development  of  an  implicit 
function  of  three  variables,  of  the  form  y  =  Z'\-x4>(y). 
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Given  tliat  y  ss  z  +  ^4>(y)f  in  which  equation  y  is  an  im- 
plicit function  of  two  variables  z  and  x,  which  are  supposed  to 
have  no  other  relation  to  each  other  besides  that  given  by  this 
equation^  so  that  they  may  vary  independently  of  each  other; 
it  is  required  to  determine  in  ascending  powers  of  x  another 
function  of  y,  viz.  /(y). 

Let  u  =  f(y)f  and  therefore  u  is  a  function  of  x;  whence,  by 
Maclaurin^s  Series, 

bracketing  the  quantities,  as  in  Art.  80,  to  indicate  that  par- 
ticular values  of  them  are  to  be  taken,  viz.  when  xszO;  that 

is,  if  «  =  F  {x)f  [u]  =  p  (0),    ^J  =  f'(0),  and  so  on.     Hence 

we  have  the  following  data : 

w=/(y),         y  =  ^  +  ^*(y);  (182) 

.-.     when    X  =z  0,  y  =1  z, 

.-.    M  =/(^), 

and  calculating  the  partial  derived-functions  of  (182),  by  con- 
sidering y  to  vary  in  consequence  of  changes  of  x  and  of  z, 

that  is,  calculating  y-^j  and  (^),  we  have 

•■•    (|)  =  *W(|)-  (W 

n  f  (^^\  _  ^^  ^y , 

^dx'    ^  dy  dx' 
whence,  by  reason  of  (133), 

du       du  ^,  .  /dy\ 
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Letjr  =  0,    theny  =  2r;      .-.    dy  :=z  dz,    and  «  =  [w]  =/(r); 

...     S]  =  i^*(.).  (134, 

du 

and  as  -^  and  <^(y)  are  explicitly  functions  of  y  only,  (though 

they  are  also  functions  of  x  and  z  implicitly  by  virtue  of  equa- 

tion  132,)  and  -^  is  explicitly  a  fonction  of  ^  and  z,  it  is  con- 

du 
venient  for  the  purposes  of  differentiation  to  consider  -r-  the 

product  of /k;o  functions,  viz.  of -r-  <^(y)  and  of  -p-;  whence, 

If 
differentiating,  we  have 

d^u 


I         d  fdu  ^.  .dy^ 


dx*       dx  \.dy 
d 


_  "Uy^^^/rfyrfy  .  <fa,,..,  d^y 
3^  <te  <fe  +  rfy  ^^'  dxdz' 

_^{£^^dy^_^du.,.d^ 
^  dzdx^  dy  ^^' dzdx' 

d   (du  .,  .dy\ 
and  substituting  for  ^  from  equation  (138), 


d^u 


=  £{£(*<»»-|}- 


rfa?*       dz  Ldy 
Let  a?=0,  in  which  case,  as  before,  y=5r,  dy=dz^  and  u=f(z); 

Again,  considering  ^— |  to  involve  a  product  of  two  functions, 
viz.  ^  {4>{y)V  *^d  j^,  the  former  of  which  is  explicitly  a 
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function  of  y  only,  and  the  latter  is  an  explicit  fimcticm  of 
both  X  and  y,  and  differentiating  and  substitating  from  (133), 

Let  us  then  assume  that  the  form  is  true  for   ,  ^_^i  vix.: 

and  since  the  order  of  differentiation  may  be  reversed  by 
virtue  of  Art.  73, 

dx"      dz"-*  dxXdy^^^'^       dzS' 

~  dz"-^  X  dy  dz  dx  ^  dy  ^^^^''       dzdx) 

-    «^""'    f  '^  idy  ^'''^^^^'")   dydy       du  d^  ■» 

~  dz"-'  1  dy  dxdz  ^  dy  ^'^^''''       dxdz] 

dz"--' dzXdy^^^^'^       dx)' 
^  rfi^^  {^  {*(y)}"  ^} .  by  virtue  of  equation  (133) ; 

If  therefore  the  formulae  are  true  for  w  —  1,  they  are  true  for 
n ;  they  are  true  when  w  =  3,  therefore  they  are  true  when 
nz=  4,  and  therefore  are  true  for  all  positive  integral  values 
of  n,  which  are  the  only  cases  in  which  it  is  necessary  for  us 
to  find  them.  Substituting  then,  in  equation  (131),  the  values 
above  determined,  we  have 
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If,  having  given  y  =  z  +  x<j>(y),  the  problem  were  to  de- 
tennine  y,  then/(y)  =  y,  and  f{z)  =  z;  and  the  above  formula 
becomes 


In  applying  the  above  theorems  to  particular  examples^  it  is 
most  convenient  first  to  substitute  the  specific  forms  of  the 
functions^  and  subsequently  to  replace  the  variables  by  their 
specific  values. 

Ex.  1.         Given     a  —  *y  +  cy^  =  0;  to  find  y. 

d       c 
On  comparing  the  given  equation  y  =  t  +  t  y*  with  the 

typical  form  y  =  z  -\-  J?<^(y),  we  have 

/(y)  =  y  I    *(y)  =  yO     ^^  =  11 
.-.  f{z)  =:z  )    4>{z)  ^  z^  )     ^  =  I  J 

whence  we  have 

f(y)  =  /(^)  +  -^  <^(^)  T  +  Tz  X-ir  {*<^>i7 1:2 

+  dF«  1-^  ^*(^>^7 1:2:3  + 

"  =  ^  +  ^'1  +  5^1^  lo+rfF^l^')  1:2:3  + 

= +*^'r2  +  ^-^-^*ra  + 

T 
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_  o  C        ac       4  a^c*   6.5  €?(?  'I 

""  4  1  ■*■  A* +  i;2"A*""*'r:2:3"T«""*' j ' 

a  series  which  is  identical  with  that  arising  from  the  develop- 
ment of  7^ ' ^ — ,  which  is  the  least  of  the  two  roots 

of  the  given  equation. 

Ex.  2.         Given      y'  —  ay  +  i  =  0,  to  find  y". 

On  comparing  the  given  equation  y  =^  -  •\-  -  y^  with   the 
typical  form^  we  have 

/(y)  =  y"  1     <^(y)  =  y'  ')      ^  =  - 

.-.    f{z)  =  2r»»  J      <^(2r)  =  z^  J       ^  =  - 


y*»  =  z^'\-nz^'-^z^  T  "^  ^  I  ^'^^"'"^    j   t~9 


2 

2 


J?' 


+  «(n  +  8)  (n  +  7)  «"■*••  pyg  + 


A**  r,  A»  1      n(n  +  5)  A*    1 

V    =  —  "5  14-  n 1 — ^^ — ■ — 

^  a"  I     ^     a»  a^       1.2      a*  a* 


■^  1.2.3  a«  a»  ^  J 
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Ex.  8.         Given    y  =  a  +  A^';  to  find  log«y. 
/(y)  =  logey  ^      <t>(v)  =  e»  N      z  =  a 


f(z)  =  logeZ  )      4>(z) 


»»  1.2  '  z»  1.2.8 


e«  i      2a-l    ..  b^ 

1.2 


loS'^  +  ^i  +  ^V^*'' 


9a«-6a  +  2    ,      b* 
^  a»  ^     1.2.3^ 

Ex.  4.       Given    y  =  a  +  esiny;  to  find  cos y  and  sin 2y, 

(a)        To  find  cos  y. 

f(y)  =  cosy  -v      ipiy)  =  siny  -^^     a?  =  e   -v 
/(^)  =  cos«   J      <l>(z)  =  sinz   /      z  =  a  J  ' 

cosy  =  co8«-(8in«)»Y-^  |(8m«)'|  j-g 


-rf^.V'«"^>*l  1:2:3  + 


x» 


3(8in«)*cos« 


a?' 


+  4  {4(8in«)*-8(8in«)»}  j^  + 


.6  6* 

cosy  =  cosa— (sina)^  Y  —  3(sina)*cosar-5 

1  L.^i 


e» 


+  4  (sin  a)^  {4  (sin  a)^- 3}  ^gs  "^ 
T  a 
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(fi)        To  find  sin  2y. 

f(y)  =  8m2y  ^      <f>(y)  =  riny  ^      «  =  e 


<6(;8;)  =  sin^;    /      z  =.  a  J  ' 


f{z)  =  siii2;;   J      <l}(z)  =  smz 


nm2y  =  8in24?  +  2co82a;  8in«  |  +  ^| 2co824?(8m«)*l  — +  ... 


^2 


.     .     +4c08  3;r  sin;?  :r-^ -f 


e       .       ^     ,       e^ 


8m2a  +  2cos2a8ma  Y  +  4cos3a8ina  ^"0  + 


+ 


83.3  A  more  general  form  of  expan8ion  than  that  explained 
and  illustrated  in  the  last  two  Articles  was  discovered  hj 
Laplace^  and  is  known  by  the  name  of  Laplace^s  Theorem. 

Given         y  =  ¥{z-\-x<l>(y)}  ;  to  find /(y). 

Using  the  same  notation  of  Maclaurin's  Theorem  as  here- 
tofore, we  have 

r  ,     rdui  X     rdP-vrx  x^     rd^vr\  x^ 

Let         u=f{y);  .-.      [u]=f{r(z)}. 

By  Example  4,  Art.  51, 

du  _  du  dy  __  ^^  .  /      ^V 
d^  '^  dy  dx  ~'  dy    ^   dz' 

Let  X  =:  0,        then  y  =  v (z),        u  =  f{T{z)}  ; 

••  L^J  =     dz     *^'(^>^- 

And  by  a  process  similar  to  that  employed  in  the  proof  of 
Lagrange^s  Theorem,  it  may  be  shewn  that 

and  so  on  for  other  and  for  the  nth  terms ;  whence 


84*]  BrriKBIOir  OP  1CACLAUBIK*S  THSOSEM .  141 

As  an  example  of  this  Theorem^  let  it  be  required  to  find  e'^ 
aving  given  y  =  log{;:?  +  j?  sin y}  ; 

fiy)  =  «^  F(a?)  =  log;:?,  <^(y)  =  siny, 

f{z)  =  e';         .-.   /.p(2?)  =  ;5;  .'.    ^{v{z)}  =  sinloga;; 

whence,  substituting  in  the  formula  (139),  we  have 

8mlogzf  +  ^{(8mlog«)«}^ 


c»  =  «  + 


rf»    f ■>     X* 


{(8mlog.)»}jJ 
2  sin  log  ;e  cos  log  z  x* 


+  ^1  (8mlog2)»l^  T«-o  + 


~ "^  «  1.2 

.    ,        X      sin  (2  log  2)  x^ 
=  .  +  8mlog.j  +  -l^j^  + 

_  sin  (log 2;*)  0?* 

"" "*■  'z  1:2  ■*' 


Taylor's  Series,  it  may  be  observed^  is  only  a  particular  case 
of  Laplace's ;  for  as 

y  =  p{«-|-^<^(y)},       let  4>{y)  =  a,       and/(y)  =  y; 

d.viz)  ax      d^.¥{z)  a^a^ 
•••    y  =  F(^  +  ax)  =  P(.)+-^-j-  +  ^^j^-f  

and  writing  h  for  ax,  we  have 

d.¥(z)  h       dKvjz)   h^       rf^F(g)     h^ 

f{Z  +  h)  _  F(C)  +  -^^   J-  +  -^^^   J  .J  +  -^^  ^^^  +   .... 

84.]  We  shall  conclude  this  section  of  expansions  with  the 
following  extension  of  Maclaurin's  Theorem;  the  method  of 
which  gives  rise  to  that  process  of  Derivation,  as  it  is  called*, 
on  which  Arbogast  has  constructed  his  Calcul  des  D^vations. 

*  This  process,  though  called  by  the  same  name,  is  essentially  different 
from  that  explained  in  Art.  18.  The  title  of  Arbogast's  work  is,  Du  Calcul 
des  Derivations;  it  was  published  at  Strasbourg,  An  VIII.  (1800). 


i 
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Let       y  =  f{z)f  where 

« =  oo  +  fli  Y  -h  atY2  "^  ^rys  ■*" ^^*^ 


rf*^  X  X^ 


.'.    when  J7  =  0,  ;:;  =  oq^  —  =  ai,         -j-j  =  Oj.... 

In  whatever  manner  therefore  the  general  value  of  -7-^  ii 

dz    (Pz 

composed  oif{z),  f\z),  f''{z), combined  with  -r-,  -^-i*... 

ax     ax^ 

in  the  same  manner  will  its  value^  when  x  z=0,he  composed  of 

/(flo)i  /'(«o),  /"(oo), combined  with  Oi,  at,  a^ Hence 

d'*v 
it  is  plain  that  the  value  of  -z-^,  when  x  =  0,  may  be  obtained 

from  the  nth   differential  of  /(oq)   on    the  supposition  that 

doo  ■=.  a\y     da\  =  a^y     da^  =  03, da^  =  a^+i;  and  in  this 

power  of  substitution  consists  the  Method  of  Derivations. 

Beplacing  therefore  the  successive  coefficients  of  the  powers 
of  X  in  Maclaurin's  Series,  equation  (13),  Art.  55,  by  their  values 
determined  as  above,  we  have 

a 

y  =  /(6f^)  +  [fl?./((/o)]  J  +  \d\f{a^)'\  ^  +  (141) 


the  square  brackets  indicating  that  particular  values  of  the 
functions  enclosed  in  them  are  to  be  taken,  viz.  when  we  re- 
place rfoo  by  fli,  da\  by  a^y 

Ex.  1 .         It  is  required  to  expand  y  =  - ,  where 

X  x^ 


r  =  ao  +  «iT  +  «2T-2  + 


«0 


[^•/'-«  =  [-'^]=-s- 
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[rfy(ao)]  =  L —, ^J  = —, , 

r^i?/    M        6aoflifl2  — floras— 6ai» 


__   1        fli  2ai*— ao«2  ^* 


6ao  ai  Oa— gp^  Ca— 6ai^    a^ 
"*"  5^*  1.2.8  ■*■ 


Ex.  2.        To  develope  y  =  z^,  where 


^« 


2r  =  oo  +  fli^  "^  ^  rs  "*" 


[^./(flo)]  =  [mao"*~^rfao]  =  mao'""^fli, 
[rf*/(«o)]  =  [m(m  — l)ao"'~*«i«?ao  +  »»ao'""^rffli] 

[rfyCflo)]  =  »»(m-l)  (w-2)  oo— -«  Oi» 

+  3»»(m  — 1)  flo*"'"*fll  ^2  +  WMio"'""^a8# 


■Ti  'p2 

+  {m(m— 1)  (m— 2)  Oq*""'  ai'4-3m(m— 1)  ao*"""*«i  02 

+  mao"-^  fls}  JP23  "^ 


which  is  the  Multinomial  Theorem;  and  in  which  it  is  to  be 
observed^  that  (ir  does  not  appear  before  the  coefficient  of  a?''. 

Ex.  3.        To  develope  y  =  e',  where 

^2 
z  =  ao  -h  fliar  +  02—  + 

.-.    /(Oo)  =  «•«», 
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[^/(flo)]  =  e"«  {«!*  +  3ai  a,  +  03}, 


3!« 


Similarly  may  we  expand  8in(ao+«i^+fls  fo  + )  wid 

Iog«(ao  +  aia7  + ),  the  latter  of  which  is  useful  in  finding 

the  sums  of  the  powers  of  the  roots  of  an  equation. 

Sometimes^  instead  of  finding  the  actual  coefficients,  it  is 
desirable  to  find  the  law  of  their  dependence,  that  is,  to  de- 
termine the  equation  by  means  of  which  they  are  related  to 
each  other ;  such  as  has  been  found  by  implicit  dififerentiation 
in  Art.  81,  equation  (126). 

Thus  in  Ex.  1  above, 

1  x^ 

Suppose     y  =  -  =  Ao  +  Aio?  -f  A2  j-g  -f (142) 

^  =  Co  +  fli^  +  Oa  j^  +  (148) 

then  zy  =:  1;  (144) 

and  zy  =  OoAo  +  ^1 1  +  ^a  12  +  ^'r23  "^  ^^^^ 

where  Ci,  C2,  C3, are  the  coefficients  of  the  powers  of  x, 

arising  from  the  product  of  the  developed  values  of  y  and  a, 
and  which,   as  determined  above,  are  the  several  values  of 

d.AoOo,  rf^.AoOo,  rf'.Aoflo, ou  thc  suppositiou  that  rfa©  =  fli, 

doi  =  02, ^Ao  =  Ai,  dAi  =  A2,  rfA2  =  A3, ;  but,  on  com- 
paring (144)  and  (145),  it  follows,  that 

Aoflo  =  1; 
.-.     rf^Aoflo  =  0. 
And  therefore  by  Leibnitz's  Theorem,  Art.  53,  equation  (5), 

Ood^Ao  +  ndood^-^Ac  +  ^  ? ^      ^'^ ^"'^ ^  +  

+  ndAorf""^ao  +  Aorf'^flo  =  0; 
and  therefore 

^(^"■1)  n      /t  Aii\ 

A„ao  +  nAn-itti  -f  — __  An_2a2  +  +  ^^n  =  0;  (146) 


whence  ai,  A2, may  be  successively  calculated. 


N 
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As  an  example  of  this  process^  consider  the  problem  which 
was  discussed  in  Art.  81^  viz.  the  expansion  of 

X 

1 

~   -        \  X       \   X*         1     jf' 

Here  we  liave  merely  to  replace  in  (146)  a^ai,a%, Beverally 

by  1,  ^,  ^, and  we  have 

.  1  In(n-l)  1  _ 

by  means  of  which  the  successive  coefficients  can  easily  be 
calculated. 

Thus  let  n  =  1 ; 

1  1 

.'.     Ai  4-  5  Ao  =  0,        but  Ao  =  —  =  1 ; 


It  =  2, 


^^=-2- 


1  1  n  1 


and  by  a  similar  process  may  the  values  of  As^  A49 be  found; 

and  these  are  severally  the  numbers  of  Bernoulli. 

Again^  if  tt  =/(a,  ft  y, ),  where 


i9  =  4o  +  *ia?  +  42^+ 

y  =  Co  +  CiX  +  ^2  f2  ■*" 


X^ 


then  K  =  Ao  +  Aia?  -f  Aj  j-^  + 

where         Ao  =  /(ooi  *o>  ^oi ) 

and  An  =  d^f(ao,  bo,Co ),  the  total  differentials  being 

taken,  and  on  the  supposition,  as  heretofore,  of  doo  =  ai, 

doi  =  a%, jdbo  =  ^1,  dbi  =  b^, ,dco  =  Ci,  dc\  =  Cs*..* 

u 
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For  example : 


^0  +  ^1 Y  +  ^2  j-g  + 

ao 

bo  doo  —  Oq  dbo        bocti  —  Oo  bi 

^'  =  — w '-  — w — ' 

—  ^0  {^0  ^  —  ^  ^}  ""  ^^1  {^0  Qi  —  ^  ^1} 


As  a  particular  example  of  the  last  theorem,  suppose 

«=/(y>  %  S )' 


where 


^« 


y  =  Oo  +  aiar-h  fla  j-^  -h 
dy  X 

^  =  '''  +  ««T  + 


5^  =  a,  +  a3j  + 


^2 


where         Ao  =' f(aoy  oi,  «2> ) 

and  Ai,  Aa are  the  successive  total  differentials  of  Ao  on  the 

supposition  that  doo  =  a^y  dui  =  a^ 

dy^ 

Thus  if  tf  =  — .  >  -^  =  T  ' 

y  «o 

Oo  doi  —  Gi  ddo        Oo  ^  — •  ^1^ 

ao*  Oo 

fli       Oq  fla  —  Oi*  ^ 

M  =   —  -J-  i f.  

flo  Oo^         1 

i\  ud  the  Theorem  is  capable  of  even  greater  extension.     Thus 
let  tt  =  f(v),  where 
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V  =  aoo  +  flio^  +  floiy  +  j-^|fl2o^  +  2aii^  +  ao2y*J  +...(147) 

then  the  coefficient  of  -' ,  ^^  ^"^  V"  in  tt  is  found 

1.4f ...  m  1.2.0  ...  n 

by  differentiating  /(ooo)  (m+»)  times,  that  is,  w  times  on  the 
supposition  that  d.ay  =  Of+ij,  and  n  times  on  the  supposition 
that  dM{j  =  Oij+i' 

The  preceding  method  of  derivation  is  an  extension  of 
Taylor's  Theorem ;  for  whereas  by  the  latter  we  are  able  to 
expand  p(a-f  a?),  by  this  we  can  develope,  in  ascending  powers 


^2 


o{ X,  F(ao-f  fli^+fla  T-Q  +  ).     Numerous  other  examples 

wiD  be  found  in  Arbogast's  work;  the  processes  of  which  how- 
ever are  somewhat  different  to  those  explained  above.  The 
student  also  may  consult  the  Treatise  on  the  Differential  and 
Integral  Calculus,  by  Augustus  De  Morgan,  London,  1842, 
Art.  214 — 227 ;  the  large  treatise  on  the  Differential  Calculus, 
by  S.  F.  Lacroix,  Paris,  1810;  and  papers  in  the  Cambridge 
and  Dublin  Mathematical  Journal,  by  Mr.  De  Morgan,  vol.  i. 
p.  238  and  vol.  vi.  p.  35,  and  by  Professor  Donkin,  vol.  vi.  p.  141. 


Section  7. — Elimination  of  Constants  and  Functions  by 

means  of  Differentiation, 
85.]    Since  a  constant  quantity  connected  with  a  variable 
by  the  symbols  of  addition  and  subtraction  disappears  in  differ- 
entiation, it  follows  that  if  an  equation  can  be  put  under  the 

^°™  y  =  fix)  +  c.  (148) 

its  derived  will  be  , 

from  which  the  constant  will  have  disappeared.  And  there- 
fore, whatever  may  have  been  its  value  in  the  first  or  primitive 
equation,  the  derived  equation  contains  no  trace  of  it.  Simi- 
larly, if  an  equation  can  be  put  under  the  form 

y  =fW  -h  ^1^  +  ^0, 

U  2 
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and  thufl  in  two  differentiations  two  arbitrary  constant!  will 
have  disappeared.    And  similarly,  if 

y  =/(j7)  +  c„  ar»  +  ci  a?"-i  + +  Ci«*  +  CyX-^tC^ 

^  =/'(ar)  +  nc„ar»-i  + +  ictx  +  ci, 

1^  =  /"*^  (->' 

and  thus  all  the  n+1  arbitrary  constants  have  disappeared  in 
the  process  of  n  +  1  differentiations;  whenever  therefore  the 
functions  admit  of  being  put  under  the  above  forms,  at  each 
differentiation  one  arbitrary  constant  wiU  disappear. 

Ex.  1.  y  =  flw?  -f  A, 

dx        ' 


dx*         ' 


or  substituting  ~  for  a  in  the  primitive, 

dy  ^dy  d^ 

d.T       dx  dx*' 

Whence  it  appears^  that  by  one  differentiation  either  a  or  6 
may  be  eliminated ;  and  by  two  differentiations  both  may  be 
made  to  disappear. 

86.]  Suppose  however  that  the  equation  of  relation  between 
X  and  y  is  an  implicit  one^  and  involving  m  arbitrary  constants, 
and  of  the  form  ^  ^  ^  ^^^  ^^  ^  ^ .  ^^^^ 

for  the  sake  of  simplicity  consider  x  to  be  equicrescent,  and 
differentiate  (149)  n  times  in  succession;  thereby  n  different 
equations  will  be  formed,  which,  added  to  (149),  give  us  n  +  1 
different  equations  involving  m  constants.     By  means  of  these. 
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n  of  the  constants  may  be  eliminated,  and  (theoreticaUy  at 
least)  any  n  of  them ;  whereby  the  final  equation  will  contain 
m— n  of  the  constants;  and  of  course  there  may  be  as  many 
different  final  equations  as  there  are  combinations  of  the  m 
constants  taken  n  and  n  together ;  that  is,  there  may  be 

fii(m— 1)  (m— 2) (m— «-f  1)  j.«.       .  x. 

— ^^ ' ^^ ■  different  equations. 

Thus  suppose  (149)  to  be  differentiated  twice;  three  equa- 
tions will  then  be  given  containing  m  constants.  By  means  of 
which  two  may  be  eliminated,  and  the  resulting  equation  will 
contain  m  —  2  constants ;  and  as  any  two  may  be  eliminated, 
we  may  have  as  many  different  final  equations  as  there  are 
combinations  of  the  m  constants  taken  2  and  2  together. 
Hence  it  follows,  that  if  we  differentiate  m  times,  there  will  be 
altogether  m  +  1  equations,  firom  which  the  m  arbitrary  con- 
stants may  be  entirely  eliminated ;  and  that,  generally  m  con- 
stants inyolved  in  the  primitive  cannot  be  eliminated,  unless 
there  be  formed  m  derived-functions  of  the  primitive  expression. 

The  formation  of  equations  involving  derived-functions  is  of 
vast  importance  in  a  difficult  branch  of  a  future  part  of  our 
work,  and  therefore  we  are  giving  to  the  origin  of  such  equa- 
tions closer  consideration  and  more  ample  illustration. 

Ex.  1.         ^  =  m(a^— ^) ;  it  is  required  to  eliminate  m  and  a. 
y  J=  -ma?;  (150) 

also  eliminating  m  between  this  and  the  primitive,  we  have 

ya?-f  (a«-^)2  =  0;  (151) 

and  differentiating  again  (150), 

•••  -» ^.  -  (I)  - » I = »•     '■=') 

That  is,  we  have  two  differential  equations  of  the  first  order, 

(that  is,  containing  ^  only)  which  respectively  do  not  involve 

a  and  m,  and  one  differential  equation  of  the  second  order,  viz. 
(152),  from  which  both  the  constants  have  disappeared. 
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Ex.  2.        Eliminate  the  constant  a  firom 


^xdx  ydy      _ 


=  aidx'-dy); 


.whence,  by  the  common  process  of  elimination^  and  dividing 
out  the  common  factor 

€lx dy 

(1  -0^)*  ""  (1  ~y*)* ' 

Ex.  3.        Eliminate  c  firom 

2{xdx  +  ydy)  =  cdx; 
...     c  =  2(y|  +  a;), 

...     ^-hy2^2a?y^  +  2a?«, 

y2-2^^-a?a  =  0. 

Ex.  4.        Given  {x—af  +  (y— )3)*  =  p*;  it  is  required 
to  eliminate  a  and  ^  by  differentiation. 
Let  neither  x  nor  y  be  equicrescent ;  then 

(.r— a)  dx  +  (y— i3)  ^y  =  0, 

(.r-a)  r/2^  +  (y-/3)  d^y  ^  da^  -^  dy^  =z  0-, 

__    (dx^ -\- dy^)  dy 
""  dxd^y  —  dyd^x' 

^~^  ""  ~  dxdhj-dy¥x'' 
. . .     squaring  and  adding 


{dxd'^y—dyd^x)^' 
And  if  ^  be  equicrescent, 

''    -     (dxd^yf     ~       id^y\* 

^dx^l 
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87.]  Also  since  the  differentials  of  logarithmic  and  inverse- 
circular  functions  are  algebraical  quantities^  of  exponential 
functions  reproduce  themselves^  and  of  circular  functions  are 
other  circular  quantities  related  to  them  by  trigonometrical 
formulae^  such  transcendental  functions  may  be  eliminated 
firom  given  primitive  equations  by  means  of  differentiation: 
the  following  examples  are  cited  to  explain  the  process^  and 
enable  the  student  to  apply  it  to  other  similar  problems. 

m 

Ex.  1.        If  y  =  (a^-h^y ;  it  is  required  to  eliminate 
the  irrational  function. 


m 


y  =  (a2  + J?*)*, 
.-.     logy  =  ^  log (a^  +  a?«), 

dy       m  2x  dx 
y   "  n  a^  -^  x^' 

dy  __     2m  xy 

dx  "  n{a^-\-x^) ' 

an  expression  which  is  free  fi*om  radical  quantities. 
Ex.  2.  y  =z  asinx  -^  b  cos x , 

--^  =  a  cos  J?  —  o  sm  a?, 
ax 


Ex.3. 


dx^ 

^  —  a  »ii  ar 

—  U  CO 

d*y 
dx' 

+  y  =  0. 

y 

=  e«^"''. 

dy 

dx 

(1- 

_      y 

1 

(1  -«»)* ' 


dy 


•••  <i-^)*i  =  y' 
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an  expression  whicb  is  free  from  radicals  and  transcendental 
functions. 

Ex.  4.        y  =  4d«'co8(iMf-|-c), 

-^  =  aftc*^  cos  (na? -f-c)—n4e*' sin  (no?  4- c), 
ax 

=  ay— n6«<^sin(na?4-c), 
^-^  =  a  ^  —  n6a««*  sin  (iia?+c)  —  n*4e*»' cos  (na?+c), 


...     g-2«|  +  (aHn«)y  =  0; 

an  expression  free  from  exponential  and  circular  frmctions. 

Ex.  5.         y  =  : 


y  = 


g^-^  +  1 

C2-^  -.  1  ' 


c*'  =  ?^;      .-.     2ar  =  log(y4-l)-log(y-l), 
y  +  1     y-1 

•••     ^^  =  1372.      or|=l-.y^. 

88.^    Elimination  of  arbitrary  functions  by  differentiation. 

Firsts  let  us  consider  the  simple  case  of  an  explicit  function 
of  two  independent  variables  of  the  form 

u  =  F(^,  y)  (153) 

in  which  the  form  of  the  function  f  is  undetermined ;  let  the 
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partial  derived-functions  of  tt  be  calculated^  with  respect  to  the 
variations  of  x  and  y^  whereby  two  equations  will  be  obtained 
involving  the  same  derived-function^  viz.  "^(Xy  y),  which  may  be 
eliminated  by  means  of  them ;  and  thereby  a  final  equation  will 

be  obtained  involving  (-r-l  and  (;t-),  but  independent  of  the 

primitive  function.  If  the  primitive  contained  many  arbitrary 
functions  of  x  and  y,  successive  partial  derived-functions  of 
them  may  be  formed^  and  equations  may  be  obtained, 'inde- 
pendent of  the  arbitrary  functions,  but  in  terms  of  the  partial 
derived-functions. 

Ex.  1.  tt  =  CM?  -f  fty  -f-  cfimx  -f-  ny), 

(^)   =  a  -f  cmf(mx  -f-  ny), 

{£}  =  6  +  en  f  (rax  -f-  ny), 

Ex.  2.  tt  =  F(a?*  +  y*), 

du\ 


(£)=2^p'(.^  +  y»). 


dx 
du 


■•■»(i)-'(^)=»- 


dx'  ^dy^ 


Ex.  3. 


{^\  -  -1. ,'  It] 

\dxi  X*      \xi' 
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Which  result  is  a  particular  case  of  one  of  Euler's  Theorems  of 
Homogeneous  Functions. 


Ex.4.  u  =  y*  +  2/(^-f  logy), 


0  =  -^/'(i +>».»). 

Ex.  5.  M  =  f(ax  +  by)  +  ^(bx  —  ay,) 

(^)  =  af'{ax  +  6y)  +  b<t,'{bx  -  ay), 

(■£\  =  bf'iax  +  by)-  a<t>\6x  -  ay); 

••■  "(£)  +*  (|)  =  (««  +  **)/'(«*  + *y). 

And  differentiating  again : 

Ex.  6.  u  =  xfiP)  -f  F(^y), 


f-'f 


x 


i 


89] 
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.  I 

I  and  sabstitnting  for/  (-j  from  the  given  primitive,  we  have 


^  (tD  "^  ^  d)  =  tt  -  P(^y)  +  2xyT\a:y), 


dx^ 


dy 


=  M  -  <^{xy), 


replacing  v{xy)  —  2xyV(xy)  by  <^(a?y) ; 


•   •      ^  \dx^f    ^   \d^l   ^  y  \djrdJ 


d^u 


dxf    '  ^  ^dxdy 
du\  /€Pu 


/du\  , 


^  (SJ  +  (S)  +  y  (S)  =  (S)  -^*'(^y)' 


dxdyf        ^dy 


dy' 


dy 


"O-  >'  o = "• 


89J  If^  in  the  equation  containing  the  arbitrary  function^ 
three  variables^  x,  y,  z,  are  implicitly  involved,  the  same  method 
as  above  may  be  followed  in  forming  the  partial  derived- 
functions^  if  we  consider  one  of  the  variables  to  be  a  function 
of  the  other  two^  and  on  this  supposition  calculate  its  partial 
variations  due  to  the  variations  of  the  others. 

Ex.  1.  Ix  --nz  =  f(my  —  nz). 

Consider  z  to  be  a  function  of  two  independent  variables^ 

X  and  y,  and  calculate  (^j  and  y-j-)  : 


dy 


1  /dz\       1  /dz\  _  1 
•'•     7  W  '^m^dy'  "n* 

This  result  also  admits  of  being  put  into  another  form: 
suppose  that  the  primitive  expression,  lx—nz—f(my^nz)  =  0, 
is  written  in  the  form 

'(•y,  y>  z)  =  0, 
X  2 
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then,  by  reason  of  the  latter  part  of  Art.  50,  we  may  replace 
as  follows : 


{%)^- 


0  "y  -  ^ 


Q. 

whereby  the  partial  differential  equation  becomes 

1  /rfp\        1  /d¥\       1  /rfr\  _  ^ 
7  W  '^m^d^l'^  n\dil  ""     ' 

and  this  last  result,  it  is  to  be  observed,  is  independent  of  any 
supposition  as  to  one  of  the  three  variables  involved  in  the 
original  primitive  being  dependent  on  the  other  two. 


Ex.2.  yz*=/(^. 


y-h 

Z  —  C       '    ^z^c 

Let  us  consider  r  to  be  a  function  of  x  and  y,  and  calculate  the 
partial  derived-functions  of  z  on  this  supposition ;  then 

,        ,  (z^c)  —  (a?— a)  i~) 

(z-c)-(y-6)  i~)  . 

whence,  by  division  and  reduction, 

By  a  similar  process,  if  we  had  considered  j:*  to  be  a  function 
of  y  and  Zy  and  had  calculated  the  partial  derived-functions 

(-T-j  and  f -t; j ,  we  should  have  found 
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ffimOarfy  also  might  y  have  been  considered  a  function  of  or 
ud  z ;  and  if  the  snccessiYe  derived-fimctions  had  been  formed 
on  this  supposition^  we  should  have  obtained  a  final  equation  of 
the  same  form  as  the  two  above. 

Also  if  the  primitive^  viz. 

Z — C  ^Z'^C 

be  considered  in  the  form  p(a?,  y,  z)  =  0, 

and  if  in  any  one  of  the  results  substitutions  analogous  to 

those  of  the  last  example  be  made  for,  say,  y^j  and  \-r-)y 
the  result  is, 

<—)  O  +  (»-»)  (%)  *  i'-c)  (g)  =  a 

Ex.  3.  Eliminate  the  function  from 

«■  +  y*  +  ^  =  /(^^  +  w»y  4-  nz). 

Let  r  be  a  variable  dependent  on  x  and  y,  which  are  two 
independent  variables, 

.-.     (mz'-ny)  (^)  +  (nw  —  lz)  (^)  =  ly  —  mx. 

And  if  the  primitive  be  in  the  form  p(a7,  y,  z)  =  0,  the  re- 
sulting partial  differential  equation  is 

(mr-ny)  (g)  +  {nx^lz)  (^)  +  (/y-m^)  (■£)  =  0. 

90.]  The  same  principles  may  be  extended  to  the  elimina- 
tion of  indeterminate  functions  of  any  number  of  independent 
variables,  and  also  to  those  of  many  variables  which  are  related 
to  each  other  by  one  or  more  equations  of  condition. 
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Ex.l.  .  =  »/(?,?), 

0  =/'(!■  5). 


idu 


\dz)  "      z^^   ^x'  zl' 


=  U. 


Ex.2.       w  =/(a^-f  ^^4- cj2r*)-f<^  (cos /a? -f  cos  my  4- cos  nz), 

(^)  =  2axf{aa^  -{- by^  +  cz^) 

— /sm/j?<^'(co8/j?  -f  cos  my  +  cosnz)^ 

—  7»  sin  my  <^'  (cos  ly  -f  cos  my  -f  cos  »r), 

(^)   ::=  4cz^f(aa^  +  6y'  +  cr*) 

—  n8inwz</)'(co8/<r  +  cos  my  -h  cosnz); 

.-.  by  Lagrange's  method  of  cross-mnltiplication  (see  Pre- 
liminary Proposition  II.)  we  have 

{'J')  {4cm;?38inmy— Siwy^sinwz}  +  l-r-j  {2awa?sinnr— 4c/^sin/!jr) 

+  y-rA  {Sbly^smlx—Zamd'siamy}  =  0, 

an  equation  independent  of  the  arbitrary  functions^  and  there- 
fore expressive  of  the  properties  of  such  functions,  whatever 
be  their  specific  form.  By  similar  methods  we  may  eliminate 
arbitrary  functions  of  any  number  of  variables. 

91.]    In  general,  for  determining  to  what  order  of  differ- 
entiation we  must  proceed  to  eliminate  any  number  of  arbitrary 
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fnnctioiis  from  an  expression  containing  two  variables^  let  the 
following  considerations  suffice. 

Suppose  u  =  0  to  comprise  m  arbitrary  functions  of  x  and  y, 
then  it  is  plain  that  each  successive  differentiation  introduces 
m  other  arbitrary  functions^  which  are  the  derived  of  the  given 
functions ;  so  that  by  proceeding  to  the  nth  order  of  differ- 
entiation^ we  have  (n  -f  l)m  different  arbitrary  functions:  but 
as  the  original  equation  u  =  0  gives  one  relation  amongst  these 
functions,  so  do 


■^]  =  0  (— )  =  0  (^ 


give  us  other  relations;  and  therefore  by  means  of  n  differ- 
entiations we  have  the  number  of  relations  equal  to 

1+2+3+ +(„+i)  =  (^±iy^±i). 

And  in  order  that  we  may  be  able  to  eliminate  all  these,  we 
must  evidently  have  the  number  of  relations  greater  than  the 
number  of  unknown  quantities,  that  is 

j-^ >  (n  -f  1)  m ; 

that  is  n  -f  2  >  2m, 

n  >  2m— 2; 

that  is,  n,  which  expresses  the  order  of  differentiation,  must 
=  2m— 1  at  least;  and  we  shall  then  have  a  sufficient  number 
of  equations  to  eliminate  the  arbitrary  functions  from.  Thus, 
if  the  original  equation  involve  but  one  arbitrary  function, 
m  =  1,  and  we  need  differentiate  but  once ;  if  it  involve  two 
arbitrary  functions,  we  must  in  the  general  case  differentiate 
thrice,  and  so  on.  An  example  is  subjoined  in  which  three 
differentiations  are  required : 
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(£)  =/'(^+y)+y^(«-y)+*y*'(*-y)' 

+  2y<^'(ar-y)  +  2xy^"(ar-y), 


dxdy^      ^dy' 

+  2x<l>'{x-y)-2xy<l>"(x-y); 


(IS;)-©  =  -*-')♦'<-">+*<--»> 


And  differentiating  again^ 

but        ,^'(^-y)  =  2(^)  {  (^)  -  (|^)  }  ^ 
/fl?'w\      /   ^*w  \      /   d^u  \      /d^w\ 

92.]  In  the  latter  Articles  of  this  Chapter  methods  have 
been  considered  for  deriving  partial  derived-functions  from 
functions  of  two  or  more  independent  variables,  and  some  of 
the  uses  of  such  derived-functions  have  been  explained.  Sup- 
pose however  that  by  means  of  given  equations  the  variables 
which   entered   into   the  function   are   expressed  in  terms  of 


/du 
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other  new  variables,  it  is  then  necessary  to  inquire  how  sub- 
stitutions of  these  are  to  be  effected  in  the  partial  derived- 
functions  ;  and  as  one  or  other  of  the  original  variables  have 
been  considered  equicrescent^  the  problem  becomes  more  com- 
plicated in  making  the  requisite  substitutions;  the  principles 
however  of  the  present  Chapter  are  sufficient  for  the  purpose. 

Let  us  first  consider  the  more  simple  case  of  a  function  of 
two  variables^  viz.  u  =  f{x,  y) ;  and  suppose  an  equation  in- 

volving  (I),  (g),  cte.  dy;   (g)  and  (|)  having  been 

calculated  on  the  supposition  that  x  varied  while  y  remained 
constant,  and  y  varied  while  x  was  constant^  and  dx  and  dy 
being  partial  changes  in  x  and  y  on  similar  suppositions.  It 
is  manifest  that  the  very  fact  of  there  being  such  expressions  as 

-j-j  and  (^)>  imports  that  there  is  such  an  expression  as 

u  =  f{x^  y) ;  whether  the  expression  can  be  found  or  not  is 
immaterial. 

Suppose  that  the  variables  x  and  y  are  connected  with  other 
new  variables^  say  r  and  6,  by  means  of  equations  of  the  form 

X  =  <^i(r,  $), 

y  =  il>2{r,e)', 

if  we  substitute  these  values  of  x  and  y  in  the  expressed  or 
understood  (as  the  case  may  be)  function^  the  equation  becomes 
of  the  form  ,     >,. 

the  total  differential  of  which  is 

i.«  =  (g)dr  +  (g)rf<>; 
whence^   dividing  through    successively  by   dx  and   dy,   and 
changing  -j-  mto  I  ;i- )>  and  -j-  mto  \-f-)}  smce  m  these  cases 

we  have  the  ratio  of  the  partial  variations  of  u  and  of  x,  and 
of  u  and  of  y,  and  bracketing  them  to  indicate  thi^  they  are 
partial,  we  have 

/  A«\  _  /rfF\  dr      /dF\  de 
\dx/  ""  \dr/  dx  "^  \de/  dx' 

/du\  _  /rfF\  dr      /(rfF\  de 
\dy)  ~  \dr)  dy  ^  Kds)  dy 
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remembering  tbat  -^ ,  -j-  are  to  be  calculated  on  the  suppo- 

dr 

sition  that  y  does  not  vary^  that  is,  that  Jy  =  0;   and  -r-i 

do 

-T-,  on  the  supposition  that  dx  =  0.     Since  then,  from  the 

two  equations  given  above,  we  have 

therefore  to  calculate  dx,  let  dy  =  0,  and  eliminating  dO  and 
dr  between  these  two  equations  on  this  supposition,  we  have 

d<t>i  d<f>2      d<f)%  d<Pi 


similarly, 


dx 

dr 

de        dr 

de 

dr  " 

d<f>2 

de 

dx 

de 

d<Pi      d<f)2 
dr        de 

d<t>i 
dr 

do  " 

d<f)2 
dr 

dy 

d(l>i 

de 

d(\)2      d<f>2 
dr        de 

d<t>i 
dr 

dr  "" 

d<t>i 

de 

dy 

d<f>2 

de 

d(f)i      d<f)i 
dr        de 

d(f>2 
dr 

de  " 

d<t>i 

dr 


all  these  differential  coefficients   being   partial ;    and   if  we 

(//    \ 
-—  j 

and  {-f-j,  the  resulting  expressions  will  be  the  equivalents  of 

{^)  ^^^\Zr)>  when  X  and  y  are  replaced  by  their  equiva- 
lents in  terms  of  r  and  e. 
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98.]    Ex.  1.  To  transfonn  (;t-)  and  l-f-)  into  their 

equivalents^  having  given 

X  =  rco8^,  y  =  rsin^.  (154) 

In  this  problem  there  is  implied  a  function^  r  =f{x,  y)^  which 
becomes,  when  x  and  y  are  replaced  by  their  equivalents, 

B  =  F(r,^); 

•'•     \dx)  ~  \dr)  dx  "^  Kdo)  dx' 

Y  (155) 

/dR\      /dR\dr      (d^\de 

\dy)  "  \dr)  dy  "*"  Xdd)  dy ' 

dx  =  dr  cos  ^  —  r  sin  0d$, 

dy  =  rfr  sin  ^  -f  r  cos  $d$. 

To  calculate  dx,  dy  must  be  equal  to  0 ;  whence,  eliminating 
do  and  dr  in  turn  from  the  equations 

dx  =  rfr  cos  ^  —  r  sin  Odd,  . 

0  =  rfr  sin  ^  4-  r  cos  Odd, 

1  dx         I  dx  r  .-^^^ 

we  have  -7-  = ^,         te'^ =~^ •  (lo/) 

dr      cos  0  do  sunO 

Similarly  to  calculate  dy,  dx  =  0;  wherefore,  by  means  of 

0  =  dr  cos  ^  —  r  sin  OdO, 

dy  =  dr  sin  ^  +  r  cos  OdO, 

we  have  -^  =  —. — -r,         ZFE  = a  '»  (158) 

dr      smO  dO      co%0 

and  substituting  these  values  in  (155), 

sin^ 


}  (156) 


/dR\      /dB\       ^     /dE\  si] 


(^)=($^)«„,+(5? 

Vdt//      Vdr/  \d^ 


/dB\  cos  0 


(159) 


dy/       \dr/  \d^/     r 

whence  we  have  two  transformations  useful  in  the  Planetary 
Theory,  viz. 

/dR\  /dR\      /dR\ 

"^KryJ'yyTxJ^KTo)^ 

\dx/       ^  \dy/        \dr/ 

Y  2 
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Ex.  2.       To  transform  (  ^-5  )  +  l  j"! )  ^^  i**  cquivaleiit 
in  terms  of  r  and  $,  having  given  x  =  rcos^,  y  =  rsintf. 

By  the  same  process  as  that  employed  in  the  last  examplCi 
we  have 

(£)=(£)-"-(£)=^. 

and  differentiating  (160),  bearing  in  mind  that  (;t-)  andf^ j 

are  functions  of  r  and  6,  we  have 

/rf«v\  _  //^*v\  dr      /  rf*v  \  de\ 

\d^)  "  ^^^^  I W/  rfi  "^  \^^/  dx) 


((  d*y\dr      (d^\de 
Wdrde)  dx^Kde^)  dx 


(dv\   .    ^de      /rfv\ 


r  cos  ^  rf^  —  sin  ^  rfr 

■  • 

r^dx  ^ 

whence,  substituting  from  (157)  and  (158),  we  have 

SimUaxly, 

/rfv\  (costf)*      28m«costf/rfv\       „„„, 

+  1^:;^;-^^ ;;5 — UJ'  ^^^^ 

The  results  (162)  and  (164)  are  no  other  than  particular 
cases  of  equation  (100),  Art.  74,  when  the  right  substitutions 
are  made,  and  consistently  with  the  independence  and  equi- 
crescence  of  the  variables. 
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Ex.  8.  Having  given  ^  =  r  cos  dy  y  =.r^\n.O,  to  trans- 
form dxdy  into  its  equivalent,  subject  to  the  conditions  that  y 
does  not  vary  when  x  varies,  and  x  does  not  vary  when  y  varies. 

dx  =i  dr  cos  ^  —  r  sin  Odd, 

dy  ^  drwkO  +  rco^ddO\ 

.'.     as  before,  dx  = dr. 

COB  6 

Whence  it  follows,  that  when  dr  =  0,  that  is,  when  y  varies, 
dr  =  0. 

.-.     dy  =  rconOdO; 

.'.     dydx  =  rdrdO. 

If  the  expression  to  be  transformed  involves  three  variables 
X,  y,  z,  and  these  are  given  in  terms  of  three  other  variables 
r,  $,  (f>,  the  operations  are  to  be  effected  in  a  similar  manner; 
but  as  a  consideration  of  the  particular  forms  of  the  functions 
connecting  the  variables  will  usually  shorten  the  process,  and 
as  the  principle  is  the  same  as  that  involved  in  the  last  Article, 
it  is  of  little  use  to  calculate  the  general  expressions,  and  there- 
fore we  forbear  to  give  them. 
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CHAPTER  IV. 

ON  THE  RELATIONS  BETWEEN  FUNCTIONS  AND  DERIVED- 
FUNCTIONS,  ON  WHICH  CERTAIN  APPLICATIONS  OF  THE 
CALCULUS  DEPEND.  ' 

94.]  In  the  preceding  part  of  the  work^  with  the  single  ex- 
ception of  Art.  66 — 68^  we  have  considered  the  changes  of  the 
yariables  to  be  infinitesimal,  and  have  estimated  the  changes  of 
the  functions  and  their  derivatives  as  they  are  due  to  such 
infinitesimal  increments ;  but  many  subsequent  applications  re- 
quire a  knowledge  of  the  properties  of  functions^  when  the 
variables  are  increased  hj  finite  augments.  One  object  of  this 
Chapter  is  therefore  to  connect  such  finite  changes  with  differ- 
entials and  derived-functions ;  a  relation  of  the  kind  has  been 
established  in  equation  (81)  of  Art.  67^  the  second  member  of 
which  consists  of  a  finite  number  of  terms;  and  an  accurate 
equality  exists  between  the  sum  of  them  and  the  left-hand 
member,  except  so  far  as  0  is  an  undetermined  proper  firaction. 
But  the  proof  is  insufficient,  inasmuch  as  it  does  not  afford  any 
answers  to  such  questions  as  follow :  Are  all  functions  of  the 
form/(,r  -f  A)  capable  of  expansion  in  a  series  of  the  form  of 
the  second  member  of  equation  (81) ;  and  if  all  are  not,  what 
are  the  characteristics  of  those  which  are  ?  and  supposing  the 
function  to  be  capable  of  expansion,  can  it  be  so  expanded  for 
all  values  of  x  and  h,  or  is  it  possible  for  some  and  impossible 
for  others  ?  and  what  are  the  notes  of  x  and  h  for  which  it  is 
possible  ?  and  is  the  series  true  when  continued  to  any  number 
of  terms,  or  must  it  cease  at  a  certain  term,  because  the  requi- 
site conditions  are  not  satisfied  by  subsequent  terms?  Hence 
arises  the  necessity  of  proving  certain  theorems  which  establish 
relations  between  functions  and  their  derivatives,  and  which 
involve  certain  conditions  subject  to  which  they  are,  and  in 
failure  of  which  the  functions  are  not,  within  the  general  range 
of  the  Calculus;  and  by  means  of  these,  the  infinitesimal 
calculus  will  be  extended  to  changes  of  functions  due  to  the 
finite  changes  of  the  variables. 
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95.]  Theorem  I. — Given  that  y  =/(a?)  is  a  continuous  func- 
tion of  X,  for  a  given  value  of  it,  viz.  x  =  Xq,  and  for  values 
a  little  greater  and  a  little  less  than  <ro,  that  is,  for  Xq  +  dx^ 
and  xq  —  dx:  then,  i(f'(xo)  is  positive,  x  and/(^)  are,  for  that 
particular  value,  increasing  or  decreasing  simultaneously;  and 
if /'(^o)  is  negative,  as  x  increases  and  passes  through  Xq,  f(x) 
is  decreasing,  or  vice  versd. 

Let  Ay  and  Ax  be,  as  before,  the  simultaneous  and  finite 
changes  in  the  values  of  y  and  x;  then  it  is  plain,  that  accord- 
ing as  --^  is  positive  or  negative  when  the  increments  are  less 

t^X 

than  any  assignable  quantity,  so  is  ^  or  f'(x)  which  is  its 
limit. 

Since,  y  =  f(x), 

y  -f  Ay  =  f(x  -f  Ax), 

.^     Ay  ^  fix  4-  Ax)  ^f{x)  ^ 
Ax         (x  -f  A^)  —  X 

Ay 
On  the  supposition  that  -^  is  positive,  the  numerator  and 

denominator  of  the  fraction  must  have  the  same  signs;  and 
therefore,  if  ^  +  A«r  is  >  x,  that  is,  if  x  increases, /(a?  -f  Ax) 
is  >  than  f{x) :  but  it  x  -\-  Ax  is  <  x,  that  is,  if  x  decreases, 
then  fix  +  Ax)  is  <  than  fix) ;  and  the  same  is  true  of  the 
limiting  value  when  Ax  and  Ay  become  dx  and  dy.     So  again 

if  -T^  be  negative,  the  numerator  and  denominator  must  have 
Ax 

different  signs;  and  therefore,  if  x  increases,  fix)  must  de- 
crease :  and  if  x  decreases,  fix)  increases,  and  the  same  will  be 

true  in  the  limit.     Hence  we  conclude  that,  if  -—  =  fix)  be 

cue 

positive  for  x  =  Xq,  at  that  particular  value,  x  and/(^)  are  in- 
creasing or  decreasing  simultaneously;  and  ii  fix)  is  negative 
when  a?  =  ^o>  as  a?  increases  fix)  decreases,  or  as  x  decreases 
fix)  increases. 

CorollartI. — Hence  if  fix)  be  continuous  for  every  value 
of  X  between  xq  and  Xn  (a?n  being  greater  than  Xq),  x  and  fix) 
are  increasing  or  decreasing  simultaneously  through  all  values 
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for  which /'(a?)  is  positive;  and  through  all  values  for  which 
f\x)  is  negative^  as  x  increases, /(a?)  decreases,  and  vice  vend. 

Cor.  II. — Hence  also  if,  up  to  a  certain  value,  a?  =  a,  as  jr 
increases  f{x)  increases,  and  after  that  value  f(x)  decreases, 
f\x)  will  be  positive  until  a?  =  a,  and  then  will  become  nega^ 
tive ;  and  as  the  sign  of  such  a  quantity  changes  only  by  the 
quantity  passing  through  zero  or  infinity  (according  as  the 
factor,  to  the  change  of  sign  of  which  the  function's  change  of 
sign  is  due,  is  in  the  numerator  or  denominator),  so,  when 
a?  =  a,  will/'(j7)  be  equal  to  either  zero  or  infinity. 

In  illustration  of  this  Theorem  and  its  Corollaries,  let  us 
consider  the  following  examples : 

In  fig.  10.  Let  OBA  be  a  semicircle,  the  radius  of  which  is 
equal  to  a;  let  o  be  the  origin  and  oca  the  axis  of  ;r,  then  the 
equation  to  it  is 

y*  =  2  OP  —  a?*, 

f(x)=:y  =  {2aX''X^}i, 


Now  for  all  values  of  x  between  0  and  a,  f\x)  is  positive, 
and  therefore  as  x  increases  f(x)  increases  also;  and  for  all 
values  of  x  between  a  and  2a,  f\x)  is  negative,  and  therefore 
as  X  increases,  f(x)  decreases.  And  when  ^  =  a,  f\x)  =  0,  and 
changes  sign  from  -f  to  — . 

Or  again,  let  y  =  f{x)  =  sin  x, 

dy 

.'.       -y-  =  f  (X)    =   COSa?. 

ax 

Then  for  all  values  of  x  in  the  first  quadrant,  cos  x  is  positive, 
and  X  and  sin.r  are  simultaneously  increasing  or  decreasing. 
But  for  all  values  of  x  in  the  second  and  third  quadrants,  f(x) 
or  cos  X  is  negative,  and  sin  x  decreases  as  x  increases ;  and 
similarlv  for  all  other  values  of  the  arc. 

It  is  also  to  be  observed,  that  not  only  by  its  sign  does  -~ 

or  f\x)  indicate  whether  an  increase  of  the  variable  is  ac- 
companied contemporaneously  by  an  increase  or  decrease  of 
the  function,  but  it  also  by  its  value  denotes  the  rate  of  such 
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increase  or  decrease ;  the  greater  f\x)  is,  if  it  be  positive,  the 
faster  does  f(x)  increase  as  x  increases ;  and  the  less  f\x)  is, 
if  it  be  negative,  the  slower  does  f{x)  decrease  as  x  increases. 
Thus  if  ^  =  07  (the  equation  to  a  straight  line  passing  through 
the  origin)  dy  =  dx,  and  the  simultaneous  increments  of  x  and 
y  are  equal;  but  if  ^  =  2x,  dy  =  2dXy  and  the  increment  of  y 
18  twice  that  of  x, 

96.]  Theorem  II. — If  Xn  and  xq  are  two  definite  values  of  <r, 
Xn  being  greater  than  ^o>  tmd  x^  —  Xq  being  a  finite  quantity, 
and  if  v(x)  be  a  function  of  <r,  which,  as  also  its  first-derived 
function,  is  finite  and  continuous  for  all  values  of  x  between 
x^  and  XQy  then 

li{Xn)  —  F(4Po)  =  (Xn  -  a?o)  v' {Xq  +  ^(^«  ~  Xo)}y 

0  being  some  proper  positive  fraction. 

Let  the  difierence  x^  —  xq  be  divided  into  n  parts,  and  let 

a?i,  a?2, a^H-i  be  the  values  of  x  corresponding  to  the  »— 1 

points  of  division;  and  let  us  moreover  suppose  n  to  be  so 

large,  that  each  of  the  divided  elements,  X\—Xq,  ^72—^1, 

Xn—Xn^Xf  is  au  infinitesimal. 

Then,  observing  the  definition  of  a  derived-function,  we  have 
the  following  series  of  equations : 

F(a?i)  —  P(j?o)  =  {xi  —  ^0)  f'(j?o), 

F(^2)  -  F(a7i)    =    (^2  -  ^1)  V'{^\)y  I  (1) 

¥{Xn)  -  F(a?n-l)    =    {Xn-Xn-l)  lf\Xn-l) ', 

whence,  adding  all  the  first  and  second  members  of  the  series 
of  equations,  the  sum  of  the  first  is  p(a)  —  F(.ro),  and  the  sum 
of  the  second  is,  by  Preliminary  Theorem  III,  the  product  of 
the  sum  of  the  first  factors,  viz.  Xn  —  Xq,  and  some  mean 
value  of  the  second  factors,  that  is, 

F(^„)  —  r(Xo)    =    (Xn  —  0:^0)  f'  {Xo  +  SiXn-  Xq)},  (2) 

in  which  0  is  some  positive  proper  fraction :  and  therefore  the 
last  factor  is  a  correct  symbol  of  the  required  quantity;  for 
putting  ^  =  0,  we  have  only  the  first  term  of  the  series,  and 
which  would  therefore  be  right  if  all  the  derived -functions  in 
equations  (1)  were  equal ;  and  if  ^  =  1,  we  have  T\xn),  which  is 

z 
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a  term  just  beyond  that  wbicli  the  series  reaches;  hence  $  must 
be  greater  than  zero  and  less  than  unity. 

Let  the  finite  difference  Xn  ~  ^0  he  represented  by  h,  so  that 

and  h  is  the  finite  increment  of  <ro ;  then 

F(4?o  +  A)  —  F(^o)  =  Ap'Oro  +  Oh),  (3) 

It  is  to  be  observed^  that  if  h  is  infinitesimal^  we  must  neglect 
$h  when  added  to  the  finite  quantity  jtq  ;  and  the  result  is^  the 
derived-function  as  originally  described  in  Art.  18. 

97.]  Theorem  III. — If  ^„  and  xq  are  two  definite  values  of 
X,  Xn  being  greater  than  Xq  and  Xn  —  Xq  being  a  finite  quantity  ; 
and  if  t{x)  and  f(x)  are  functions  of  x,  which,  as  also  their 
first-derived-functions,  are  finite  and  continuous  for  all  values 
of  X  between  Xq  and  Xn;  and  besides,  if  f\x)  does  not  change 
sign  within  these  limits,  then 

T(Xn)  —  V(Xo)    __    V'  {Xq  +  0  (^n  —  '^o)} 
f(^n)  -/(^O)    "■  f{Xo  -^OiXn"  Xo)\  ' 

where  6  represents  a  fraction  mean  to  0  and  1. 

Let  the  difference  Xn  —  Xo  be  divided  into  n  parts,  and  Xi,  Xi, 

Xn-i  be  the  values  of  x  corresponding  to  the  n  — 1  points 

of  division ;  and  let  us  moreover  suppose  n  to  be  infinite,  so 

that  each  of  the  divided  elements,  Xi—Xq^  x^—Xi, ^n— •^n-i* 

mav  be  an  infinitesimal.     Then,  since 

Y{Xi)  -  Y{Xo)    =    {Xi  -  Xo)  f'(^o), 

and  f{xi)  -f(xo)  =  (xi  -  Xq)  f\xo) ; 

^        V{Xi)-F(Xo)  F'(.ro) 


Similarly, 


f{oc{)-f{Xo)       r(xo)' 

¥{X2)  -Y(Xi)    __    f'(^i) 
Y(Xn)  -  F(.r„_i)  F'(a7„_i) 


>      (4) 


f{00n)  -f{Xn-l)  f'{X„_i)' 

Now  this  bfeing  a  series  of  fractions  whose  denominators  are 
all  of  the  same  sign,  according  to  Preliminary  Theorem  IV, 
the  ratio  of  the  sum  of  all  the  numerators  of  the  left-hand 
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members  of  the  equations  to  the  sum  of  all  the  denominators  is 
equal  to  some  mean  value  of  the  fractions ;  that  is^ 

T{Xn)  —  F(a'o) 

IS  equal  to  some  mean  value  of  the  fractions  which  are  the 
right-hand  members  of  the  above  equations ;  and  such  a  value 
will  be  properly  represented  by 

f'{37o  -f  e  (a?„  —  JTq)} 
flxo  +  Oi.Vn-a^o)}' 
where  ^  is  a  proper  and  positive  fraction ;  therefore 

For  the  sake  of  convenience  let  a?„  —  a?o  =  h,  so  that 
^„  =  cTo  4-  A ;  and  therefore  h  is  the  finite  increment  of  o^o,  and 
the  functions  under  consideration  include  those  for  all  values 
of  a:  between  Xq  and  a^o  -{■  h;  then 

The  further  condition  to  which  /(*')  is  subject,  viz.  that  /'(.r) 
does  not  change  sign  between  Xo  and  Xq  -h  h,  is  necessary,  in 
order  that  the  sum  of  the  denominators  of  the  right-hand 
members  of  (4)  may  not  vanish,  for  thereby  the  first  member 
of  (5)  might  be  equal  to  an  infinite  quantity,  and  the  equation 
might  be  useless. 

To  enable  a  student  the  better  to  grasp  the  full  meaning  of 
the  conditions  of  this  important  theorem,  the  graphical  illustra- 
tion of  fig.  1 1  is  given. 

Of  the  two  curves  therein  delineated,  let  the  upper  one  be 
that  whose  equation  is  y  =  F(.r),  and  let  the  lower  one  repre- 
sent y  =f(x). 

Let  o  be  the  origin,  omq  =  Xq,  om^  =  x^^,  .'.  m„Mo  =  h; 
OM  =  a?,  X  referring  to  any  point  intermediate  to  Mo  and  m„; 
and  suppose  that  f\x)  is  positive  for  all  values  of  x  between 
2*0  aiid  Xn,  which  property  is  represented  by  the  curve  being 
such  that  the  ordinate  increases  as  the  abscissa  increases ;  now 
it  is  immaterial  what  forms,  or  branches,  or  points  of  disconti- 
nuity the  curves  may  have  outside  the  assigned  limits;  we 
consider  them  only  within  and  between  the  limits,  and  restrict 

Z  2 
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them  to  certain  conditions  within  them,  and  wfaieh  are  ex- 
pressed in  the  cnrves  of  the  figure,  vis.  that  they  are  to  be 
finite  and  continuous ;  also 

MoPo  =  F(a?o),  Mo/?o  =/(^o), 

Cor.  I. — Suppose  in  the  above  equation  (5),  p(a?o)  =  0  and 
f(jPo)  =  0,  which  expresses  the  condition  that  both  the  curves 
in  fig.  II  pass  through  the  point  Uq,  then 

P(^o-h^)  _  p'(a?o  f  Oh) 

/(^o  +  A)      r(^  +  eh)'  ^^ 

Cor.  II. — Also  suppose  that  xq,  which  is  the  lower  limit  of 
X,  =  0,  which  expresses  the  condition  that  in  fig.  11  the  origin 
of  coordinates  is  at  Uq,  then 

F(A)  -  p(0)  _  r'(eh) 

/W-/(0)  ~f{eh)' 

and  writing  «r  for  A,  as  A  is  measured  from  the  origin  Mo  in  this 

«"*'  ^«  ^»^«  Hx)  -  P(0)  _  F^ 

f(x)-f(0)  ~  f'idx)'  ^  ^ 

and  if  f(0)  =  0,  and/(0)  =  0,  that  is,  if  both  the  curves  pass 
through  the  origiu,         ^^^^        ^,^^^^ 


fix)  f'(0X)- 


(8) 


98.]  By  Corollary  I  of  the  last  Article  and  equation  (6),  it 
appears  that  if  any  two  functions  of  x  vanish  when  x  =  xo, 
then,  subject  to  the  necessary  conditions, 

/(^o  +  h)  -  f\xo  +  eh)  "  f{Xo  +  hi)'  ^  ^ 

replacing  Oh  by  Ai  for  the  sake  of  convenience,  and  observing 
therefore  that  hi  is  less  than  h. 

Suppose  now  that  F'(.ro)  =  0,  and/'(A'o)  =  0,  and  that  v"(x) 
and/"(.z),  as  well  as  f\x)  and/'(j7),  are  finite  and  continuous 
for  all  values  of  x  between  Xq  and  Xo  +  Oh,  and  that /"(a?)  does 
not  change  sign  within  these  limits,  then,  by  virtue  of  (9),  we 

^^^'^  F^(a-o  4-  hi)  ^  F^^(^o  -h  Shi) 

f(xo  -h  hi)       f'\xo  -h  ehi) ' 
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and  replacing  $hi  by  h^,  observing  that  ht  is  leas  than  hi,  we 

Similarly  again,  if  f"(^o)  =  0  and  /"(j^o)  =  0,  and  if  their 
derived-fanctions  r^''{x),  f"\x)  are  finite  and  continuous  for  all 
values  of  x  between  x^  and  a?o  4-  h^y  and  if,  besides, /"(d?)  always 
increases  or  decreases  with  x  between  these  limits,  then 

replacing  Qh^  by  As ;  whence  it  appears,  that  A3,  which  is  less 
than  A2,  which  is  also  less  than  Ai,  and  therefore  less  than  A,  is 
of  the  form  Bh. 

Suppose  now  that  these  several  conditions  as  to  the  derived- 
functions,  and  others  similar  to  them,  hold  good  up  to  the 
(n— l)th  derived-functions  inclusively,  then  we  have  the  follow- 
ing proposition : 

Theorem  IV. — If  p(a7)  and  /(a?)  are  two  functions  of  a?, 
which,  as  also  all  the  derived-functions  up  to  the  nth  inclu- 
sively, are  finite  and  continuous  for  all  values  of  x  between 
Xp  and  .To  +  A ;  and  if 

f'C^Po)  =  0,     F"(j?o)  =  0, P»-i(a?o)  =  0, 

/Vo)  =  0,    />o)  =  0, t-\xp)  =  0, 

and  if,  besides,  f'(x)y  fix), /"C^)  severally  do  not  change 

sign  between  the  limits,  then 

F(^o-hA)-p(J7o)  _  p'>(jro  4-  Qh) 
f{xo'^h)^f{Xo)       /-(xo-^eh)'  ^     ^ 

Cob.  I. — Hence,  if  p(jj'o)  =  0,  and  f{xo)  =  0,  (see  Cor.  I  of 

^*  ^'^  p(^o  4-  A)  ^  P"(^o  4-  Oh) 

/(^o  +  A)       f^ixo  +  eh)'  ^     ^ 

CoK.  II. — Also,  if  Xo,  which  is  the  inferior  value  of  x,  =  0, 
then,  writing  x  for  A,  as  A  is  measured  from  the  origin,  we 

^*^®  F(^)-P(0)  _  p'-CM  (14) 


/W-/(0)       f^Ox)' 
Cor.  III.— And  if  f(0)  =  0,  and/(0)  =  0,  then 

f(^)   _  J*"  (Ox) 


(15) 
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99.]    In  equation  (12),  which  is  the  result  including  aU 

others  of  the  above  Articles,  let  a  specific  form  be  assigned 

tof{x),  such  as  will  satisfy  the  requisite  conditions  and  render 

the  equation  applicable  to  future  purposes ;  as  for  instance,  let 

(a?)  =  (^— ^o)^  wherein  n  is  positive  and  integral;  then 

.-.    /(a?o)  =  0,     and    /(.To  +  ^)  =  A"; 
f{a^)  =  n(^-a?o)»-^  f(xo)  =  0, 

fix)  =  n(n-l)  (^-a?o)'-^  n^o)  =  0, 

/»-i(fl7)  =  n(n-l)...8.2(a?-a7o),  /""H^o)  =  0, 

fn{x)  =  n(n~l). ..3.2.1,         /'*(.2^o)  =  n(«-l)  (n— 2). ..3.2.1. 

And  as /"(a?)  does  not  involve  j?,  it  has  the  same  value  what- 
ever z  be,  therefore 

/^(^o  4-  Oh)  =  n(n-l)  (n-2) 3.2.1 ; 

and  substituting  these  values  in  the  general  result,  we  have 

p(^o  +  A)  -  p(^o)  =  1-9-Q — L     n^  ''^(^o  +  ^^) '     (^^) 

1.^.0  ...  (n  —  1)  n 

the  conditions  to  which  this  equation  is  subject  being,  that 

p(.r),  r\x),  f"(j?) Vix)  are  finite  and  continuous  for  all 

values  of  ;r  between  otq  and  Xo-hh,  and  that  r'(.ro)  =  0,  p"(a:'o)  =  0, 
up  to  F'*"^(^o)  =  0;  but  that  F"(.ro)  does  not  vanish. 

100.]    Cor.  I. — Hence,  if  F(.ro)  =  0,  we  have 

P(^o  +  A)  =  .00*   ^  ^'"('^o  +  ^A);  (17) 

1.4.0, ,.n 
and  as  a  particular  case  of  this,  let  a'o  =  0 ;  then 


and  writing  a?  for  h, 

^(^)  =  1  9?    „^''(0,r);  (19) 

which  proposition  may  be  enunciated  as  follows : 

Theorem  V. — If  f{x)  be  a  function  of  a?,  which,  as  also  all 
its  derived-functions  up  to  the  wth  inclusively,  are  finite  and 
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continuous  for  all  values  of  x  between  0  and  x\  and  if  F(d?), 
Tf(x)y F"-^(a?)  severaDy  vanish  when  j?  =  0,  then 

Cor.  II. — In  eqiiation  (16)  let  x^^  =  0,  then  writing  x  for  h, 
r{x)  -  F(0)  =      J"^       r'idx) ;  (20) 

of  which  result  (19)  is  a  particular  case. 

101.]  Let  us  consider  some  particular  cases  of  these  general 
equations  which  arise  from  given  values  of  n. 

In  equation  (16)  suppose  that  f^{xo)  does  not  vanish^  then 
n  =  1,  and      ^^^^  ^  ^^  _  ^^^^^  ^  ^  ^,^^^  ^  ^^^ .  ^2^ ^ 

which  gives  us  a  symbolical  expression  for  the  right-hand 
member  of  equation  (7),  Art.  18^  including  its  residual  ex- 
pression R. 

Or  suppose  again  that  f'(^o)  =  0^  but  that  ]>^'(a?o)  is  finite, 
then  n  =  2,  and 

F(^o  +  A)  -  F(^o)  =  ^  f"(^o  -f  Oh).  (22) 

Suppose  again,  in  equation  (20),  that  f(0)  =  0,  but  that 
F'(0)  is  finite,  then         ^^^^  ^  ^  ^,^^^^ .  ^23^ 

and  therefore  every  function  of  a  variable  x,  which  vanishes 
when  J7  =  0,  has  x  for  a  factor,  unless  the  first-derived-function 
is  equal  to  oo ,  when  j:  =  0. 

Thus,  for  example,  let  t(x)  =  sin  x,  which  =  0  if  a?  =  0 ;  then 
its  derived-function  =  cos.r,  which  =  1,  when  ^  =  0;  therefore 
.r  is  a  factor  of  sin  x. 

Similarly,  if  F(;r)  =  tan J7,  which  =  0,  if  ;p  =  0;  then  t'{x) 

=  (sec  x)*,  which=  1,  when  x=zO;  therefore  a?  is  a  factor  of  tan  x. 

-i  2       L 

But  if  F(a?)  =  e  ««,  which  =  0,  if  a?  =  0,  r'(x)  =  -3  e~««, 

which  =  y,  when  a? =0,  and  is  therefore  indeterminate;  whence 

1 
we  cannot  conclude  that  <r  is  a  factor  of  e  ««. 
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The  statement  made  in  moat  of  the  ordinary  text  books  on 
the  Theory  of  Algebraical  Expressions,  that,  if  F(d?)  =  0,  vhen 
X  =iO,  <r  is  a  factor  of  t(x)  :  or  (what  is  equivalent)  that,  if 
f(^)  =  0,  when  x  =  a,  x  ^  a  is  s.  factor  of  v(x) :  is  only  one 
of  too  many  universal  propositions  which  are  unduly  assumed ; 
it  may  be  and  is  true  in  most  cases,  but  it  is  an  unphilosophical 
desire  of  generalization  which  will  lead  us  to  conclude  that  it  is 
true  in  all  cases.  All  possible  functions  cannot  be  known; 
and  therefore  a  conscious  ignorance  ought  to  protect  us  against 
such  an  error,  and  be  a  much  more  cogent  reason  against  it 
than  the  knowledge  of  a  particular  instance  which  disproves 
the  induction;  practicaUy  however  it  is  found  not  to  be  so; 
let  the  student  therefore  be  on  his  guard  against  such  universal 
assumptions,  which  rest  for  proof  only  on  human  ignorance. 
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CHAPTER  V. 

ON  THE  DETERMINATION  OF  THE  ORDERS  OF  INFINITESIMALS, 
AND  THE  EVALUATION  OF  QUANTITIES  WHICH  FOR  PAR- 
TICULAR VALUES  OF  THE  VARIABLES  ASSUME  THE  FORMS : 

g,     ^,     0x00,      00-00,      00,      ooO,      r,     0^. 

102.]  In  questions  such  as^hose  proposed  for  discussion  in  the 
present  Chapter,  it  is  important  to  observe  what  is  the  exact 
meaning  of  the  numerical  unit ;  namely,  that  it  is  the  ratio  of 
equality y  and  independent  of  the  particular  magnitude  of  the 
quantities  which  are  compared.  Hence  it  follows,  that  it  is 
immaterial  whether  the  quantities  are  infinitesimal,  finite,  or 
infinite,  provided  that  we  can  assure  ourselves  that  they  are 
equal.  Whenever  therefore  the  same  factor  is  involved  in  the 
numerator  and  denominator  of  a  fraction,  be  it  of  any  magni- 
tude and  kind,  it  may  be  divided  out,  and  the  value  of  the 
function  will  not  be  changed  by  the  division:  by  this  means 
expressions  on  which  operations  are  to  be  performed  can  often 
be  simplified;  an  instance  will  illustrate  the  process  and  its 
effect.     Suppose  it  is  required  to  determine  the  value  of 

^  —  a  +  (2  d?*  —  2  ax)^ 

when  J7  =  a ;  in  which  case  the  fraction  assumes  the  form  ^ ; 

but  why  ?   Because  both  numerator  and  denominator  involve  a 

factor  {x  —  a)',  which  is  equal  to  0  when  a?  =  a ;  but  the  factor 
in  the  numerator  being  exactly  equal  to  the  factor  in  the  de- 
nominator, the  ratio  of  one  to  the  other  is  unity;  by  which 

therefore  ^ —  may  be  replaced,  and  the  fraction  becomes 

{x  -  ay 

{X  +  a)* 

which  18  equal  to  1,  when  x  =  a, 

A  a 
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Section  1. — On  the  Determination  of  Orders  of  Infinitesimals. 

103.]  It  is  well  first  to  repeat  with  greater  exactness  the 
main  points  of  the  account  of  infinitesimals  which  was  given 
in  rough  outline  in  Art.  8  and  9,  Chapter  I. 

The  determination  of  the  Order  of  Infinitesimals  (which  is  a 
relative  term)  requires  a  standard  to  compare  them  with.  This 
standard  is  called  the  Base  of  Infinitesimals ;  and  according  to 
the  power  of  the  base,  which  a  given  infinitesimal  expression 
involves,  is  its  order  called. 

Thus  suppose  i  to  be  the  base,  t)|en  {a,bjC, being  finite 

numbers)  at,  bi^,  ci**,  are  respectively  infinitesimals  of  the  first, 

third,  nth  orders;  t^,  i^ are  infinitesimals  respectively  of 

the  one-half  and  three-fourths  orders.     Similarly  may  there  be 
infinitesimals  of  negative  orders. 

Suppose  that  F(t)  is  a  ftinction  of  infinitesimals,  and  an  in- 
finitesimal itself,  whose  order  is  to  be  compared  with  i  as  the 
base.  If  F(i)  is  an  infinitesimal  of  the  nth  order,  t**  is  a  &ctor 
of  it,  and  of  all  the  powers  of  i  that  enter  as  factors  into  its 
composition,  i**  is  the  lowest:  higher  ones  being  neglected  of 
necessity  by  virtue  of  Theorem  VI,  Art.  9.  Therefore,  if  p(f) 
be  divided  by  t'',  the  quotient  is  finite ;  but  if  it  be  divided  by  i, 
raised  to  any  index  lower  than  n,  the  quotient  is  infinitesimal ; 
and  if  it  be  divided  by  i,  raised  to  any  index  higher  than  n,  the 
quotient  is  infinite.  Hence  we  are  enabled  to  construct  the 
following  definition  of  the  order  of  an  infinitesimal  expression : 

Dey,  — Suppose  F(i)  to  be  the  infinitesimal  expression  whose 

F(i) 
order  is  to  be  determined ;  then,  if  -rjr  i^  infinitesimal  for  all 

values  of  r  less  than  n,  and  infinite  for  all  values  of  r  greater 
than  n,  F(i)  is  an  infinitesimal  of  the  nth  order. 

Hence  every  finite  quantity  is  ian  infinitesimal  of  the  order  0; 

k 
for  suppose  k  to  be  finite,  then  t;;  is  infinitesimal  for  all  values 

of  r  less  than  0,  and  infinity  for  all  values  of  r  greater  than  0. 

Hence,  if  we  use  0  for  the  general  symbol  of  an  infinitesimal, 
the  form,  which  all  finite  quantities  assume  from  this  point  of 
view,  is  0^.     This  is  also  evident  from  the  example  given  in  the 


IO40  ON  ORDERS  OF  INFINITESIMALS.  179 

last  Article,  where  both  numerator  and  denominator  =  0^  when 
X  =  a;  BO  that  or  —  a  is  an  infinitesimal  which  enters  into  both 
numerator  and  denominator^  whereby  the  firaction  is  of  the 

form  77 — ^.  k  and  A^  being  constants ;  and  as  the  infinitesimals, 
being  exactly  even,  are  of  the  same  order,  the  form  of  the  frac- 
tion is  0^  p ;  and  as  0^  is  equal  to  1  in  this  case,  the  true  value 

of  the  fraction  is  -r? . 

104.]    Writing  t  for  «r  in  equation  (19),  Art.  100,  we  have 

'^^  =  1.2.8..'(»-l)n  '"(^•)-  <^> 

Now  observe  the  conditions  to  which  F(f)  is  subject;  viz.  that 

>(0)  =  0,  f'(O)  =  0, P'-i(O)  =  0, 

and  that  F'*(t)  is  the  derivative,  which  first  does  not  vanish  when 
t  =  0;  and  that  F(i)  and  all  its  derivatives  up  to  the  nth  in- 
clusively are  continuous  and  finite  for  all  values  of  i  between 
t  and  0 ;  and  observe  also  the  limits,  viz.  t  and  0 ;  but  that,  as 
we  have  to  use  the  equation  only  when  f  =  0,  we  may  make 
the  difference  between  the  limits  to  be  infinitesimal.     Hence 


:n—r 


T^  =  1.2.8.:.(«-l)n  '"(^^>'  <^> 

which  is  infinitesimal  for  all  values  of  r  less  than  n,  and  infinite 
for  all  values  of  r  greater  than  n ;  and  therefore  we  have  the 
following  Theorem  for  the  determination  of  the  order  of  infini- 
tesimals. 

Theorem. — If  F(f)  be  a  function  of  an  infinitesimal  i,  such 
that  f(0)  =  0,  and  that  all  its  derived-functions  up  to  the  nth 
vanish  when  t  =  0,  but  that  r'^{i)  does  not  vanish,  then  F(f) 
is  an  infinitesipaal  of  the  nth  order,  if  i  be  taken  as  the  infini- 
tesimal base. 

If,  when  t  =  0,  r(i)  assumes  an  indeterminate  form,  its 
value  must  be  found  by  the  methods  which  are  explained  in 
the  following  sections  of  this  Chapter. 

In  all  the  following  examples  i  is  taken  as  the  base  of  infini- 
tesimals. 

A  a  2 
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Ex.  1.        To  determine  the  order  of  infinitesimal  of  ain  t. 

p  (t)  =  sin  t  =  0,  when  t  =  0, 

p'(t)  =  cost  =1, 

sin  i  is  an  infinitesimal  of  the  first  order. 
Ex.  2.         Find  the  order  of  infinitesimal  of  tan  t— sin  t. 
F  (t)     =  tan  t  —  sin  i  =  0,  when  »  =  0, 

V  (i)   =  (sect)*— cost  --=0, 

f"  (t)  =  2  (sin  t)*  tan  t  +  sin  t  =  0,  when  t  =  0, 
F'"(t)  =  6 (sect)* 4 (sec t)*+ cost  =  8,  when  t  =  0. 

Therefore  tan  t— sin  t  is  a  function  of  an  infinitesimal  which 
vanishes  when  t  =  0,  and  so  do  all  its  derived-functions  up  to 
the  thirds  which  does  not  vanish;  therefore  tan t— sin t  is  an 
infinitesimal  of  the  third  order,  when  t  is  the  base. 

Ex.  3.        To  determine  the  order  of  e*— 2  sin  t— e~*. 

F  (t)     =  e*— 2sint— e-*  =  0,  when  t  =  0, 

f'  (i)  =  c<— 2cost  +  e-*  =  0, 

F"(i)  =  e<  +  28int-c-'  =  0, 

F'"(t)  =  e^-\-2cosi-\-e-'*  =  4 

Therefore  e'— 2  sin  i—^-*  is  an  infinitesimal  of  the  fourth  order. 
Ex.  4.         To  determine  the  order  of  infinitesimal  of  «•'— 1. 

F  (t)    =  e^'-l  =  0,  when  t  =  0, 

F'(t)   =  2ie^'  =0, 

F"(t)  =  4Pe^'  +  2e^'  =  2, 

.'.     e^'— 1  is  an  infinitesimal  of  the  second  order. 

Similarly  let  the  student  prove  that  tant,  sin-^t,  e*— c-*,  are 
infinitesimals  of  the  first  order ;  that  versin  i,  sin  t*  are  infini- 

tesimals  of  the  second  order;  that  e  i  is  an  infinitesimal  of 
the  order  00. 

105.]  Similarly,  if  F(.r)  be  a  function  of  x  which  vanishes 
when  ^  =  fl,  replacing  x  —  a  by  i,  the  function  becomes  <^(i), 
which  vanishes  when  i  =  0,  and  its  order  of  infinitesimal  may 
be  determined  in  the  manner  above  explained. 
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Section  2. — Evaliuition  of  quantities  of  the  forms 

Q,       ^,       0    X    00,       00-00. 

106.]    Evaluation  of  quantities  of  the  form  9 . 

If  a  quotient  of  two  functions  of  a  variable  or  variables,  for 

particular  values  of  these,  assumes  the  form  ^>  it  is  plain  that 

such  is  the  case  only  because  certain  factors  in  the  numerator 
and  denominator  become  0  for  these  particular  values,  that  is, 
become  infinitesimals.  It  is  plain  too  from  what  has  been  said, 
(see  Theorem  IV,  Art.  10,)  that,  if  these  infinitesimals  are  of 
the  same  order,  the  fraction  will  be  a  finite  quantity;  and,  if 
that  in  the  numerator  be  of  a  higher  order  than  that  in  the 
denominator,  the  value  of  the  fraction  is  0 ;  and,  if  that  in  the 
denominator  be  of  a  higher  order  than  that  in  the  numerator, 
the  fraction  is  oo  :  an  example  will  render  this  plain. 

Suppose  we  have  to  evaluate  -, -: —  when  ar  =  a,  m  and  n 

'^'^  (x  —  a)"  N 

being  functions  of  x  or  not,  as  the  case  may  be,  but  not  involv- 
ing any  factor  of  the  form  (x  —  a),  and  not  vanishing  when 

X  =  a;  the  fraction  assumes  the  form  ^;  but  the  law  of  indices 

authorizes  us  to  put  it  under  the  form 

(x-a)       -; 


N 


and  if  J?  =  a,  it  =  0,  if  m  be  >  n, 


M         mM 

=  -,  if  m  =  n, 

N 


=  00,  if  m  be  <  ». 


It  will  be  seen  from  Article  110  that  similar  results  are  true, 
if  the  numerator  and  denominator  be  infinities. 

107.]  Hence  then  the  first  step  towards  the  evaluation  of 
such  quantities  is  to  detect,  if  possible,  the  factors  common  to 
both  the  numerator  and  the  denominator,  and  to  divide  them 
out,  and  then  to  evaluate  the  resulting  fraction  by  giving  to 
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the  variables  the  assigned  values ;  of  which  method  some  ex- 
amples are  subjoined. 

Ex.  1. 

___^-i 0    „i,^„  ^  _  1 

"(a^^;p+l)(ar-l)  "  ^^;r  +  l  "  ^'  wnen  a?  -  1. 

Ex.  2.  . 

(a*  —  0?*)' jMa^-^  _  0 

(a-^)i-|.(a8-a?»)*  "  ^' 

if  ^  =  a;  the  common  factor  is  (a-^x)^,  divide  numerator  and 
denominator  by  it,  and  we  have 

• ■ =    1   U  «P  =  £1. 

1  +  (a«  +  aa?  +  :c«)*        1  +  a3* 

108.]  The  preceding  method  of  evaluating  indeterminate 
forms  may  often  be  advantageously  employed  in  one  or  other 
of  the  two  following  ways. 

Firstly,  expand  by  the  Binomial  Theorem,  or  by  Maclaurin's 
Series,  or  some  other  equivalent  method,  the  given  functions 
in  terms  of  the  infinitesimal,  and  then  by  dividing  out  the 
common  factors,  the  function  will  assume  a  determinate  form. 

Ex.  1.         Determine  the  value  of  — : ,  when  ^  =  0. 

sin  ^ 


X       x'^                     i.      X       x'^  \ 

'-e-  ^  ^+1+1:2+  -(^-T  +  r2- ) 

sin  X  x^  ' 

*''"  1:2:3  + 

"•+1:2:3  + ) 

^"1:2:3+  

^^  +  A+ ) 

X^  ' 

~  1:2:3  "^ 

=  2,  when  x  =  0. 
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Qetandlj,  if  the  fimcticm  amunei  an  indeterminate  form 
when  «  =  a»  write  h  tar  x  --  a^  or  a  — x  (9a  may  be  more 
ccmTenient)^  that  is^  for  x  substitute  a  +  A^  or  a  —  h,  in  all 
ihe  terms  of  the  function;  and  develope  them  in  a  series  of 
aaoending  powers  of  h,  and  after  cancelling^  by  means  of  divi- 
mon,  the  common  powers  of  h,  put  A  =  0,  and  the  result  is  the 
determinate  value  of  the  functiGn. 

Ex.1.         Evaluate  ^^^  +  (2^^-  2^')*  . 
For  X  write  a  +  A^  and  the  function  becomes 

{(a4-A)«-.o«}* 
A  +  (2  a  A)* 


(2ah  +  A»)* ' 
A*  +  (2a)* 


(2a  +  A)* 


=  1,  when  A  =  0. 


109.]  In  cases  howevor  where  it  is  difficult  to  detect  the 
common  factors^  as  well  as  in  all  cases  where  the  necessary 
eonditions  are  fulfilled,  the  theorems  of  the  preceding  Chapter 
enable  us  to  evaluate  these  quantities* 

Suppose  f(x)  and  <l>(x)  to  be  two  functions  of  x,  which  =  0 
when  X  =  Xq.  Suppose  also  that,  when  x  =  Xq,  their  several 
derived-functions  up  to  the  (n— l)th  inclusively  vanish,  but  that 
the  nth  neither  vanishes  nor  becomes  infinite:  then,  if  f(x) 
and  <f>{x)  are  finite  and  continuous  for  all  values  of  x  between 
jPo  and  Xq  4-  A,  by  the  theorem  contained  in  equation  (17), 
Art.  1(X),  .  ^ 

f(Xo  +  A)  :=  ig3     „/M^o  +  ^A), 

A« 
<l>(xo  +  A)  =  ^^g     ^  <!>'* (xo  +  ^A), 

f(xo  -f  A)  ^  /"(^o-h^A) 
Suppose  now  that  A,  the  difierence  between  the  superior  and 
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inferior  limits,  becomes  infinitesimal;  then  neglecting  A  when 
added  to  spq,  we  have      r/    \       /••  /    v 


<l>(Xo)        ^"(aro)' 


(3) 


that  is,  the  value  of  the  ratio  ^ — ; ,  which  presents  itself  under 

0(^0) 

the  indeterminate  form  ^,  is  the  ratio  of  the  values  of  the 

derived-functions  of  the  numerator  and  denominator,  which 
are  the  first  not  to  vanish,  when  x  =z  xq. 

Of  this  general  proposition  the  following  are  particular 
instances : 

Suppose  the  functions  themselves  to  vanish,  but  not  their 
first-derived,  then  -,    .         /•/,    n 

and  if  the  functions  themselves  and  also  their  first-derived 
vanish,  but  not  the  second-derived,  then 

4>(xo)        <l>\xo)' 
and  so  on. 

If  the  same  order  of  derived-functions  do  not  simultaneously 

vanish,  then  the  indeterminate  form  has  for  its  value  either 

0  or  00,  according  as  the  denominator  or  numerator  has  first 

ceased  to  vanish.     This  is  plain  from  the  proof  we  have  given ; 

because  h  will  be  of  different  powers  in  the  equivalents  of 

f(xo  -f  h)  and  <f){xo  -\-  h),  and  therefore  will  not  disappear  in 

the  ratio. 

x^  —  1 

Ex.  1.         Evaluate  -^ — ^r— ^ — ^r =- ,  when  ^  =  1. 

a^  —  2x^-{-  2,r  — 1 

Ax)    _  ^3_i  ^0    ^ten^=l, 


</)(.r)        a?3-2,r2-f  2.r-l        0 
(l)\x)        3^-4^  +  2 


:=!  3,  when  x  =  I. 


Ex.  2.        Evaluate  — : ,  when  .r  =  0. 

8m.r 


<^  {x)  sm  X  0 

(t>{x)  cos  X 


—  T 


=  2,  when  ^  =  0. 
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Ex.  3.        Evaluate 5 — ,  when  a?  =  0. 

_  fW  _  8in*c  _  0 

""  ^(x)  ""     2a?     "  6'  •     •     •     • 

r(^)        cos  a?        1       ,  ^ 

Ex.  4.        Evaluate  — "^ 7—^ ,  when  x  =  0. 

X — sin  07 

^(j:)  0?— sino?  0 

_  /'W  _  g*  — 2co8a?-f-g"*  _  0 

""  ^(x)  ""  1— cosjr         ""  0'    '  *     * 

_  f"(x)         e*-h28iDar-g-*  _  q 

^"(x)  COS  a?  ' 

Ex.  5.        Evaluate     °  ,  ,  when  a?  =  1. 

a?— I 

/(£)^  __  log£  _  0    ^hen  X  -  1 

■"  <^'(a?)  "  0?  "  -^^  •     '     '     • 
Ex.  6.        Evaluate — ,  when  4?  =  a. 

Bb 
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wbich^  when  ^  =  a,  is  either  0^  e"^,  or  oo ,  aooording  as  »  ii 
greater  than^  equal  to^  or  less  than^  1. 

On  examination  of  the  above  examples,  it  will  be  seen  that 
the  result  is  infinitesimal,  finite  or  infinite  according  as  the 
order  of  infinitesimals  in  the  numerator,  determined  by  the 
method  of  Section  1  of  this  Chapter,  is  higher  than,  the  same 
as,  or  lower  than,  the  order  of  the  denominator. 

110.]   Evaluation  of  indeterminate  quantities  of  the  form  — . 

Jjetf(x)  and  <l>(x)  be  two  functions  of «,  which  become  infi- 
nite when  X  =  Xq,  then,  as  their  reciprocals  become  zero,  the 
ratio  of  the  functions  may  be  evaluated  by  tiie  former  method, 
as  follows : 

*^^   ^  =  5?.    when  X  =  xo, 

<I>{X)  00'  ' 


-  ^W  .  0 
<l>'(x) 


whence,  dividing  out  common  terms,  we  have,  when  x  =  xo, 

<f)(Xo)  <l>  {Xq)  ' 

If  the  first-derived-functions  f'{xo),  </)'(a?o)  also  become  infinite, 
they  must  be  evaluated  in  the  same  way  as  ,\    ,,  and  we  shall 

and  if  the  several  derived-functions  vanish  or  (if  it  be  possible) 
become  infinite  up  to  the  nth,  when  x  =  Xo,  and  the  nth  are 
finite, 

4>{Xo)        ^'{Xo)         </)"(a?o)* 
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nm  detammftte  valutt  therefore  of  such  indetermiiiate  foiio- 
tioiui  is  the  latio  of  fhoae  d6med-fimoti0ii8  of  the  numerator 
Mid  deoommalor  which  are  the  first  to  beooBse  finite  when 

lOfiT  W 

Ex.  1.        Evaluate  — ^ ,  when  a?  =  0. 

cot  or 

^(;r)        cot«         00    ' 

/'(a?)  (8in^)>       0 


2sin^  co8« 


•     •     •     • 


,  by  last  Article^ 


=  0,  when  a?  =  0; 

cot  a? 
Ex.  2.        Evaluate p— ,  when  a?  =  0. 


m  ^^Ji_^±^l^o,  when^  =  0. 


«« 


c«         e» 


Ex.  8.        Evaluate  -- ,  when  ;r  =  oo . 

fix)  ^"  00  1. 


^  /;;(£)  ^  n(n-l)(n-2)...8,2.1  ^      ^hen^=oo . 

B  b  a 
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The  result  of  which  shews  that  e*  is^  when  ^  =  oo  ^  an  infinity 
of  a  higher  order  than  x^ ;  also  a  similar  property  is  trae  of 
a*;  a  finite  quantity  therefore  raised  to  an  infinite  power  is  an 
infinity  of  a  higher  order  than  an  infinite  quantity  raised  to  a 
finite  power. 

1 

Ex.  4.        Evaluate  — r-,  when  a?  =  0. 

For  a^  write  - ,  .• .     z  =  qo  ,  when  ^  =  0 ; 

z 

and  the  function  becomes 

2r"        oo       , 

—•  =  — ,  when  2r  =  00 , 

■ 

—  ^(»— _!)*""*  __  00 

-  7*  -  55>  •     •     •     • 


n(?i-l)...  3.2.1       ^      , 
=: =:  0,  when  r  =  do  : 

therefore  the  fimction  is  equal  to  0,  when  :r  =  0 ;  whence  we 

I 
conclude  that  c~*«  is  an  infinitesimal  of  a  higher  order  than 

0?***,  however  large  be  the  value  of  n. 

This  is  a  result  of  some  importance^  insomuch  as  it  shews 

I 
that  although  e'x^  vanishes  when  j?  =  0,  whence  it  might  be 

inferred  that  j?  is  a  factor  of  it,  yet  it  admits  of  no  factor  of  the 

form  x^^  however  large  n  be.    Compare  equation  (23),  Art.  101, 

and  the  remarks  thereupon. 

lo£r  X 
Ex.  5.  Evaluate  ,  when  <r  =  oo  . 

X 
log  ^  35  , 

— ^—  =  —  ,  when  a:*  =  ao  , 

X  ^ 

=   -    =  0,  when  x  =  oo  : 

X 

if  X  therefore  becomes  infinite,  it  is  an  infinity  of  a  higher  order 
than  its  logarithm. 
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111.]  Evaluation  of  functions  which  for  particular  values 
assume  the  indeterminate  form  0  x  oo  . 

Let  f{x)  and  <^(a?)  be  two  functions  of  x  which  respectively 
become  0  and  oo  ,  when  x  =^  Xq,  then  their  product  may  be  put 
under  the  form 


fi  which  =  g,when^  =  .'o. 


4>{x) 

and  may  be  evaluated  according  to  the  method  of  the  last  two 
Articles. 

Ex.  1.         Evaluate  e"'  log  a?,  when  a?  =  oo  . 

C-'  logo?  =  — ^  =  ^ ,  when  ^  =  oo , 


00 

1 


=  0,  when  ^  =  oo ; 


xe^ 

.'.     €"'  logo?  =  0,  when  a?  =  oo  . 

Ex.  2.        Evaluate  x^  log^,  when  a?  =  0. 

,              loff^             1              ^'*        ^     1 
a;*  logo?  =  — ^  = =  =  0,  when  a?  =  0 : 

.-.     a?"  log  a?  =  0,  when  x /=  0. 

112.]    Evaluation  of  functions  which  for  particular  values 
assume  the  form 

00  —  oc. 

Let  f(x)  and  <l>{x)  be  two  functions  of  x^  which  =  0  when 

X  =  ^0,  in  which  case  ^ ,  .   and  ^.  .  are  both  =  ao ;  then 

f{x)  <p(x) 

_J }_  _  <^(^o)-/(^o)  _  0 

/(^o)        4>(^o)         </>(^o)/(a^o)         0' 

and  may  be  evaluated  as  heretofore. 

2  1 

Ex.  1.         Evaluate  -= — =- =-,  when  x  =  I. 

x^  —  1       X — 1 

—  =  R>  when  a?  =  1, 


^2  —  1      x-l  x^-l  0 


-7z —  =  —  ^,  when  0?  =  1. 
2x  2 
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Ex.  2.        Evaluate  sec «— tana?,  when  a?  =  ^. 

seco?— tanj?  =  00  —  00,  when  w  ss  -, 

_  1  — sind?  __^  0 
"~     coso?     ~  0' 


•     ■     • 


=  ; —  =  0,   when  a?  =  - . 

—  sin  d?  2 

Therefore,  when  x  ss  -,  secx  and  tan;r  are  either  absolutely 

equal,  or  differ  by  a  quantity  which  must  be  n^lected  in  their 
algebraical  sum. 

Ex.  3.         Evaluate  5 = ,  when  z  =  1. 

logo?       logo; 

1  X  1— a?       0       1.  1 

—  "~  s  >  when  a?  =  1, 


logo?       log  or       logo?       0 

=  —  0?  =  —1,  when  X  =z  1. 


Section  3. — EvalwUion  of  Explicit  Functions  of  a  single  vari- 
able, which  for  particular  values  assume  the  forms  0^,  00^, 
1«,    0*. 

113.]  hetfix)  and  <l>(x)  be  two  functions  of  x  which,  when 
X  =  xo,  assume  such  values  that  f(xo)*^'^^  is  of  one  or  other  of 
the  above  forms. 

Let  y  =  /W*<'>, 

.  • .       loge  y   =   fl>{x)  logefix)  ; 

and  as  logf{x)  has  singular  values  when  f(x)  =  0,  or  =  1,  or 
=  00 ,  we  may  express  the  last  equation  in  the  form 


1  logtf/(^) 


<t>{x) 
which,  for  the  particular  value  of  Xq^  will  be  of  the  form  5  or 


00 


^ ,  and  may  be  evaluated  according  to  the  methods  explained 

in  the  last  Section. 

Ex.  1.        Evaluate  a?',  when  a?  =  0. 

Let         y  =  x^,  .;.     log^y  =  x  log^a?; 
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and  by  Artide  111,  Ex.  2, 

.•,     y  =  a?*  =  1,  ^hen  X  =  0. 
Ex.  2.         Evaluate  xx,  when  a?  =  oo  . 

X 

Let  y  =  a?«, 

.-.     logy  =  -^  =  ^,  when  x  =  m; 

—  ~"  — •  "•  •     •     •     • 

.•.     y  =:  ^i  =  1,  when  a?  =  00  . 
Ex.  8.        Eralnate  (1  +  ax)»,  when  x=iO,  and  when  ^  =  oo  . 

6 

Let  y  =  (l+a4?)jr, 

...    logy  =  *i2iil±£^  =  0    ^hen  *  =  0, 

=  aOf  .     .     •     . 


1+fiur 


6 

.     y  =r  (1  +  a^)*  =  ««*,  when  j?  =  0. 


A     •  1  bios  (1+ ax)        00      1. 

Agam,  logy  =  — 2J__L — i  =  ^ ,  when  ar  =  oo , 


a6 


1  +  a^ 


=  0,  when  a?  =  oc , 


6 

.-.  (l-^ax)*  =  1,  when  a?  =  oo  . 


Section  4. — Evaluation  of  Functions  of  two  variables^  which  for 
particular  values  of  the  variables  assume  indeterminate  forms. 

114.]    Let  t«  =  F(a?,  y)  =  c;  whence  we  have 


^=  _ 


dx  /OF 


© 


Suppose  that  xq  and  yo  are  values  of  x  and  y,  which  simul- 
taneously  satisfy  the   given   equation,    and   are   such    that 
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(£)  =  ^'  (§)  =  °'  *^*"  2  "  **^  *^*  ^**™  0'  ""^  °"** 
be  evaluated  according  to  the  methods  explained  above,  by 
taking  the  total  differentials  of  the  numerator  and  of  the 
denominator;  thus 

and  if  the  second  partial  derived-functions  vanish  for  the  par- 
ticular values^  then  we  must  differentiate  again  numerator  and 
denominator,  and  so  on  until  the  definite  result  is  arrived  at ; 
but  as  the  process  in  its  most  general  form  will  have  a  closer 
consideration  in  a  future  part  of  the  work^  we  will  now  do  no 
more  than  give  some  examples  illustrative  of  it. 

Ex.  1.        To  find  the  values  of  ^ ,  when  ^  =  0  and  y  =  0, 

having  given      ^^^,  ^^  ^  ^^,  _  ^s  _  j^.  =  0 ; 

Taking  the  total  differentials  of  the  numerator  and  denomi- 
nator, and  di\dding  by  dx^ 

dy      6a?  4-  26         b 


dx      -    dy  dy 

a>x  ax 


y  when  a?  =  y  =  0 ; 


^dx'        a  dx        ^    ^af 


Ex.  2.         To  determine  the  values  of  -—- ,  corresponding  to 

«r  =  0  and  y  =  0,  having  given 

x^  -I-  ay3  _  2  axy^  -  3  ax'^y  =  0. 
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Differentiating  as  before,  we  find 

I2x^-4ay^-6ay-6ax^ 
=  J  ,    =  9   whena?=y=0. 

And  here  it  is  to  be  remarked;  that  in  the  next  differentiation 

^  is  to  be  considered  constant;  for  although  -p-  may  have 

many  values  corresponding  to  the  particidar  values  of  x  and  y, 
yet  these  values  do  not  vary  with  small  variations  of  x  and  y, 
and  therefore  are  to  be  considered  invariable  when  x  and  y 
are  differentiated. 

ay  __  dx^ dx dx 

dx  ~   ^         .     dy        .     dy      ^    dy^ 


6a  +  Sa^-6apl 
dx  dx^ 

multiplying  and  reducing^ 

dx^        dx^        dx         ' 

.-.    -r^  =  0  and  =  8  and  =  —1. 
dx 

A  method  similar  to  the  preceding  must  be  employed  when  the 

values  of  the  variables  render  y-^j  =  00 ,  and  (-r-j  =  00  . 


c  c 
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CHAPTER  VI. 


ON   EXPANSION   OF   FUNCTIONS. 


Section  1. — On  Functions  of  one  Variable, 

115.]  Th£  Theorems  of  Chapter  IV  afford  rigorous  proob 
and  limits  of  application  of  Taylor's  and  Maclaurin's  Theorems, 
of  the  truth  of  which  little  more  than  a  favourable  presump- 
tion can  be  raised  from  what  is  said  in  Chapter  III. 

On  referring  to  Art.  17,  equation  (3),  and  to  Art.  18,  equa- 
tion (6),  it  will  be  seen,  that  if  dx  be  an  infinitesimal  increment 

of  ar, 

t{x  +  dx)  —  t(x)  =  v'{x)dx,  (1) 

But  if  A  ^  or  (as  we  shall,  to  preserve  an  uniform  notation, 
write)  h,  be  finite,  see  Art.  18, 

r{x  f  A)  —  ¥(x)  =  r'{x)  h  -f  Ri,  (2) 

writing  Ri  for  rA  ;  Ri  being  therefore  a  function  of  h,  which 
must  be  neglected  when  h  is  infinitesimal,  but  has  a  value  finite 
and  to  be  determined  when  h  is  finite.     Or,  in  other  words. 

Given  that  f{x)  is  continuous  and  finite  for  all  values  of  x 
between  x  and  x  -\-  h,  it  is  required  to  expand  p(ar  -f  A)  in  a 
series  of  ascending  powers  of  h. 

We  may  also  thus  arrive  at  the  equation  (2)  above. 

If  f^(x)  docs  not  vanish,  and  remains  finite  and  continuous 
for  all  values  of  x  between  x  and  x  +  h,  then  by  equation  (21), 

Art.  101,  p^^  -f  A)  -  F(^)  =  h¥\x  4-  Oh), 

which  may  be  written  in  the  form 

T{X  +  A)  —  F{x)  =  hF{x)  -h  Rj. 

We  proceed  to  determine  Ri  : 

Ri  =  f{x  +  A)  —  f{x)  —  hF^(x), 
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therefore  Bi  is  a  function  of  h  which  is  equal  to  0^  when  A  =  0; 
also  . 

-^  =  /(a?  +  A)  -  /(j?)  =  0,  when  A  =  0, 

^  =  F"(a?  +  A),  (3) 

which  does  not  vanish  when  A  =  0. 

Now  by  Theorem  V,  Art.  100,  it  appears  that,  If  /(A)  is  a 
function  of  h,  which,  as  well  as  all  its  derived-functions  up  to 
the  nth  inclusively,  is  finite  and  continuous  for  all  values  of  A 
between  0  and  A;  and  if,  in  addition,  /(A)  and  its  derived- 
functions  up  to  the  (n— l)th  vanish  when  A  =  0,  then 

A^ 
Accordingly  r^  =  _  r"(x  +  Oh),  (4) 

and  substituting  this  value  in  equation  (2)  above, 

T(x  +  A)  =  p(a?)  +  hT^(x)  +  ^  P"(^  +  Ok),  (5) 

which  may  be  written  in  the  form 

A* 
F(a?  +  A)  =  Fix)  +  A /(a?)  +  j-^  f"(j7)  +  Ha. 

A* 
Whence  Ba  =  F(jr  +  A)  -  r{x)  -  hr'(cc) -j-^  p"(j?)  ;  (6) 

and  therefore  Bs  is  a  function  of  A,  which  vanishes  when  A  =  0; 

and  its  1  st  derived  -rr  =  F'(4?-f-  A) — F'(a?)  — Af"(j?) =0,when  A=:0; 

ah 

and  iU  2d  derived  ^^  =  /'(ar  +  A)  -  f"(j?)  =  0,  when  A  =  0; 

oA* 

and  its  8d  derived  --=^  =  F'"(a?  +  A), 

and  which  therefore  does  not  vanish  when  A  =  0.     Hence,  in 
accordance  with  the  Theorem  V,  Art.  100,  cited  as  above, 

112  =  1^  F^'C^  -f  Oh),  (7) 

c  c  2 
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subject  to  the  couditions  that  i^{x\  i^'(^),  ^"(»)  are  om- 
tinuoos  and  finite  between  the  assigned  limits.  SubstitatiDg 
this  value  of  B|,  we  have 

F(*  +  A)  -  r(x)  -  hi^ix)  -  ^  i^'ix)  =  ^  r'ix  +  eh); 

and  continuing  in  the  same  manner^  if  all  the  derived-fimctions 
of  r(x)  are  finite  and  continuous  between  the  assigned  limits 
up  to  the  nth  inclusively^  we  have 

Hr  +  A)  -  F(.)  -  /(*)  J  -...  -  YJj^^y  '-H*) 

h" 

F*(dr  +  6h); 


1.2.3...fi 
and  therefore 

h  A'  A' 

r(x  +  A)  =  r(a^)  +  r^C^)  j  +  p"(^)  j-g  +  •"(ar)  ^jg^  +  ... 

-  +  '-"<'>  1.2.8^(1-1)  -^  i:2fci  '-<-^  +  ^*>-  ^«> 

This  expression  then  gives  the  equivalent  of  f(^  +  A)  in  terms 
al  a  series  of  ascending  powers  of  h,  and  the  conditions  under 
which  it  has  been  formed  shew  in  what  cases  the  expansion  is 
possible. 

116.]  In  equation  (8)  the  equality  of  the  two  members  is 
perfect^  and  the  development  may  be  considered  as  completely 
effected^  except  so  far  as  some  indeterminateness  arises  firom 
the  nature  of  6^  to  which  quantity  a  specific  value  cannot  be 
assigned.  It  was  however  before  shewn  that  it  must  be  some 
positive  and  proper  fraction;  and  sometimes,  if  the  series  be 
what  is  called  Convergent,  when  n  is  very  great,  the  last  terms 
and  their  sum  become  infinitesimal,  and  we  must  neglect 

B*  (j?  4-  Oh), 


1.2...n 
and  may  write 

T(x  +  A)  =  F(a?)  +  P'(a?)  J  +  F"(a7)  ^  +  (9) 

in   which   incomplete   form    the    series    was    first    given   by 
Dr.  Taylor,  and  now  generally  bears  his  name. 


^  - 1      119.]  maclaurin's  series. 


u. 


^ 


1 


197 


117.]  In  equation  (8)  let  a?  =  0 ;  that  is,  let  us  consider  the 
function  for  aU  values  of  the  Tariable  between  0  and  h ;  and  let 
us  write  x  for  h,  remembering  that  x  is  the  superior  limit; 
whereby  the  conditions  are,  that  none  of  the  functions  or 
derived-functions  are  infinite  or  discontinuous  for  any  value  of 
X  between  0  and  x ;  then 

Hx)  =  F(0)  +  /(O)  I  +  f"(0)  ^  + 


a?"-!  a?" 


+  ^'"^(Q>  1.2.3 ...(n-l)  +  T2j:rn  •'"(^^>'       ^^^> 

this  is  Maclaurin's  Theorem,  of  which  an  imperfect  proof  was 
given  in  Art.  54;  and  it  accordingly  appears  that  it  is  only  a 
particular  case  of  Taylor's.  Many  examples  of  both  series 
having  been  given  in  Chapter  III,  it  is  unnecessary  to  add 
others.  Of  the  general  series  (10)  however  the  following  are 
particular  instances : 

Let  n  =  1,  then  r(x)  =  p(0)  4-  xr\ex).  (11) 

c'  — 1 
Thus  '  - 


e'  =  1  4-  ^e^"", 

a                             __ 

'     _    p0X  . 

X 

—   c      , 

sino?  =  ^cos^j?. 

sin«r 

=  cos  Ox; 

X 

X 

1  «.\  — 

118.]    If   the    series  (10)   be    such    that,    as  n  increases 
v^{dx)  becomes  infinitesimal,  then 


j?» 


1.2.3.. .n 


x^    „  .^.         x^ 


F(X)  =  F(0)  +  ^P'(O)  +  j^  F"(0)  +  j^  f'"(0)  + (12) 

that  is,  the  limit  of  the  sum  of  the  second  member  of  the 
equation  is  f(^). 

119.]    Again,  in  equation  (8),  Art.  115,  for  h  write  a— a?,  then 
)         1(a)  =  F(a?)  +  (a-^)  f'(^)  +  -f|^  ^\x)  +  


(a     XY pn-l/^)    .     ^^     ^^'^   pn  (^  ,  ^  ia-x)\.  (13) 

^  1.2.3...  (n-1)         ^^  ^  1.2.3...n      t'^"^^^"    '^^^  ^     ^ 
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For  X  write  a^  and  for  a  write  x : 

F(^)  =  P(a)  -I-  (a?-fl)  /(a)  +  ^^^  p"(a)  + 


the  superior  and  inferior  values  of  x  in  this  case  being  re- 
spectively X  and  a ;  so  that  it  is  for  aU  values  of  x  between  these 
limits  that  the  conditions  are  to  be  satisfied. 
As  particular  cases  of  the  formula  we  have 

y{x)  =  f(a)  +  (x^a)  p'{a  +  ^(^— a)},  (15) 

p(^)  =  F(a)  +  (a7-a)  /(a)  +  ^^^  F"{a  +  ^(^-«)}.    (16) 

As  an  example  of  equation  (14)^  let  f(^)  =  log^^. 

^— a      1  /J?— a\*      1  /a?— fl\* 


•••     log^  =  logfl  +  -^ _(___)+_(__)_ 


^     ^       n-1  V    a    >       ^     '       n\a  +  d(x-ay      ^    ' 

Other  and  important  applications  of  this  series  wiU  be  given  in 
future  parts  of  the  work. 

120.]  Hence  it  appears  that  if  we  stop  at  the  nth  term  of 
Taylor's  Series,  and  neglect  to  take  account  of  all  terms  after 
it,  the  error  committed  by  so  doing  is 

y       ^(j^  +  eh)}  (18) 

and  as  0  lies  between  0  and  1,  the  error  lies  between 


1.2. 3. ..71 


{F'»(<r)  and  F''(.r-f  A)}. 


Similarly,  if  we  stop  at  the  nth  term  of  Maclaurin's  Series, 
and  do  not  take  account  of  the  terms  after  it,  the  error  is 

^'*        F"((9^).  (19) 


1.2.3. ..n 


The  expressions  (18)  and  (19)  are  known  by  the  names  re- 
spectively of  the  limits  of  Taylor's  and  Maclaurin's  Theorems. 
See  Art.  55  and  67. 
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The  series  established  in  the  last  Article  enables  us  to  put 
the  limit  of  Taylor's  Series  under  another  form  which  is  some- 
times convenient. 

Let  us  represent  the  last  term  of  (14)  by  <^(a) ;  so  that 

*^''^  =  rS?i  ""*  {«+^(^-«)},  (20) 

.-.     r(x)  =  P(a)  +  ^  /(a)  +  ^^^  /'(a)  + 

+  1.2.3  ...(n-l) '""<">  •^'»<°>- 

Differentiate  this^  making  a  the  variable,  and  we  have 

It  is  plain  firom  (20)  that  (f>{x)  =  0;   therefore^   writing   in 
(15)  <l>  for  F,  we  have 

4>(a)  +  (^— «)  <^'  {a4-^i(^— a)}  =  0, 
^1  being  different  firom  0  in  (20) ; 

.-.     <l>{a)  =  -(^-a)<^'{a  +  di(a?-a)}.  (22) 

In  (21)  for  a  write  a  +  Oi  (a?— a),  and  we  have 

whence^  by  elimination  between  (22)  and  (28), 

and  substituting  in  (14)  this  particular  form  of  the  remainder^ 
we  have 

P(^)  =  F(fl)  +  ^  F'(a)  +  ^^g^'  F"(«)  +  


Substituting  in  this  series  a  + A  for  a:,  and  subsequently  writing 
X  for  a,  we  have 


200  EXPANSION  OF  FUNCTIONS.  [ill. 


The  corresponding  expression  for  the  remainder^  in  Madauriii's 
Series^  is 

Two  examples  of  the  remainders  of  series  in  these  forms  are 
subjoined. 

Ex.  1.         F(a?)  =  a*,         .-.     p"(a?)  =  a*(logea)", 

* 

and  therefore  the  sum  of  all  the  terms  after  the  nth  in  the 
expansion  of  a*  is 

1.2.3...  (n-1)^^^ 
Ex.  2.        v{x)  =  sinmjT,         .*.    p"(a?)  =  m'sin  (»ia;+ii^); 
.'.     the  sum  of  all  the  terms  after  the  nth  of  sinm(x+A)  is 

T2:3-7(;rrT)-«°l'»(^+'''^)  +  "2;- 

121.]  In  these  last  Articles  we  have  frequently  used  the  ex- 
pression "finite  and  continuous  for  all  values  of  x  between^' 
certain  limits;  now  although  we  cannot  tell  all  the  cases 
wherein  these  conditions  are,  and  are  not  fulfilled,  for  a  com- 
plete knowledge  of  all  functions  and  all  their  properties  would 
be  necessary  to  our  doing  so,  yet  we  do  know  certain  cases 
where  they  are  not  satisfied;  these  we  purpose  to  discuss 
briefly.  In  them  Taylor's  and  Maclaurin's  Series  are  said  to 
fail,  which  is  surely  an  incorrect  term,  for  we  are  endeavouring 
to  bring  all  fimctions  within  a  particular  formula,  which  is  true 
only  of  some  ;  that  is,  we  are  trying  to  make  that  which  is  true 
only  when  certain  conditions  are  satisfied,  comprise  all,  whether 
such  conditions  are  fulfilled  or  not.  We  shall  omit  the  consider- 
ation of  discontinuous  functions,  as  such  are  excluded  by  their 
very  forms,  and  confine  our  attention  to  those  which  for  par- 
ticular values  of  the  variable  become  infinite,  and  on  that  ac- 
count fail  to  satisfy  the  requisite  conditions. 
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First  let  us  consider  Taylor's  Series.  To  develope  ¥(x  -\-  h) 
to  n  +  1  terms,  or  so  that  the  last  term  of  the  series  may 
comprise  the  sum  of  all  the  terms  after  the  nth,  and  be 

it  is  necessary  that  ¥{x),  and  all  its  derived- functions  up  to 
r*(ar)  inclusively,  should  not  be  infinite  for  any  value  of  x  between 
X  and  X  +  h.  Now  let  the  effects  of  differentiation  on  func- 
tions be  observed;  (1)  that  all  rational  and  integral  functions 

p 
of  X,  and  all  functions  of  the  form  x**  -\-cx-'^  4-  ex<i  are  lowered 

one  dimension  by  it,  and  that  therefore,  if  n  be  positive  and 
integral,  the  nth  derived-function  of  x^  is  a  constant,  and  the 
(»  -h  l)th  is  zero;  that  however  many  times  x^^  be  differ- 
entiated, the  result  is  never  zero,  but  that  the  negative  expo- 
nent is  increased ;  that  if  -  be  a  fraction  proper  or  improper, 

some  derived-function  of  it,  sooner  or  later,  has  a  negative 
exponent,  and  therefore  some  power  of  x  appears  in  the  de- 
nominator; (2)  that  if  e^^'^  be  a  factor  of  the  original  func- 
tion, it  is  also  a  factor  of  every  one  of  the  successive  derived- 
functions. 

Excluding  all  consideration  as  to  values  outside  those  for 
which  the  series  is  applied,  let  a  be  a  particular  value  of  x 
within  them;  and  suppose  that  when  x  =  a,  r'*{x)  is  finite, 
but  7"'^^(;r)  is  infinite:  then  it  is  plain  that  some  factor  of  the 
form  X  —  a  must,  in  passing  from  ¥^{x)  to  F'*+^(a?),  have  been 
introduced  into  the  denominator;  and  therefore,  as  far  as 
the  above  remarks  go,  there  must  have  been  in  the  original 

function  a  factor  of  the  form  {x—a)     g,  where  m  is  an  in- 

t^ral  and  positive  number,  and  -  is  a  proper  fraction.    And  if 

the  primitive  and  all  its  derived-functions  are  infinite,  when 
d?  =  a,  there  must  in  the  original  function  have  been  a  factor 
of  the  form  (a:— a)~"*. 

Hence,  in  the  latter  case,  the  theorem  of  Taylor  is  not  ap- 
plicable at  all  for  values  which  include  x  =  a;  and,  in  the 
former  case,  suppose  we  have  to  expand 

T(x)  =/(a7)  +  (x^af^^  <l>(x), 

Dd 
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in  which  neither  f{x)  nor  <^(a?)  involve  factors  of  the  form 
X  —  ay  then  all  the  derived-functions  up  to  p*(a?)  will  be  finite^ 
when  X  =  ay  but  the  subsequent  ones  will  be  infinite ;  the  ex* 
pansion  therefore  must  not  be  carried  beyond  the  mth  term, 
but  the  addition  of 

will  make  the  equation  exact. 

Suppose^  for  instance,  that  it  is  required  to  expand  F(ii-f  A), 

having  given  . 

y{x)  =  j7*  -i-  (o?— a)«^  sin  J?; 

then  a  is  the  least  value  of  x  for  which  the  function  is  con- 
sidered, and  a  4-  A  is  the  greatest ;  and 

F'(.r)  =  4a''  +  ^  (a^— fl)^  sin j:*  -f  {x^ay  cq%x, 

y'\x)  =  12j?2  ^  — -(^7— a)*sinj7  +  5(j?— a)*cosa?— (a?— a)*sin.r. 

I 

But  if  we  form  i^"{x),  it  involves  (a?— a)T,  which  becomes  in- 
finite when  d7  =  a,  and  therefore  fails  to  fulfil  the  conditions 
under  which  equation  (8)  has  been  determined  :  therefore,  in 

this  case^ 

h  K^ 

Y{x  +  A)  =  F(.r)  -h  J  y\x)  -h  Y2  ^"(-^  +  ^^^^ 

and  substituting  the  specific  values  above  given,  and  putting 
X  •=.  ay 

F(a  +  A)  =  a*  +  4a'^  +  ^  {12(a  +  Qhf 

-f  -^  (^A)*8in(a  +  ^^)  +  5(^A)'co8(a4-^/0-(^A)*sin(a-f^^)}, 

B  being  a  positive  and  proper  fraction.  On  inspection  it  is 
plain  that  the  first  three  terms  of  the  series  are  correct  terms 
of  the  expansion  of  (a-fA)*,  and  that  they  might  have  been 

carried  further;  and  that  the  last  three  express  (a:*— a)* sin .r, 
when  j7  =  a  -j-  ^. 

Now  observing  that  the  three  last  terms  involve  A*,  we  have 
a  good  illustration  of  the  reason  why  Taylor's  Series  "  fails ;" 
viz.  because  we  are  attempting  to  expand  by  a  formula  which 


121.]  FAILURE  OF  MACLAURIN'S  SERIES.  203 

mTolyes  only  int^ral  powers  of  h^  a  function  which  in  its  de- 
▼dopment  requires  fractional  powers.  Another  and  perhaps 
better  illastration  is  the  following:  Let  us  consider  the  case 

of  (j?*— a*)*,  which  is  to  be  developed,  when  a?  =  a  +  ^  so 
that  the  original  function  =  0  when  x  =^  a,  and  the  first- 
derived  is  oo ;  but  as  the  function  may  be  written  in  the  form 

(a*— a)*(jr4-fl)*,  this  becomes,  when  j?  =  a  4-  A,  0(2a  +  A)*, 
the  second  £actor  of  which  may  be  developed  in  the  ordinaiy 
way,  and  thereby  the  whole  development  will  consist  of  terms 

of  the  powers  of  h  whose  exponents  are  of  the  form  w  4-  ^ , 

II  being  a  whole  number. 

Similarly,  if  the  original  function  has  factors  of  the  form 
(JT  — a)-*,  that  and  all  its  derived-functions  are  infinite  when 
X  =  a.  Thus  suppose  we  have  to  develope  by  Taylor's  Series, 
whenar  =  a  +  A,  ^.^^ 

this  and  all  its  derived-functions  become  infinite  when  .r  =  a ; 
but  the  fiinction  may  be  written  in  the  form 

1      sin^ 


x—a  x-\'a 

the  first  factor  of  which,  when  x  ^  a  -{■  h,  becomes  t  ,  and  the 

second  fulfils  the  conditions  of  Taylor's  Series  and  may  be  ex- 
panded in  the  ordinary  way;  but  the  resulting  development 
will  have  at  least  one  term  involving  a  negative  power  of  h, 
which  indicates  the  cause  of  the  failure,  viz.  that  the  function 
does  not  admit  of  development  in  ascending  integral  and  posi- 
tive powers  of  A,  which  alone  is  given  by  Taylor's  Theorem. 

Secondly,  as  to  the  failure  of  Maclaurin's  Theorem.  There 
are  two  cases  corresponding  to  those  above  discussed ;  one  when 
the  original  function  involves  factors  of  the  forms  x'^  and 

x'^'^q,  the  former  of  which  is  always  infinite  when  ^  =  0,  that 
is,  at  the  lower  value  of  x,  and  the  latter  of  which,  when  difler- 
entiated  more  than  m  times,  will  have  negative  indices,  and 
thereby  will  be  infinite  when  :r  =  0.  And  another  case  is 
f{x)  =  logJ7,  which  =  00  when  a?  =  0,  and  so  do  all  its  suc- 
cessive derived-functions. 

D  d  2 
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Also^  if  the  function  to  be  expanded  by  Maclaurin's  Theorem 
be  , 

I 
as  €~x*  and  all  its  derived-functions  vanish  when  j?  =  0,  the 

development  of  f(x)  will  be  that  of /(a?)  alone^  and  therefore 

I 
will  be  inexact  {or  f{x)  -{-  e~^;  the  reason  of  the  inexactness 

I 
being  that  e~^  does  not  admit  of  development  into  a  series 

of  ascending  integral  and  positive  powers  of  a:,  which  alone 

Maclaurin^s  Theorem  gives. 

There  may  also  be  many  other  functions  which  are  not 
capable  of  development  in  the  form  of  Taylor's  Series,  and 
therefore  the  student  must  be  on  his  guard  against  attempts  at 
development  in  a  form  not  suited  to  the  function ;  and  the  above 
remarks  must  be  considered  as  general  hints  rather  than  as  a 
secure  and  scientific  enumeration  of  cases  of  applicability  and 
non-applicability;  the  latter  is  beyond  our  knowledge^  and  there- 
fore with  the  former,  however  incomplete,  we  must  be  content. 

We  have  treated  thus  at  length  of  the  cases  where  Taylor's 
and  Maclaurin's  Theorems  fail,  because  some  foreign  and  most 
English  writers  have  attempted  to  raise  the  Differential  Cal- 
culus on  them  as  its  basis.  As  far  as  they  are  applicable, 
reasoning  founded  on  them  may  be  correct ;  but  since  they  are 
not  universally  so,  it  is  objected,  and  validly  objected,  that  the 
basis  of  the  Calculus  is  confined  within  limits  narrower  than  is 
necessary.  And  no  criteria  are  known  for  determining  whether 
functions  can  be  expanded  in  their  forms  or  not,  before  such 
principles  of  continuity,  as  those  which  we  have  made  funda- 
mental, have  been  elucidated;  on  the  expansion-principles 
therefore  we  are  left  to  grope  our  way  in  the  dark,  being  un- 
certain whether  the  matter  which  we  are  discussing  is  within 
their  comprehension  or  not. 


Section  2. — On  Functions  of  two  or  more  variables. 

122.]  Let  r{a^,y)  be  a  function  of  ^,  y;  our  object  is  to 
find  the  value  of  v(x  -{-  h,  y  -\  k),  in  ascending  powers  of  h 
and  k,  ¥{x,  y)  and  all  its  derived-functions  being  finite  and  con- 
tinuous for  all  values  of  the  variables  between  x,  y  and  x  -\-  h, 
y  -\^  k,  h  and  k  being  finite  increments  of  x  and  y. 
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Let  us  consider  the  finite  increments  of  x  and  y  to  be  A/  and 
kt,  so  that  ultimately  they  may  be  reduced  to  h  and  k  by 
putting  /  =  1 ;  our  object  is  to  expand  F(d7  -{-  ht^  y  +  kt), 
which  we  will  consider  to  be  a  function  of  t^  so  that 

/(/)  =  F(^  +  A/,  y  +  */),  (28) 

and  therefore  /(O)  =  Y{Xy  y).  (29) 

Then,  by  series  (10),  Art,  117, 

/(/)  =/(0)  -h  //'(O)  +  /ir  (0)  -, ...  -h  j^^^f^ 

^"    f-m.    (30) 


•    1.2.8,..n 
To  calculate  the  several  derived-fanctions  of /(/) ;  let 

X  -{•  ht  ^  X,  .-.     -i7  =  A; 

at 

y  +  kt  =  t^,  ^  =  *; 


(81) 


we  hare 


=  O  *  +  (0)  *< 

and  observing,  by  (31),  that,  when  /  =  0,  j/  =  ^  and  j^  =z  y, 

Similarly, 

rf»p\  rf/» 

remembering  that  /  is  equicrescent,  otherwise  equation  (30) 
would  not  be  true ; 
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rm  -  ©  »•+»  (A) '"+'  (^)  ^"^  ©  •* 


(85) 


/■(0..©»"+.(^)*"-* 

n(«-l)  /      rf»F      V  , 

^      1.2      \rf«-»rfy«/  + 

And  mbstitatiiig  these  values  in  the  eqoation  above,  we  have 


ly  +  ekt,  ) 


the  meaning  of  the  notation  in  the  last  line  being,  that  x  and  y 
are  to  be  replaced  by  ^  +  Ohty  y  4-  Okt,  in  the  coefScient  of  /"; 
let  /  =  1^  whence 

F(«  +  »,!,  +  »)  =  F(.,J,)  +   (g)  *+    (^)  * 

^m{©*'+'(^)*-*- } 

+ 

+  L2:§:3{©*"+"(5i£?^)  *"■'*  + 

(37) 


Xy  +  fl*.  J 
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Ex.  1.         Griven  that  r(x,  y)  =  a;^{a-\-y)^,  it  is  required  to 
find  (w  +  A)«  (a  4-  y  +  *)». 


:g)  =  2.(a+.)»    ©  =  2(«+.)3       (g) 


rf»F 


whence,  substitutii^  in  equation  (37) 

(X  +  A)«  (o  +  y  +  *)»  =  J^(a  +  y)' 

+  1  (2x(a+y)»A+8j?»(o+y)»AJ 
+  Y^  |2(a+y)»A«+12a?(a+y)»A*+6a^(a  +  y)A*]- 
+  j^  |l8(a+y)«A«*+36jr(o+y)M«  +  6«»A»  } 


["3- 
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138.]    Ifitb9  required  to  expand  v(«  +  A,y  +  ifc^jr  +  I 
then,  by  a  nmilar  prooeu,  we  have 

F(*  +  *,!f +  *i^  +  ' )  =  »(*>y»^ ) 

-{(S)*+0»-(£)'- } 

-rAO^-0>* 

•■■+>(^)»'"+ } 

+ 


<Z  +  0l, 


•       •       • 


(38) 


replacing  d?,  y,z ..,  in  the  last  term  by  j^  +  ^A,  y  +  ^A:,  z  +  d/,  ... 
As  the  equations  (37)  and  (38)  stand  at  present^  each  side 
is  exactly  equal  to  the  other;  but  if  we  can  assure  ourselves 
that  as  n  increases  without  limit,  each  term  of  the  remainder 
decreases  without  limit,  then  the  remainders  may  be  neglected, 
and  the  equations  will  be  modified  accordingly. 

Ex.  1.         If  p(«,y,  z)  =  Ao?*  4-  By*  -f  c^  -h  2Ts^yz  -f  2Gj?;r 
4-  2H«y  +  k;  it  is  required  to  expand  p(^  +  ^,  y  +  *,  ^  +  /). 


(^)  =  2AJ7  +  2o^  +  2Hy, 
(^)  =  2By  +  2BZ  +  2Ha:, 
{-£)  =  2cz  +  2Ey4-2oa7, 


(0)  =  »■■ 


(S)  =  ^«. 


I  ^*^  \   —  9 
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.-.  p(j?-^A,y-f  it,j2r+/)=rAa7*4-By*4-cxr*-|-2By;2r4.2Gira?-f  2Ha?y4-K 

-f  Y  |(2Aa?4-2GJ2r-f  2Hy)A  -f-  (2By  +  2EZ  +  2Ha?)A: 

4-  (2cxr-|-2Ey  4-200?)/  > 

+  r-^  |2AA«  +  2BA:2  4-2c/2  4-4EA:/+4oM-f 4hAA:|  . 

124.]    If  in  the  preceding  formula  (37)  we  make  o?  =  0^ 
^  =  0,  and  then  change  h  and  k  into  x  and  y,  we  have 

+ 


where  we  have  to  replace  x  and  y  by  the  value  0  in  all  the 
partial  derived-functions^  except  in  those  of  the  last  term^  where 
they  are  to  be  replaced  by  Ox  and  Oy ;  and  if  this  last  term  de- 
creasea  without  limits  as  n  increases  without  limits  then  the 
remainder  may  be  neglected^  and  the  series  may  be  written 
without  the  last  term.  Similarly  may  fimctions  of  more  than 
two  variables  be  expanded  in  ascending  powers  of  the  vari- 
ables. 


X  e 


210  MAXIMA  AND  MINIMA  OF  [125. 


CHAPTER  Vn. 

ON   THE   DETERMINATION   OF   MAXIMA   AND    MINIMA 

VALUES   OP   FUNCTIONS. 

125.]  Consider  a  function  of  a  single  variable  ^;  and,  to  fix 
our  thoughts,  let  the  variable  continuously  increase,  then  the 
corresponding  variation  of  the  function  need  not  always  be  one 
of  increase  or  of  decrease,  but  it  may  increase  up  to  a  certain 
value  and  afterwards  decrease,  or  vice  versd.  In  the  former  of 
these  two  cases,  at  the  value  of  the  variable  when  the  function 
ceases  to  increase,  it  has  attained  a  greatest  value,  or  what  is 
technically  called  a  mcuvimum  state ;  and  in  the  latter  it  reaches 
a  least  or  minimum  state ;  such  singular  conditions  of  a  func- 
tion the  principles  of  Chapter  IV  enable  us  to  determine.  And 
we  define  as  follows : 

Def. — ^A  particular  value  of  a  function,  which  is  greater  than 
all  its  values  in  the  immediate  neighbourhood,  that  is,  when 
the  variables  are  infinitesimally  increased  or  decreased,  is  sidd 
to  be  a  maximum.  And  the  particular  value  which  is  less  than 
all  its  immediately  adjacent  ones,  is  called  a  minimum. 

Maxima  and  minima  are  therefore  terms  not  used  absolutely, 
but  in  reference  to  the  values  of  the  functions  immediately 
adjacent  to  those  to  which  the  names  are  applied. 

As  a  simple  illustration,  consider  sin  x ;  and  let  the  radius  of 
the  circle  be  unity,  then,  when  the  arc  =  0,  the  sine  =  0 ;  but 

as  the  arc  increases  up  to  ^ ,  the  sine  increases  and  at  last  be- 

comes  1,  which  is  its  maximum,  for  as  the  arc  becomes  larger 
the  sine  becomes  smaller,  and  continually  decreases,  passing 

through  0  when  the  arc  =  tt,  until,  when  the  arc  =  -^,  the 

sine  =  —  1 ;  after  which  it  continually  increases  until,  when 

577 

the  arc  =  -^- ,  the  sine  =  -f  1 ,  which  is  a  maximum,  and  so  on. 

Thus  as  the  arc  increases,  the  sine  periodically  attains  to 
maxima  and  minima  values. 
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Section  1. — On  Maxima  and  Minima  of  Explicit  Functions 

of  One  Variable. 

126.]  Let  y  z=  v(x)  be  the  function  of  which  the  maxima 
and  minima  are  to  be  investigated. 

From  the  definition  it  is  plain  that  if^  as  ^  increases  up  to  a 
certain  value  Xq,  v(x)  increases^  and  afterwards  as  x  increases^ 
v(x)  decreases,  then  v(x)  has  attained  a  maximum  value  at 
X  ^  Xq;  and  if,  as  ^  increases  up  to  a  certain  value  Xq,  v(x) 
decreases  and  afterwards  increases,  then  f(^o)  is  a  minimum 
value. 

Now  Theorem  I,  Chapter  IV,  is  immediately  applicable  to 
determine  these  conditions :  if  x  and  r(x)  are  simultaneously 
increasing,  T^ix)  is  positive;  but  if  as  ^  increases,  v(x)  de- 
creases, f'(^)  is  negative. 

If  therefore  at  any  point  x  =  Xf^  if{x)  changes  its  sign  from 
-h  to  — ,  we  have  a  maximum  value;  and  if  "^{x)  changes  its 
sign  from  —  to  + ,  we  have  a  minimum  value ;  and  as  changes 
of  sign  can  take  place  only  when  the  quantity  passes  through 
0  or  00 ,  we  have  the  following  rule  to  determine  Maxima  and 
Minima: 

£uLE. — ^Pind  every  value  of  x  which  renders  ^(x)  equal  to 
0  and  to  00 ;  if  such  a  value  makes  i^(x)  change  its  sign,  the 
corresponding  value  of  f(^)  is  a  maximum  or  minimum :  being 
a  maximum  if  ^{x)  changes  sign  from  -|-  to  — ,  and  a  mini- 
mum if  the  change  be  from  —  to  +  ;  but  if  there  is  no  change 
of  sign,  there  is  no  such  singular  value. 

Ex.  1.  y  =  F(a?)  =  a?*— 2a^, 

.-.    V{x)  =  2a?— 2a  =  0,  if  a?  =  a; 

and  as  f'(^)  is  negative  when  x  is  less  than  a,  and  positive 
when  X  is  greater  than  a,  ^  (x)  changes  sign  from  —  to  -f  in 
passing  through  a,  and  therefore  f(^)  has  a  minimum  value^ 
viz.  —a*. 

Ex.  2.  y  =  F(d?)  =  sinjT, 

i^^(x)  =  COS  07  =  0,  if  a?  =  H» 

E  e  2 
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and  as  ocmx  is  positive  when  s  is  less  llian  ^,  and  negatife 

when  d?  is  greater  than  ^,  i^(x)  changes  sign  from  +  to  — 1 

and  accordingly  w{x)  has  a  Tnaximnm  yalaCj  vis.  1. 

8v 
Also  since  f'(j?)=cos jr=0,  when  x  =  -^j  and  changes  sign 

from  ^  to  f  as  tf  pMMef  iihroogh  this  Tahie^  rinir  htti  ilt  it  a 

minimum  yalue,  vis.  —1.     Similarly  ako  x  ^  -^  gives  oosx 

«  cihange  of  sign  from  +  to  —,  and  therrford  gives  to  Anx  a 
maximum^  vis.  1 ;  and  thus  may  other  values  be  determincfd. 

Ex.  8.  y  =  x{a^x)^  =  F(a?), 

.-.    /{a?)  =  (a-x)  {a-Zx)  =  0,  if 

X  =  a,  and  changes  sign  from  —  to  -^j     .*•  ft  lA&iimmtt'; 


AT  =  7, from  +  to  — ,    .*.  smaiximi 


5 
0  is  a  minimum  value  of  x(a^x)\  vis.  when  x  =:  a;  and 

iriien  X  ^  -s,  ^{x)  =  -n^,  which  Lr  a  xnazimnm  vdne. 

It  is  convenient  to  have  a  distinctive  name  for  that  value  of 
a  variable  which  makes  a  function  of  it  to  vanish^  and  there- 
fore we  propose  to  call  it  the  critical  value;  thus  a  and  ^  are 

critical  values  of  ^  in  v\x)  in  the  last  example;  0  and  a  would 
be  critical  values  of  x{a—x)^.  It  is  plain  that  critical  values 
do  not  necessarily  cause  a  function  to  change  sign^  although  a 
function  cannot  change  sign  except  at  a  critical  value :  at  least 
such  is  the  case  as  far  as  our  knowledge  goes. 

127.]  When,  as  in  Ex.  3  above,  y'(a?)  is  an  algebraical  func- 
tion, and  has  many  factors  which,  when  equated  to  0,  cause  it 
to  vanish,  it  is  easy  to  perceive  what  must  be  their  forms  that 
y(x)  may  change  its  sign.  Corresponding  to  every  factor  of 
uneven  dimensions,  that  is,  of  the  form  (a?— J^o)*"*"*'^  ^^  ^  passes 
through  x^  there  is  a  change  of  sign ;  but  to  factors  of  even 
dimensions,  viz.  of  the  form  {x—x^^^^  there  is  no  change  of 
sign  as  x  passes  through  x^^  and  therefore  there  is  no  maximum 
or  minimum  value. 
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To  determine  the  change  of  sign  corresponding  to  a  factor  of 
uneven  dimensions^  the  best  method  is  first  to  determine  the 
signs  of  all  the  factors^  short  of  the  critical  factor^  correspond- 
ing to  the  critical  value^  and  then  to  investigate  the  change  of 
sign  of  the  critical  factor;  the  following  example  will  explain 
the  process :  Suppose 

^{x)  =  3fi  {x-\f  (a?-2)5  (a?-4)*, 
which  is  equal  to  0,  if 

^  =  0,  and  gives  a  change  of  sign  from  +  to  -,  .-.a  maximum; 
^  s=  1,  and  gives  no  change  of  sign^  .*.  no  max.  or  minimum ; 
X  =.2,  and  gives  a  change  of  sign  from  —  to  +,  .*.  aminimum; 
:r  =  4^  and  gives  no  change  of  sign,     .*.   no  max.  or  minimum. 

that  is,  if  Of  =  0^  the  critical  factor  is  cfl ;  but  when  ^  =  0,  the 
other  factors  severally  are  -|-1,  —8,  +16,  the  product  of  which 
is  — ;  and  as  sfi,  when  ^  =  0,  changes  sign  from  —  to  -f ,  it 
follows  that  i^{x)y  when  ^  =  0,  changes  sign  from  -f  to  — ,  and 
accordingly  y(x)  has  a  corresponding  maximum  value;  by  a 
similar  method  must  the  changes  of  sign  due  to  the  other 
critical  factors  be  determined. 

128.]  Geometrical  illustrations  of  the  several  conditions  of 
maxima  and  minima  are  given  in  figs.  12,  13,  14,  15. 

Suppose  y  z=zy{x)  to  represent  a  curve  such  as  those  drawn 
in  the  figs. 

Let  oMq  =  Xq,  MqPo  =  y^  the  corresponding  ordinate. 

Then  in  fig.  12,  as  x  iucreases  up  io  Xq,  y  =  f(^)  increases,  and 
therefore  F'(<r)  is  positive;  but  as  soon  as  x  passes  the  value 
x^  y  begins  to  decrease,  and  V{x)  is  negative,  and  the  ordinate 
y  or  f(^)  has  manifestly  attained  a  maximum  value  at  x^. 

In  fig.  13,  the  reverse  is  the  case;  as  x  increases  up  to  Xq 
y  =z  t(x)  decreases,  but  fits  soon  as  ^  is  greater  than  Xq,  v(x) 
increases,  and  thus  the  sign  of  v'(x)  changes  from  —  to  + 
at  Xq,  and  the  corresponding  value  of  v(x)  is  a  minimum. 

Fig.  14  illustrates  the  case  of  i^{x)  being  positive  up  to  Xq, 
and  although  t^{x)  =  0,  yet  it  does  not  change  its  sign,  but 
continues  positive  afterwards,  and  therefore  we  have  no  maxi- 
mum value. 

In  the  curve  drawn  in  fig.  15,  v'(x)  is  negative  throughout; 
at  Tq  it  is  equal  to  0,  but  as  it  does  not  change  its  sign,  there  is 
no  minimtnn  value. 
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129.]   Eramplea  of  maTiina  and  minima. 

Ex.  1.        To  determine  the  maxima  and  minima  Talues  of  y, 
having  given 

y  =  F(jr)  =  or*— 8a«*+22a*«*— 24a*d?+12a«, 

^  r=  /C^)  =  4a*-24ar»+44a«a?-24a« 
ax 

=  4(ar— a)  («— 2a)  (d?— 8a)  =:  0, 
if  4r  s  a,  and  changes  sign  from  —  to +,    .*.  a  minimum; 

X  =  2aj +  to  — ,     .*•  a  maximum; 

X  =  Sa,  .    .     •    .'  .     .     .     —  to  +i     •*•  a  minimum; 
whence  we  have,   if  «  =  a,    w(x)  =  8a*,  a  minimum; 

X  =  2a,  w(x)  =s  4a*,  a  maximum ; 
X  =  8a,  w(x)  =  8a*,  a  minimum. 
Ex.  2.        To  determine  the  maxima  and  minima  values  of 
w(x)  =  (j?-l)*  (j?+2)», 
/(a?)  =  {ar-l)»  (jr+2)«  (7«+5)  =  0,  if 

d?  =  1,  and  changes  sign  from  —  to  +,     .*.   a  minimum; 
X  =^  —2,  but  does  not  change  sign,     .*.   no  max.  or  minimum; 

X  =  —•=,  and  changes  sign  from  -{-  to  — ,     .*.   a  maximum. 

Hence,  when  a?  =  1,      t(x)  =  0,    a  minimum  value. 

5      ,  ,       12*  9» 
a?  =  —  =,  f(^)  =  — =^ — ,  a  maximum. 

Ex.  8.        To  determine  the  maximum  and  minimum  values 
of  f(j?),  having  given 

(^  +  2)5 


¥(X)    = 


/(a?)  = 


(x-S)^' 

(a? +  2)2  (ar-13) 


(jr-3)8 

=  0,  if  J?  =  — 2,  and  does  not  change  sign,  .  * .  no  max.  or  min. ; 
:=  0,  if  «=  18,  and  changes  sign  from  —  to +,  .*.  a  minimum; 
=  oo,ifaf  =  8, -f  to  — ,  .'.  a  maximum; 

135 
Hence,  when  j?  =  13,    f(^)  =  -j-,  a  minimum  value; 

4 


;r  =  8,      r(x)  =  00 ,     a  maximum  value. 
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Ex.  4«         To  determine  the  minimum  value  of  x*. 

f(j?)  =  a?', 

V{x)  =  a?'(l+loga?)  =  0, 
if  logar  =  —1,  that  is,  if 


x  =  -; 


and  as  if{x)  changes  sign  from  —  to  +>  the  corresponding 
value  of  x*,  viz.  , 

is  a  minimum. 

Ex.  5.         Required  to  find  the  value  of  ^,  when  sin^r+cos^ 
is  a  maximum. 

t(x)  =  sin  ^  +  cos  x^ 

V(x)  =  cos  J?  —  sina?  =  0, 

if  tan  ^  =  1 ;  that  is,  when 

X  =  -J,  and  changes  sign  from  -f  to  — ,      .'.a  maximum; 
J?  =  -7-, —  to  -h,      .'.    a  nunimum. 

Hence  the  maximum  value  of  the  function  is  \/2,  and  the 
minimum  is  —  \/2 ;  which  values  recur  whenever  x  is  increased 
by  TT. 

130.]    The  change  of  sign  of  F'(<r)  may  often  be  conveniently 
determined  from  the  following  considerations. 

Suppose  that  t"{x)  does  not  vanish  or  become  infinite  when 

i^(x)  =  0;  then  smce  1/  (a?)  =  ^  =  — ^^  =  — ^^,  it  is 

manifest  that  if  x  increases,  t^\x)  is  positive  or  negative  ac- 
cording as  f^ix)  simultaneously  increases  or  decreases;  but  if 
as  X  increases,  ]^(.r)  changes  sign  from  —  to  +j  it  is  increasing, 
and  if  it  changes  sign  from  4-  to  —,  it  is  decreasing;  hence 
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for  a  min^fn""*  rtlne  ^'(^)  it  podtifiey  and  tat  a  TntTiBHini 
yalne  ^'(ai)  is  negative.    Accordiogly 

v(«)  is  a  manmum  or  minimiun  Yslue,  according  as  the  yalne 
of  X,  determined  from  the  equation  i^ix)  =  0,  renders  /'(x) 
negative  or  positive. 

Ex.1.    Let    '{*)  =  X"3:;^> 

A»)  =  (1^^  =  0,  if  «=:  +1,  and  if  «=  -1, 

andif«r  =  +1,    r"{jr)  =  —  «'     *'•  '^*^  "2*  *™"""™^' 

.   .    .  df  =  —1,    t^{x)  =  +  2'     •'•  '^^^  ^  ""2'  *™'^™^- 

Ex.  2.  F(;r)  =  mnxco$(a—x), 

/(ar)  =  cos*  cos  (a— 4?)  +  sin  a?  sin  (a—*), 

=  cos  (a— 2a?), 
p"(jr)  =  2sin(a— 2ar); 

.  .  .  =  0,  if  a— 2a?  =  hj     •'•^=o""T« 
'  2  2      4 

In  the  former  of  which  cases  T^'(a?)  is  negative,  and  the  cor- 
responding value  of  F(a?)  is  a  maximum ;  and  in  the  latter  i/\x) 
is  positive,  and  the  corresponding  value  of  r{x)  is  a  minimum. 

131.]  This  method  however  of  determining  such  singular 
values  of  functions  is  not  applicable  whenever  the  value  of  x 
which  makes  i/{x)  =  0,  also  makes  /'(j?)  =  0;  in  which  case^ 
as  in  all  others,  the  following  method  may  be  employed. 

Let  F(^)  be  the  function  of  which  the  maximum  and  mini- 
mum values  are  to  be  determined;   then,  by  equation  (21), 

Art.  101,  y^^  +  A)  -  rix)  =  Ap  (^  +  Oh). 

As  h  becomes  infinitesimal  F'(^-f  ^A)  approaches  to  its  limiting 
value  i^(x). 
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Suppose  now  that  x^  is  such  a  value  of  x  that  v(Xq)  is  a 
maximum  or  minimum ;  then,  if  h  diminishes  without  limit 
and  t^(Xq)  does  not  vanish,  we  have 

v(Xq  -f  *)  -  r(xQ)  =  hv\xQ) ; 

but  when  this  is  the  case,  the  second  member  of  the  equation 
changes  sign  with  h;  that  is,  v(xo  -h  A)  —  p(j?o)  ^^^^  p(j?q  —  h) 
—  F(.ro)  are  not  of  the  same  sign;  which  is  inconsistent  with 
f(^o)  being  a  maximum  or  a  minimum. 

Suppose  however  that  v\xq)  =  0,  and  that  r'iXg)  does  not 
vanish,  then,  by  equation  (22),  Art.  101, 

F(a?o  +  A)  -  P(a?o)  =  1:2  ^  ^^^  ■*■  ^^^ ' 
which  becomes,  when  h  diminishes  without  limit, 

p(a?o  +  A)  -  p(a»o)  =  3-2  '  ^^^^' 

If  therefore  jf'{x^  is  positive,  p(a?Q)  is  less  than  both  f(j'^  -|-  h) 
and  y{Xq  —  A);  and  if  f"(^q)  is  negative,  f(^q)  is  greater  than 
both  y{Xq  +  A)  and  f(^^,  —  h) ;  whence  we  conclude, 

J£V{x^  =  0,  and  V{x^  does  not  vanish;  if  f"(^o)  is  nega- 
tive, F(jrQ)  is  a  maximum,  and  if  if'{x^  is  positive,  F(a7o)  is  a 
minimum. 

But  again,  if  jf'(x^  =  0,  and  v'"(Xq)  does  not  vanish, 

in  which  case,  as  A'  changes  its  sign  with  h,  it  is  plain  that 
there  is  no  maximum  or  minimum  value;  but  if  if'\x^  =  0, 
and  Y""{Xf^  does  not  vanish,  then 

F(a?o  +  A)  -  F(a?o)  =  Y"^  f""(^o  +  ^A) ; 

in  which  case,  as  before,  there  will  be  a  maximum  or  minimum 
value  of  f(j?),  according  as  t^'"(Xq)  is  negative  or  positive. 
And  thus  generally  if  the  value  Xq,  which  makes  y^(x)  =  0, 

so  affects  f"(j?),  t^"{x), up  to  F"-^(a?),  that  all  vanish,  but 

that  f'*(^q)  does  not  vanish,  then  we  have 

A** 
'(^0  +  A)  -  v(^o)  =  ]^2.3     n  '"^"^^  "*"  ^^^* 

Ff 


^ 
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and  if  II  be  an  odd  number,  there  is  no  maxinmni  or  nmumum 
valne;  bnt  if  11  be  an  even  nomber,  w(s^  is  a  madmom  if 
w^{Sq)  in  n^atiye,  and  a  minimwin  if  9^(»^  in  pontive. 

In  the  application  of  thia  tbeorjr  to  qnestions  of  geomebical 
maTiTna'  and  minima,  it  will  subsequently  appear  that  figs.  12 
and  18  correspond  to  the  analytical  conditions  of  every  derived- 
fonction  vanishing,  when  x  =  Xq,  up  to  one  of  an  odd  order 
inclusively,  and  of  the  next  derived-function  of  an  even  order 
remaining  finite;  and  figs.  14  and  15  correspond  to  the  con- 
dition that  the  derived-fimction,  which  is  the  first  not  to  vanish, 
is  of  an  odd  order. 

Ex.  1.  r(«)  =  e*  +  2cos«  4-  «"', 

/(j?)  =  e'  —  2suiaf  —  e",  =  0,  if  «  =  0, 

r"(df)  =  c*  —  2cos4r  +  e-',  =  0,  .    .     .    . 

F'"(jr)  =  c*  +  2mnx  —  e"',  =  0,  .     .    .     • 

r""(ar)  =  c*  +  2cosj?  +  e-',  =  4,  .     .     .     . 

ilx  =  0,  v{x)  =  4,  which  in  a  minimum  value,  as  the 
fourth  derived-function  which  is  the  first  not  to  vanish  is 
positive. 

132.]  We  subjoin  some  examples  of  problems  on  maxima 
and  minima,  the  study  of  which  will  be  sufficient  to  enable  the 
reader  to  apply  the  methods  to  other  similar  ones. 

Ex.  1.  To  divide  a  given  number  a  into  two  such  parts 
that  the  product  of  the  »th  power  of  one,  and  the  i»th  power  of 
the  other,  may  be  a  maximum. 

Let  a  be  the  given  number,  of  which  let  x  be  one  part,  there- 
fore a— a?  is  the  other;  and  we  have 

v(x)  =  ^"  (a— J?)*"; 
,•.     p'(^)  =  x^"^  (a— ^)"'~^  (na^nx'-mx), 

=  0,  if  0?  =  0,  and,  if  n  be  an  even  number,  changes  sign  from 
—  to  +,  which  indicates  a  minimum;  but  if  »  be  odd, 
i/(x)  does  not  change  sign,  and  there  is  no  corresponding 
maximum  or  minimum. 
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=  0,i£3Pssa,  and,  if  m  be  an  even  number,  changes  sign  from 
—  to  +,  which  indicates  a  minimum;  but  if  m  be  odd, 
t^ix)  does  not  change  sign,  and  there  is  no  corresponding 
maximum  or  minimum. 

=  0,  if  a?  =  ,  and  changes  sign  from  -|-  to  — ,  which  in- 

m-}-ti 

(^     \  m+n 
) 

Ex.  2.        To  find  the  number  which  bears  the  least  ratio  to 
its  logarithm. 

Let  X  be  the  number  ; 

,- .     p(j?)  =  = ,  which  is  to  be  a  minimum, 

logo? 

=  0,  when  x  =  e,  and  changes  sign  from  —  to  +,  which  indi- 
cates a  minimum,  viz.  f(^)  =  e. 

Ex.  3.        To  divide  a  given  number  into  x  parts,  so  that 
their  continued  product  may  be  a  maximum. 

Let  a  be  the  number,  of  which,  as  there  are  to  be  ^  equal 
parts,  each  part  =  ~;  and  therefore,  if  f(^)  =  the  product 

of  them, 

m  =  (-)  , 

. • .     Log  v(x)  =  X  {log  a —log  x}, 
•'•     T7$  =  loga-log5?-l, 

=  loga— logj?— logtf, 


=  log(^)  -logo?; 


.•.     /(j?)  =  0,  if  ar  =  -,  and  changes  sign  fix)m  -h  to  — 
which  indicates  a  maximum ;  therefore  each  part  =  e,  and  tht 

a 

product  of  the  whole  =  (e)7. 

pf  a 
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.4  ins  la-ibe  in  a.  given  circle  tlie  greatest  isosceles  triangle. 

,  let  the  vertex  of  the  triangle  be  at  the  extremity  1 

of  meter  of  the  circle ;  let  radius  of  circle  =  a ;  and  let 

p  and  T'  be  the  other  angular  points  of  the  triangle;  therefore 

MF  =  Mp'.    Let 

~     '  r        .  ■ .    equation  to  circle  is  y*  +  ^  =  a'. 
Area  of  triangle  =  r(«)  =  am  x  mp, 
c  =  (o+«)  («■-«■)*, 

=  0,  tf  «  =  g,  and  the  aign  changes  from  +  to  — ,  vhich 

indicates  a  mmimuro,  of  which  the  raloe  is  -^  <^. 

p'(jr)  also  has  singalar  values  when  x  =  +a,  and  irhen  »  =  —a, 
but  as  the  sign  of  it  in  both  cases  passes  from  ±  \/^  to  +, 
and  as  the  geometries!  meaning  of  the  Taloes  is  plain  enonf^ 
ve  must  reserve  the  consideration  of  snch  critical  nines  to  a 
fdtore  part  of  the  work. 

Ex.  5.        To  inscribe  the  greatest  rectangle  in  a  semi-ellipse. 

In  fig.  17  let  a'p'bfa  be  the  given  semi>eUipae,  and  mpp'h' 
the  rectangle  inscribed  in  it,  which  is  to  be  a  maximum ;  let 

and  the  equation  to  the  ellipse  be 


MP  =  y,  J 


■  b* 


the  rectangle  =  p(^)  =  h'm  x 
=  2.CM  > 


F'{a^)  . 


indicates  a  maximum,  and  F(;r)  becomes  ab;  and  there- 
fore  the  greatest  tectangle  is  one-half  of  that  contained 
by  aa'  and  c  b. 
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Ex.  6.        The  whole  sur£Bu;e  of  a  cylinder  being  giyen^  it  is 
required  to  find  its  form  when  the  content  is  a  maximum. 

Let  X  —  the  radius  of  the  base, 

y  =  the  height  of  the  cylinder ; 

.*.     ira7*y  =  the  content^ 

2irJ7*  +  2va?y  =  the  whole  surface. 

Let  the  given  surface  be  2ira^^  and  the  content  be  f(^), 
.-.     2  ^47* -h  27rJ?y  =  27ra* 

a*  —  0?* 

p(^)  =  -nx^y, 

P'(ar)  =  7r(a2-3a?2), 

=  0,  if  J?  =  —j^i  and  changes  sign  from  -|-  to  — ,   .-.a  maxi- 

V  3 

mum ;  in  which  case  y  =  the  height  =  2  —j=.  y  and  the 

V  3 

content  :=  — r— . 

3» 

Ex.  7.        Given  the  content  of  a  cone ;  find  its  dimensions 
when  the  whole  surface  is  a  minimum. 

Let  X  =  the  radius  of  the  base^ 

y  =  the  altitude  of  the  cone ; 

therefore  by  Ex.  6,  Art.  24, 

^     ^    ^       Ttx'^y 
Content  =     ^     , 

o 

Whole  surface  =  vufi  -f  'nx(pfi-\-y^)^ , 

Let  the  content  =  -^-,  and  the  surface  be  f(^), 

o 

2'  =  ^«> 
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F(«)  =  ««■  +  »»(«»  +  f*)*, 


f 


^ 


j?»(a«  +  a?«)*' 


a 


=  0,  if  J?  =  —7,  and  changes  sign  from  —  to  +,  which  indi- 

2* 

cates  a  minimum ;  and  y  =  2a ;  in  which  case  the  semi- 
vertical  angle  =  sin~^  5,  and  the  surface  =  2ira^. 

o 

Ex.  8.        To  describe  the  least  cone  about  a  given  sphere. 

In  fig.  18  let  the  circle  apbp',  and  the  triangle  efo,  repre- 
sent a  plane  section  of  the  sphere  and  circumscribed  cone, 
made  by  the  paper  passing  through  the  sphere's  centre;  let 
radius  of  sphere  =  a,  and  cm  =  :r^  mp  =  y. 

Then,  by  properties  of  the  tangent  of  a  circle, 


a* 

CE   =    — ,       AF 
X 


_  a(a4-^)  _      /a-\-x\^ 


Let  content  of  cone  =  v{x)', 

TTfl*  {a-\-x)  (3j7  — a) 


.-.     Y{X)  = 


—  .ra^« 


(ax  —  x^) 


=  0,  if  0?  =  Q,  and  changes  sign  from  —  to  +,  .-.  a  minimum 

o 

8 
value,  viz.  ^  Tra',  and  which  is  therefore  twice  the  volume 
o 

of  the  sphere.     See  Ex.  7,  Art.  24. 
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£x.  9.        To  cut  the  greatest  parabola  from  a  given  cone. 

In  fig.  19, 

Let  radius  of  base  of  cone  =  A,  "I 

Altitude  of  cone  =  a,  J  ""    '         ""  ^' 

Area  of  parabola  =  v{x); 

•                                                                    CO 
.-.       MQ'  =  OMXMB,  MP  =  MB  , 

ob' 

2 
By  Ex.  8,  Art.  24,  area  of  parabola  =  ^  qq'  x  mp, 

.-.     p(^)  =  g  2mq  X  MP, 

..     T(x)- g3 -^ , 

=  0,  and  changes  dgn  firom  +  to  — ,  if*  =  s »  •'•  o"  =  -q-* 

34  . 

and  the  area  of  the  greatest  parabola  =  -^  (0^+^)'  b. 


Skcvion  2. — On  Maxima  and  Minima  of  Implicit  F\mctiona 

of  Two  VaruAlet. 

133.]  Suppose  it  is  required  to  find  what  values  of  x  make 
y  a  maximum  or  minimum,  when  the  equation  connecting  y 
and  X  is  of  the  form      ^  ^  ^^^^  ^^  ^  ^^ 

then,  by  Art.  48,  . 

dy  _        ^dx' 

dx  ~        /rfwx 

\d^) 


« 
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and  at  tlie  necessary  condition  of  such  a  lingiilar  value  of  y  is, 
that  ^  changes  sign^  and  as  a  cliange  of  sign  can  caolj  take 

place  by  ^  being  equal  to  0  or  00,  it  follows  that  either 

(--p-j  =  0  or  00  ^  or  \-T-)  =  0  or  00 ;  but  as  ^  must  not  be 

indeterminate  in  form,  y-z-j  and  i-^j  must  not  simulta&eoiisly 
be  equal  either  to  0  or  to  00 . 

Suppose  that  l-r-j  =  0^  at  a  particular  yalue  for  which  (^] 
does  not  vanish  or  become  infinite^  then  the  critical  value  de- 
pends  on  the  sign  of  ^-^  (see  Art.  181) ;  being  a  mairimum 

or  minimum  according  as  ^-^  is  positive  or  n^ative;  and  by 

Art.  78,  equation  (122),  if  (^)  =  0, 

(— ) 
dx*  /  du\ 

y-d^i 

Hence  if  this  expression  be  positive  there  is  a  minimum,  and  if 
it  be  negative  there  is  a  maximum  value. 

This  method  however  of  determining  maxima  and  minima  is 

very  incomplete,  as  it  does  not  discuss  the  cases  where  i-f), 

or  any  other  of  the  partial  derived-functions,  becomes  infinite; 
and  it  is  therefore  to  be  taken  as  a  suggestion  of  the  manner 
in  which  such  problems  are  to  be  solved :  the  best  plan  is  to 
determine  the  special  maxima  and  minima  values  for  each 
problem  separately,  as  follows : 

Ex.  1.  Required  to  find  the  maxima  and  minima  values 
of  y,  having  given      y,  ^.  ^  _  g^^y  =  q. 

dy  ^       jfl^ay 
dx  ""        y^  —  ax' 
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X^ 


which  =  0,  if  4^  =  ay,  i.e.  if  y  =  —,  whereby  we  have  from 
the  equation  a^«  =  2«»ar»j 

.•.     J?  =  0  ^  J?  =r  2*a 


y  =  OJ'  ^  =  2*0-*^ 


The  la^r  values  render  the  denominator  of  -^  positive,  and 

therefore  there  is  a  change  of  sign  of  -^  from  -h  to  — ,  and 
therefore  these  values  correspond  to  a  maximum. 

If  a?  =  0,  y  =  0,  -^  =  2    which  must  be  evaluated  as  in 

ax      0 

Art.  114, 

dx  lay  dx'  y  y        > 

^  dx 

dy       /v 
.'.     -=i  =  0,  or  =  00 . 

dx 

If  ^  =  0,  it  changes  sign  from  —  to  + »  which  indicates  a 
minimum. 


Section  8. — Maxima  and  Minima  of  an  Explicit  Function 

of  Two  Independent  Variables. 

134.]  Let  u  =  f(^,  y)  be  the  explicit  function  of  two  inde- 
pendent variables  x  and  y,  of  which  the  maxima  and  minima 
are  to  be  determined. 

Now  observing  the  definition  of  maxima  and  minima,  given 
in  Art.  125,  viz.  that  a  maximiun  is  greater,  and  a  minimum  less, 
than  any  and  every  value  of  the  function  in  its  immediate 
neighbourhood,  it  follows  that  if  Xq  and  y^  are  specific  values  of 
X  and  y,  which  give  such  a  singular  value  to  v(x,  y),  then 
r(xQ,  y^)  is  greater  or  less  (as  the  case  may  be)  than  any  value 
corresponding  to  the  variables,  whether  x  infinitesimally  varies 
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while  y  does  not  vary,  or  wheiher  y  infinitesiinally  varies  wluk 
X  does  not  vary,  or  whether  x  and  y  are  sunnltaneonsly  in- 
creased, or  whether  as  x  increases  y  decreases,  or  vice  venii 
which  property  may  also  be  thus  expressed:  If  "fix^f  Sfo)  he  s 
maximum  or  a  minimnm,  f(j*o  +  A,  Vo  i:  ^)  ^  ^^^  ^'  greater , 
than  F(a?o,  y^  whatever  be  the  signs  of  h  and  k  (which  are  ia- 
finitesimal  increments)  and  in  whatever  manner  the  signs  aie 
combined ;  and  also  whether  it  =  0,  when  x  is  increased  or 
diminished  by  A,  and  whether  A  =  0,  when  y  is  increased  or 
diminished  by  A. 

For  F(^,y)  therefore  to  have  such  a  singular  value,  it  is 
necessary  for  x  to  be  soeh  as  to  make  it  a  maximum  or  a  mini- 
mum when  y  does  not  vary :  which  value  of  F(;r,  y)  we  may 
call  9,partial  maximum  or  mimimum  with  respect  to  x. 

Also  it  is  necessary  for  y  to  be  such  as  to  make  f(x,  y)  a 
maximum  or  a  minimum  when  x  does  not  vary :  and  such  may 
be  called  a  partial  maximum  or  intntmtMi  with  respect  to  y . 

And  when  these  two  partial  maxima  or  minima  are  com- 
bined, then  we  shall  have  what  may  be  aptly  called  a  total 
maximum  or  minimum  ;  but  if  a  partial  maximum  or  minimum  is 
combined  with  a  partial  minimum  or  maximum,  then  we  have 
not  such  a  value  as  fulfils  the  requirements  of  our  definition, 
for  the  singular  value  will  not  be  greater  or  less  than  every 
other  value  in  its  immediate  neighbourhood. 

Now  to  express  these  conditions  in  mathematical  language  : 

135  .|]  It  is  plain  from  what  has  preceded  in  the  first  Section 
of  the  present  Chapter,  that  the  necessary  condition  of  a  partial 

maximum  with  respect  to  x  are,  that  y-^j  =  0,  and  changes 
its  sign  from  4-  to  — ,  at  the  critical  value  of  x. 

Similarly  for  a  partial  maximum  with  respect  to  y,  it  is  ne- 
cessary that  l-j-j  =  0,  and  changes  its  sign  from  4-  to  —  at 

the  critical  value  of  y. 

In  a  particular  case  the  change  of  sign  may  be  conveni- 
ently determined   by  an  examination  of  the  critical  factors 

of  [-r:)  ai^d  of  (^j ;  and  in  the  general  case  the  following 

process  supplies  the  required  criteria: 
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First  let  us  suppose  that  at  the  critical  values  of  x  and  y 

(^— ij,  (  j-j-)>  (^"2/  ^^  ^^*  ^  vanish,  and  let  us  consider 
the  conditions  for  a  maximum.  Then,  by  Art.  130,  if  for  par- 
ticular values  of  the  variables  \-t-)  and   (^j   vanish,   and 

change  sign  from  -^  to  -,  ^  (^)  and  ^  (^)  are  both 
negative;  but 

dx\dxf   -   ^1^'    "^   \dxdif  H'  ^^ 

dy\dyf    ""    Vrfrrfy/  dy  ^    ^dy*l  '  ^^ 

For  convenience  of  writing,  replace  as  follows : 
/rf*p\  __         /  rf*F  \  __         /rf*r\  __ 

And  to  examine  the  signs  of  (1)  and  (2),  let  0  represent 
some  quantity  to  which  both  may  be  equated ;  so  that 

Adx  -\-  Bdy  =  Odx, 

B  dx  -j-  c  dy  =  Ody ; 
which  may  be  written 

(A-e)dx  +  Bdy  =  0,  (3) 

B  rf;2?  +  (c  —  ^)  rfy  =  0 ;  (4) 

whence,  eliminating  dx  and  dy,  we  have  the  following  quadratic 
in  6: 

(A  -  ^)  (c  -  ^)  -  B«  =  0,  (5) 

d«  -  (A  +  c)  ^  +  AC  -  B*  =  0;  (6) 

of  which  the  two  roots  are  to  be  negative,  since  (1)  and  (2) 
must  be  negative,  so  that  t{Xq, y^)  may  be  a  maximum;  there- 
fore all  the  coefficients  must  be  positive,  that  is, 

A  and  c  must  both  be  negative,  (7) 

and  AC  —  B*  must  be  positive.  (8) 

Hence  the  necessary  conditions  that  Xq,  yQ  should  render  r(x,y) 
a  maximum  are,  that  at  the  critical  values 
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I -^^)  and  (^-i)  mxut  be  n^atiTe^ 


[i3«. 


O) 


\ds*' 


dy' 


(») 


This  last  condition  having  been  first  detamined  by  Lagrange, 
is  known  by  the  name  of  Lagrange's  condition. 

186.]   Similarly  to  determine  a  total  minimum,  it  is  requisite 
that  it  should  be  a  partial  minimum  of  a  partial  minimmn,  and 

therefore,  supposing  that  (j^),  (5^),  (^)  do  not  sH 
vanish  at  the  critical  values,  that  ^^j  =  0,  and  (^j  s=  0, 

and  ^l^^(^)  ^^^'d'Xd/  ^^^^  ^  positive;  accordingly, 

following  the  process  of  the  last  Article,  the  two  values  of  0, 
and  therefore  the  roots  of  (6),  must  be  positive;  whence  it 
follows,  that  ▲  and  c  must  be  both  positive,  and  that  ao  —  a* 
must  be  positive ;  and  therefore  the  conditions  that  x^^  y^ 
should  render  f(^,  y)  a  minimum  are,  that 


(a) 


C9) 


(y) 


(£) = •■  (S = 0. 


dy 


(rf^)  "^^  (rfp)  """^  ^  positive, 


( 


rf»F\    /rfap 


/rf^r  \» 


dF^  (dp)  -  (rf^)  "^^«*  ^"  P"^^^"- 


(10) 


187.|]  Ex.  1.       To  determine  whether  any,  and  what,  values 
of  X  and  y  render  x*y  4-  xy*  —  axy  a  maximum  or  minimum. 

dr\ 
dx 

dT\ 


(5^)  =  2a?y  +  y*  -  «y  =  y(2^  +  y  -  a). 


(^)  =  2xy  4-  a?>  -  a.r  =  a?(2y  -).  ^  —  a), 
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.-.     putting  (^)  =  0,  and  y-r-)  =  0,  we  have  the  following 
simultaneous  values : 

y=0j     y=OJ      y=aj      y=g 
neither  of  the  first  three  of  which  satisfy  Lagrange^s  condition ; 

-T-j)   and   (^-g)  positive,   and 

Vrf^/   Vdp/  "■  \dxdyf  "  3  ^ 

.• .  ^*y  H-  a^y *  —  aa?y  is  a  minimum,  viz.  —  jr= ,  when  a?  =  y  =  t:- 

Ex.  2.  To  find  a  point  within  a  triangle  for  which,  if  lines 
be  drawn  to  the  angles,  the  sum  of  their  squares  is  a  minimum. 

Take  a,  one  of  the  angular  points  (see  fig.  20)  of  the  triangle, 
for  the  origin,  and  let  the  base  ab  =  a,  and  the  coordinates  to 
che  hk;  and  let  the  coordinates  of  p  be  07,  y,  and  the  sum  of 
the  squares  =  f(o?,  y). 

=  3a^-f3y*-2(a  +  A)^-2ity-f  a*+A»4-**; 
.-.     (g)=6^-2(a4-A)  =  0,  if^  =  ^, 

(^)=6y.2*  =  0,ify  =  *; 

and  as  in  both  cases  the  change  of  sign  is  from  —  to  +,  we 
have  a  partial  minimum  of  a  partial  minimum,  and  therefore 
the  necessary  conditions  of  a  total  minimum. 

Ex.  8.        Inscribe  the  greatest  triangle  in  a  circle. 

Fig.  21.  Let  one  of  the  angular  points  of  the  triangle  be 
at  A,  the  extremity  of  the  diameter  acb  ;  and  let  p  and  q  be 
the  other  angles;  let  ac  =  cb  =  a. 

PAB  =  6,    QAB  =  <^;     .'.  by  a  property  of  the  circle. 


PA  =  2a  cos  ^, 
QA  =  2a  cos  ^ 


;} 
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r.    Area  of  triangle  s  f(09^).s  ^pa  x  qa  x  na(#+^)i 


=  2ii^cos0cos^sin(0+^);    Id 


dv 


=  2a>oos^co8(20-f-^), 
(rfs)  ^  2a*oo8dcos(2^+^; 
.'.     (^)  =  -4a«co8^8in(2dH-^), 

(5^)  ^  — 4a*oo8^8in(2^H-^. 
But  if  (g)  =  0.  «id  (g)  =  0, 

-TTgj   and  (;7;72J   arc    both    negative^    and 

(rf^')  (rf^«)  ~  (rf»i)'=  ^''*'  therefore  the  above  critical 
values  of  6  and  <f>  give  a  maximum :  and  as  ^  =  f^  =  ^^  the 

triangle  is  equilateral.  Hence  the  greatest  triangle  that  can 
be  inscribed  in  a  circle  is  the  equilateral  one. 

188.]    In  the  case  in  which  (g)   (^)   -  {^Y « 

negative^  the  last  term  of  the  quadratic  in  6  of  equation  (6)  is 
negative,  and  therefore  the  two  values  of  ^  are  of  dilSerent 
signs  j  whence,  by  means  of  (1)  and  (2),  it  follows  that  one  of 
the  partial  singular  values  is  a  maximum,  and  the  other  is  a 
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mmimnm :  and  therefore  the  conditions  requisite  for  a  total 
maximtun  or  miniTnuTn  are  not  falfiUed. 

equation  (6)  =  0,  and  therefore  one  value  of  $  is  zero;  and 
therefore  either  (1)  or  (2)  =  0,  and  therefore  either  f-r-j  or 

\-f-)  undergoes  no  variation;  whereas  then  there  is  a  partial 

maximum  or  minimum  with  respect  to  one  of  the  variables^  the 
other  is  such  that  corresponding  to  its  variations  the  function 
is  constant ;  hence  we  have  a  locus  of  such  partial  maxima  or 
minima. 

These  several  conditions  will  he  more  clearly  understood 
from  the  geometrical  analogues  of  them  in  the  theory  of  curved 
surfaces;  which  however  it  would  be  premature  to  explain  in 
this  place,  and  therefore  we  reserve  them  until  they  naturally 
arise  in  the  course  of  the  Treatise. 

139.|]    If  the  critical  values  j?q,  y^  which  are  deduced  from 
(g)  =  0.  „d  (|)  =  0,  -»  »a.  (g)  =  0,  {^)  =  0. 

(-7— ^j  =  0,  then^  in  the  general  case,  we  must,  by  means  of 

equation  (37),  Art.  122,  have  recourse  to  an  artifice  analogous 
to  that  of  Art.  181 ;  and  therefore,  as  the  sign  of  f  (Xq  -f  ^,  y© + *) 
—f(^09  Vo)  n^^st  not  change,  whatever  be  the  signs  of  h  and  k, 
it  follows  that  the  term  in  the  expansion  of  equation  (37), 
Art.  122,  which  is  the  first  not  to  vanish  at  the  critical  values, 

J^)  =  Vrfp)  =  ^'  ^*  "  necessary  also  that  (^)  =  .  .  . 

=  (rfp)  =  ^'  *"'*  *^**  (rf^*) ' (di^  "^"""^^  "*'*  '^^ 

vanish;  also  amongst  these  last  terms  a  relation  must  exist 
analogous  to  Lagrange^s  condition.  In  a  particular  case  how- 
ever the  change  of  sign  of  y-^j  and  of  y-^j  at  the  critical 
values  may  generally  be  detected. 
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Section  4. — Magma  and  Mhnima  qfFmeiUm$  qfT%rtewU 

more  Independent  VariaUes. 

140.]  Knily,  conrider  a  ftinction  of  three  independent 
variables,  x^  y,  z,  of  the  form 

II  s  w(x,  y,  xr). 

Extending  the  principles  of  Art.  184  to  this  more  gensnl 
case,  it  appears  that  a  total  maTimnm  or  minimum  of  a  finio- 
tion  of  three  variables  must  arise  from  the  combination  of  three 
several  partial  masdma  or  minima  with  respect  to  the  several 
variables.  And  also,  as  any  two  of  'the  three  variables  may 
vary,  while  the  remaining  one  does  not  vary,  that  the  con- 
ditions of  such  a  combination  of  two  partial  maxima  or  minima 
must  be  fulfilled.    Which  conditions  are, 

©"»•    (%)'0-    0=»'  '") 

\dx^t\dy^i       \dxdyf   ^     '  ^ 

therefore  y^-^),  \T^»  \d~i)  ^^^^  ^^  ^^  ^^^  same  sign;  and 

the  singular  value  of  y(x,  y^  z)  is  a  maximum  or  minimum,  ac- 
cording as  they  are  negative  or  positive.  There  is  also  another 
relation  between  the  several  partial  second-derived-functions; 

for  since  ^(g),  ^(^),  aiidl(^)  must  be  of  the  same 

sign,  and  be  negative  for  a  maximum  value,  and  positive  for 
a  minimum ;  and  since 

rf /rfp\   __   l^^\         ld^\dy        /  d^F  \dz  ^ 

dx\dxf   ""   W/    ■*■   \d^ldx  "^    \dxdyfdx'         ^  ^ 

d  /dv\    _    /  rf*F  \dx        (^^\         (  ^^  \  ^^  /lj.\ 

^V^/   "   ^d^'d^  ^   Vrfp>'  "*■   ^d^z^di'         ^  ^ 

—  i—\   —    /  rf'F  \dx        I  cPt  \dy        /d^F\ 

dz\dz'  "   \d^zldi  "^    \dydzldz'^   W/ '         ^^ 


14^.]  PITKCTIONS  OP  MANY  VARIABLES.  233 

Now  for  conyenience  of  writiDg^  let 

/rf*F\  /d^pv  /d*F\ 

^dydzf  "  ''^     Vrf^/  "  ^'     \d^)  "  "^^ 

and  as  (18),  (14),  (15)  are  to  be  of  the  same  sign,  let  6  be  the 
qonbol  for  some  quantity  which  has  the  same  sign  in  all ;  then 
the  foUowing  system  results  : 

(a— d)da?  4-ody4-Fflf2r  =  0  "J 

od^  +  (b— d) rfy  +  E  d^r  =  0    >  ;  (16) 

p  diT  +  E  dy  H-  (c  —  ^)  d^  =  0  J 

whence,  by  cross-multiplication, 

(A-d)  (B-^)  (C-^  -  B«(A--^)  -  f2(b-^)  -  0»(C-^) 

-f2EFG  =  0,         (17) 

the  common  Discriminating  Cubic  (as  it  is  called),  and  which 
has  three  real  roots ;  and,  when  expanded,  becomes 

B^  —  (A  +  B4-C)d*  4-  (BC  +  CA  +  AB  — E>  — F*  — o2)d 

—  (ABCH-2EP0— AE«  — BF»-CO«)   =B  0.         (18) 

Of  which  equation  the  three  roots  are  to  be  of  the  same  sign, 
and  the  result  is  a  maximum  or  a  minimum,  according  as  they 
are  negative  or  positive;  therefore,  besides  the  former  con« 
ditions,  we  must  have  the  following  Expression  negative  for  a 
maximum  and  positive  for  a  minimum,  viz. : 

ABC-|-2eFG— AE*— BF*  — CO*.  (19) 

Hence,  that  a  function  of  three  variables  may  have  a  maxi- 
mum or  a  minimum  value,  the  critical  values  must  satisfy 
8-|-8-|-l(=7)  conditions,  viz.  three  of  equations  (11),  three 
of  equations  (12),  and  one  of  equation  (19). 

141  .|]    Lastly,  let  us  consider  the  general  case,  and  let 

F(ari,  X2 ^n) 

be  a  function  of  n  independent  variables,  of  which  the  maxima 
and  minima  are  to  be  determined;  and,  for  convenience  of 
notation,  let 

Hh 
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Of  which  it  is  to  be  observed^  that 

(1,2)  =  (2,1),...  (11,1)  =  (l,n),  ... 
then  we  have  the  following  equations : 

{a,l)-e}dxi  +  (l,2)itoi  + +  (l,n)Ar,  =  0 

(2,1)1^1  + {(2, 2)-(?}itoi+ •^{2,n)dxn^0   .    ^^^ 

(n,  1) <&!  +  (», 2) £&»+ 4-  {ifhn)^e}dxn  =  0 

Whence,  by  the  elimination  of  the  n  qnantitiesi,  dspi^dxt . . .  ib^ 
there  will  result  an  equation  in  0  of  n  dimensions,  all  the  roots 
of  which  are  to  be  of  the  same  sign;  and  according  as  they  are 
positive  or  negative,  will  the  corresponding  value  of  the  func- 
tion be  a  minimum  or  maximum. 

The  number  of  conditions  which  are  required  to  be  fulfilled 
may  thus  be  found :  As  the  total  maximum  or  minimum  arises 
from  the  combination  of  the  several  partial  singular  values,  all 
the  conditions  which  they  involve  must  separately  be  satisfied. 
Hence  it  is  easy  to  see,  that  when  the  equation  in  6  has  been 
formed,  there  will  be  involved,  and  to  be  satisfied,  in  the  co- 
efficients of 

0*^-^,  n  conditions ; 


e 


«-2   ^(^-1) 


1.2 


3   n{n^l)(n^2) 
1.2.3 


0,  .     .     .     .  » 
in  the  constant  term,  ...  1 
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.,               -    , .  ,               n(n  — 1)      n(n— l)(n— 2)  . 

the  sum  of  which  =  »  +      ,  ^       +  -^^ — =-j^„ ^+...H-n4-l, 

i.4&  1.46.0 

=     (1+1)«-1, 

=  2'*--l*. 


SscTioN  5. — On  Maxima  and  Minima  of  Functions  of  Variables 

when  all  are  not  Independent. 

142.]  A  problem^  which  frequently  occurs^  is  the  determi- 
nation of  maxima  and  minima  of  functions  of  many  variables, 
when  certain  relations  between  the  variables  are  given,  so  that 
all  those  involved  in  the  original  functional  equation  are  not 
independent.  Thus  suppose  that  we  have  to  determine  the 
maxima  and  minima  values  of 

u  =  r{x,y,z.  .  .  .),  (21) 

which  is  a  function  of  n  variables;  and  suppose  besides  that 
there  are  given  m  equations  connecting  these  variables,  viz. : 

^i{^,y,^ )  =  0, 

''2  (^,  y,  ^ )  =  0,  .  ^^^^ 

v^(x,  y,z )  =  0. 

In  order  to  apply  the  method  which  has  been  explained  in 
the  last  Article,  it  would  be  necessary  to  eliminate  m  variables 
between  m  -f  1  equations,  by  which  means  u  would  become  a 
function  of  n—m  variables,  all  of  which  would  be  independent 
of  each  other;  and  then  forming  the  partial  derived-functions 

\-r-)f   (^)i   (j")  >  *t®  number  of  which  is  n— m,  and 

equating  each  to  0,  there  would  be  n— m  equations,  from  which 
we  could  (theoretically  at  least)  determine  the  n^m  variables. 
This   method  however,   though  theoretically  possible,  is  fre- 

*  On  the  necessity  and  sufficiency  of  conditions  equivalent  to  those  de- 
termined in  the  text  above,  in  order  that  an  equation  of  n  dimensions  may 
have  aU  positive  roots,  see  ''  Elementary  Theorems  relating  to  Determinants," 
by  WiUiam  Spottiswoode,  M.A.,  of  Balliol  College,  Oxford,  (Longmans, 
London,  1851,)  pp.  35 — 37,  in  which  however  there  is  an  error,  as  the  general 
term  of  the  series  of  required  conditions,  instead  of  the  sum  of  the  series  as 
above,  is  given  as  the  whole  number  of  conditions. 

H  h  2 
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ON  MAXIMA  AND  MINIMA 
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quently  attended  with  great  difficulty  on  account  of  diini* 
nation;  and,  if  the  original  expressions  be  symmetrical^  the 
symmetry  is  destroyed  by  it ;  in  which  case  it  is  better  to  pro- 
ceed as  follows : 

It  is  plain  from  what  has  been  said^  that  as  there  are  ft— m 
variables  entirely  independent  in  their  variations,  we  have 
n— m  conditions  to  make;  which  will  be  equivalent  to  equating 
to  0  the  (n—m)  partial  derived-functions^  with  respect  to  these 

variables  of  T(x,y,z ).    Differentiating  the  functions  in 

order,  and  remembering  that  nu  =  0,  because  u  is  to  be  a 
maximum  or  a  minimum,  we  have 


Dtf  =  0  = 


0  = 


/  rfr 


(ih*ir,h*ir> 


\dy 


+ 


C-PU^ 


\dz  / 


0  = 


(dr_ 
\dx 


■)^+(^)*+(^)* 


+ 


>    (28) 


<'  =  (^-)^+(w-)*+(w)*- 


dy 

The  meaning  of  which  is,  that  x,y,  z ,  do  not  vary  inde- 
pendently of  each  other,  but  consistently  with  the  conditions 
involved  in  the  last  m  equations.     Hence  to  eliminate  dx,  dy^ 

dz ,  multiply  these  equations  by  indeterminate  quantities, 

Xi,  ^2^  A3 Xm>  and  add  to  the  first;  and  collecting  the  co- 
efficients oi  dx,  dy^  dz ,  we  have 


-f 


+ 


+ 


{(S 


) + -'  m  *  ^' 


(dri\ 
\dx) 


-f 


+ 


+  A^ 


(w-)} 


dx 


+ <w  '> 


dy/    '  ''\dy/    '  '  '  \  dy 

m-^'m-<^)- ^^m 


dz 


{ 


}... 


+ 


=  0. 
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Which  equation  is  subject  to  n  conditions^  viz.  n—m,  on  ac- 
count of  n— m  independent  variables  being  involved,  and  m  on 
account  of  our  having  introduced  m  indeterminate  multipliers 

^i9  ^i>  ^ Kt'    Let  these  conditions  be,  that  the  coefficient 

of  each  diffSerential  is  equal  to  0 ;  therefore 


U24) 


between  which  equations  Xi,  X^ X^  are  to  be  eliminated, 

and  jp,  y,  z determined,  which  will  be  the  values  corre- 
sponding to  a  maximum  or  a  minimum  value  GiT{x,y^z ). 

The  sign  of  the  second  differential  coefficient  will  determine 
whether  the  particular  value  be  a  maidmum  or  a  minimum : 
but  in  most  cases  where  this  method  is  applicable,  the  form  of 
the  function  at  once  decides  whether  it  admits  of  a  maximum 
or  of  a  minimum. 

]43.|]  In  the  case  in  which  only  one  equation  is  given  con- 
necting the  n  variables  involved  in  the  given  function,  whose 
maximum  or  minimum  value  is  to  be  determined,  the  above 
results  assume  a  particular  form,  by  means  of  which  the  pro- 
cess is  much  simplified. 

Let  u  =  r(x,y,z )  (25) 

be  the  function  of  which  the  maximum  or  minimum  value  is 
to  be  determined  j  and  suppose  the  variables  to  be  subject  to 
the  relation  expressed  by  the  equation 

/(^,y,^ )  =  c;  (26) 

then,  differentiating  (25)  and  (26),  and  putting  Dt<  =  0,  by 
reason  of  its  being  a  maximum  or  a  minimum,  we  have 

.,  =  o  =  (£)^+(g)*  +  (g)..+ (2') 
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whence,  multiplymg  (27)  by  an  indetanidnate  nmMiplBBr  J^4b1 
sabtncting  (S8)  ftmn  it,  we  haye 

and  by  irirtae  of  the  ai^ument  of  the  hist  Article^  equating  to 
aero  the  leyeral  coefficients  of  <&r,  djf,  dz ,  we  have 

/rfF\  /rfF\  /rfF\ 

1        \dx)       \dy)       \dz)  ,^, 

"^^J^^Wi^Wi^ ^^ 

\dx)       \dy)       \dz) 

that  is^  the  ratio  of  the  coefficients  of  the  same  differentials  in 
(27)  and  (28)  is  constant. 

The  algebraical  criterion  for  discriminating  between  a  maxi- 
mum and  a  minimum  is  too  complicated  to  be  of  any  sendee 
even  in  this  particular  case. 


144.]    Ex.  1.  To  determine  the  Tninimnm  yaloe  of 

«*  +  y*  +  ^1  having  gifen  p  s^  ax  ^  by  -^  ez^  where /i,  a,  A,  c 
are  constants. 

Let  tt*  =  a?*  -f  y*  -f  2r*, 

p  ^  ax  -^  by  +  cz'y 

.-.     uDtf  =  xdx  -f  ydy  -f  zdz  =  0, 

0  =  adx  -f  bdy  +  cdzi 
.'.     by  reason  of  the  last  Article, 

a  ^  b  ""c  ~'  ax-^-by-^cz  "  p 

=  -^ ~  =  -,  by  Preliminary  Theorem  I: 

{a»4-A*-l-ca}*         {a^^b^-^c'}^ 


u  = 


{a^+Aa  +  c*}*' 


_         ap  __         ^P  cp 

The  above  is  the  solution  of  the  problem,  To  find  the  shortest 
distance  from  the  origin  to  a  given  plane. 
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Ex.  2.  To  determine  the  greatest  triangle  of  given  peri- 
meter. 

Let  the  area  of  the  triangle  =  u,  and  the  sides  be  sp,  y,  z, 
and  the  given  perimeter  =:  28. 

differentiating  the  former  equation^  and  taking  the  loga- 
rithmic differential  of  the  second, 

0  z=z  ds  -{-  dy  +  dz, 

2j}u         dx  dy  dz         ^ 

u         S-x  ^  S-y  ^  S-'Z  ' 

.-.     S  — a?=S  — y  =  S  — z, 

2S 

.'.     a?  =  y  =  2r  =  — , 

Area  of  triangle  =  -^; 

3' 

that  is,  the  triangle  must  be  equilateral. 

In  precisely  the  same  manner  may  it  be  shewn  that  of  all 
figures  of  a  given  number  of  sides  and  of  given  perimeter,  the 
equilateral  and  equiangular  one  is  the  greatest. 

Hence  also  it  follows  that,  of  all  plane  figures  of  given  peri- 
meter, the  circle  is  that  whose  area  is  the  greatest. 

For  let  2S  be  the  given  perimeter,  and  n  be  the  required 
number  of  sides, 

.•.     each  side  =  — , 

n 


and        .*.     area  =  —  cot  ~, 

n         n 

TT  \n 


-)■ 

n/ 


mm 

But  the  last  factor  continuaUy  increases  as  -  decreases,  and 

attains  a  maximum  when  n  =  oo ;  in  which  case  the  polygon 
becomes  a  circle,  which  is  therefore  the  greatest  of  all  plane 
figures  under  a  given  perimeter. 


Ex.8.        To  divide  a   niKpber  a   into  three  parts  T,9,t,  I 
M  tlikt  «"  jr"  zP  may  be  a  maximum. 


*■ 

fe' 

If  ~ 

.   logu  =  m  logx  + 

«logy+;.l06.-i 

ip  +  lf+x; 

0  =  rfar  4-  rfy  +  (fe . 

M 

11 

m  +  u+p 

a       ' 

am 

an 

'f  . 

Vm  +  n+p/ 


Ex.4,  To   determine   the  greatest   quadrilateral   figon 

wliich  can  be  contained  by  four  given  straight  lines  a,b,e,t, 

Lifl;.32.      Let  AB  =  a,   bc  =  b,    c&  =  c,    da  =:  c;  tbe 
angle  ABC  =E  e,   ADC  =  ^;    u  =  area. 

.•.    «  =  5  ■!  aisin^  +  cesin^  !•, 

<AC)»  =  «*+*"— 2o4co8tf  =  c»  +  «»-2cecoB^; 

.-.     D»  =  0  =  5  |oico8^d^  +  cecoB^d^  \  , 

0  =  %aba\xi.0dd  —  %ceKa^d^; 

COSfl  COB^ 

Bind  ~        sin^' 

taa0  =  — tan^, 

.-.     6  =  180^-*; 

that  is,  0  +  ^  =:  180°,  and  the  opposite  angles  of  the  quadri- 
lateral figure  are  together  equal  to  two  right  angles,  and  the 
qnadrilateral  is  such  as  can  be  inscribed  in  a  circle. 
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Ex.  5.  To  detennine  the  maximum  and  minimum  values 
of  the  central  radii  yectores  of  an  ellipse^  and  their  relation  to  a 
pair  of  conjugate  axes. 

Let  the  ellipse  be  referred  to  a  pair  of  conjugate  diameters, 
whose  lengths  are  2ai  and  2^,  as  the  coordinate  axes;  and  let 
M  be  the  angle  between  the  axes,  and  r  be  the  length  of  any 
central  radius  vector ;  then  the  equation  to  the  ellipse  is 

Also  r*  =  X*  +  2xy  cosw  +  y*; 

(j7  +  y  coso))  d[ir  +  (y  +  ^cosa>)  cfy  :=  rdr  =  0; 
therefore  employing  an  indeterminate  multiplier^  we  have 

1^,  +  X(a?+ycos»)  j  (te  +  |^  +  X(y+J?cosoi)  j  dy  =  0; 

And  equating  to  0  the  coefficients  of  dx  and  dy^ 

_  +  X(jr4-ycos»)  =  0, 

Y%  "^  ^(y+^cos«)  =  0; 

whence,  multiplying  the  former  by  x  and  the  latter  by  y,  and 
adding  '        ^  s 

~%^\%  +  A(«*  +  2ary  cos«  +  y»)  =  0, 

.-.     1  +  Xr*  =  0,         .-.    X  =  — -j; 

r 

and  substituting 

/I         1\  cos«  ^ 

COSO)  I  \  1  \  g. 

whence,  by  cross-multiplication, 

(^.-^)a.-^)-r.<"">'=-'^ 

...     r*  -  (ai«  +  *i»)  r»  +  ai««i»  (sin«)»  =  0. 

1 1 
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Ad(  let  a  and  b  be  the  greatest  aud  least  values  of  tlie  n 
vectores,  so  that  d*  aud  A*  will  be  the  roots  of  the  last  equatio 
theo  I)y  the  theory  of  equations 

a*  +  6»  =  «,»  +  6i», 

a^  f?  =  fl]*  ^i*  (ain  »)*,  ■ 

by  means  of  which  the  values  of  a  and  b  tuay  be  easiljrl 
termined. 

By  a  similar  process  may  we  determine  the  analogous  re 
tions  of  the  principal  axes  of  an  ellipsoid  to  any  system 
conjugate  axes. 

Ex.  6.  To   inscribe   in   a   sphere  the   greatest   parall 

epipedon. 

Let  a:*  +  y*  4-  ^'  =  a"  be  the  equation  to  the  sphere ;  a 
let  u  be  the  content  of  the  parallel  epipedon. 

.-.     M  =  ^xyz; 
.-.     taking  the  logarithmic  differential, 

DM       „       rf.f        dy        dz 

—  =  0  =  —   +  —  +-. 
u  X  y  s 

'Abo  0  =  xdx  +  ydy  +  zdz. 

J  .-.  ^  =  ,.  =  ^  =  ^, 

and  volume  of  parallelepipedon  =  — p . 
8» 
Ex.  7.         To  find  a  point  within  a  triangle,  such  that  t 
sum  of  the  lines  drawn  from  it  to  the  angular  pointa  may 


In  fig.  20.     Let  F  be  the  required  point;  and  let  ap  = 

BP  =  y,  cp  =  z,  Bc  =  a,  CA  =  A,  ab  =  c,  bpc  =  9,  cpa  = 

AFB  =  ^ ;  u  =  sum  of  the  required  lines ;  wherefore  we  have 

«  =  *  +  y  +ir;  (3 

a*  =  y*  —  %yz  cos  ^  +  je*,  "^ 

^  =  z*  —  2zx  C08^  +  ^,    [■  (3 

C*  =  iT*  —  2xycmy^+  y*;  J 

tf  +  0  -(-  >(f  =  2ir.  (3 
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Whence,  by  differentiation, 

Bu  =^  0  =  dx  ■}-  dy  -\'  dz;  (34) 

0  =  (y^zcos6)dy  +  {z^ycoBd)dz  +  yzsinddO,       '\ 
0  =  {z^xcoH<f>)dz  -f-  {x^zcoBip)dx  +  zxsm<f>dif>,      >  (35) 
0  =  (x^ycoBylf)d3ff  -f  (y— ^C08^)dy  +  xyBmyjfd^i  J 

0  =  dd  +  d<^  +  dyjr.  (36) 

Now  observing  that  we  have  six  variables  involved,  which 
are  connected  by  four  equations  (32)  and  (33),  there  are  two 
independent  ones;  multiplying  therefore  the  equations  (35) 
severally  by  x,  y,  z,  and  adding,  we  have 

{x{y  4-  ^)  — y5r(cos<^  -f-  cos^) }  dr  -f-  {y(^  +  ^)  — 5ra?(cos^  +  cosd) }  dy 

+  {z(X'^y)^xy(cos6-\-coB<l>)}  dz 
-^xyz  {sin  ^  c/^  +  sin  0  cf4»  +  sin  >fr  dy^}  =  0.       (37) 

Whence,  in  a  manner  similar  to  that  of  Art.  143,  multiplying 
(34)  and  (36)  by  two  indeterminate  multipliers,  and  adding 
them  to  (37),  and  equating  to  zero  the  coefficients  of  the  vari- 
ables, we  have 

sin^  =  sin0  =  sin>/f; 
.-.    ^  =  <^  =  i/f  =  12(f. 

Let  therefore  three  segments  of  circles  be  described  on  the 
sides  of  the  triangle,  each  containing  an  angle  of  120°;  these 
will  meet  in  a  point,  which  point  will  be  that  required. 


I  1  2 
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CHAPTER  Vin. 

APPLICATION    OF    TH8    PBSCfBDINO  PBIKOIPLSS   TO  THB   Dl- 
TBRIONATIOK  09  SOME  QUS8TION8  09  PUBB  ALQSBBA. 

146.]  In  the  present  Chapter  we  take  the  following  to  be  the 
type  of  algebraical  equations  of  the  nth  dq;ree^  and  for  con- 
▼enience  of  reference  symbolise  it  hjfix)^ 

the  npper  or  lower  sign  being  taken  according  as  ii  is  odd  or 
even,  n  being  integral  and  positive,  and  no  fractional  or  nega- 

tive  powers  of  x  being  inrolved  in  the  equation  ;:pij9| jiw 

being  constant  coefficie&ts»  real  or  imaginary,  and  tlie  ooeffidflnt 
oi  the  highest  power  of  x  being  miity. 

A  root  of  such  an  equation  is  a  value  which,  when  sabstitiitad 
for  the  unknown  quantity  x,  makes  the  whole  to  vanish;  thus^ 
if  a  be  a  root  affix), 

f{a)  =  0. 

An  imaginary  or  impossible  expression  is  one  of  the  form 

a-^b^/^,  (2) 

and  which,  as  was  explained  in  Art.  57,  always  admits  of  being 

put  in  the  form  . . 

r(co8d  -f  V  — 1  smd), 

of  which  r  is  called  the  Modulus,  and 

r*  =  a»  -f-  «*  =  (a  +  \/^  b)  (a-  ^/^  6),  (8) 

the  latter  pair  of  imaginary  factors  being  called  conjugate  to 
each  other. 

Now  of  such  general  algebraical  expressions  as  (1),  almost 
all  the  properties  which  are  proved  in  the  usual  text-books  on 
the  Theory  of  Equations  arise  from  considering  them  in  their 
resolved  or  analytical  form,  that  is,  as  made  up  of  factors  of  the 
form  x^a,  x^b, a?  — a  4-/3  \/^,  a?  — a  — )3\/— 1 ; 
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«  the  rdationa  which  exist  between  the  roots  and  the 
mts^  between  two  equations  the  roots  of  one  of  which 
ametrical  functions  of  those  of  the  other^  &c.     But  a 

treatment  of  the  subject  requires  the  equations  to  be 
red  in  their  synthetical  or  unresolved  state^  and  we  pro- 

the  foUowing  Articles  to  exhibit  such  properties  of  them 
*  compounded  state^  as  fall  within  the  grasp  of  the  pre- 
principles ;  and  the  first  question  that  meets  us  is.  Has 
M}uation  a  root?  or  in  other  words,  Is  there  a  value^ 

imaginary^  which^  when  substituted  for  x  in  f{x),  will 
fix)  =0? 

)e  thought  that  an  unfair  assumption  is  made  in  the  follow- 
iclcs  in  the  extension  to  impossible  quantities  of  processes 
Tentiation  which  have  been  hitherto  applied  to  possible 
ies,  let  it  be  borne  in  mind  that  the  principles  of  differ- 
m  as  unfolded  in  the  first  and  second  Chapters  req\ure 
le  law  of  continuity  to  be  satisfied  in  the  functions  to 
they  are  applied,  and  that  impossible  quantities  satisfy 
w  as  well  as  possible  ones.  And  I  would  also  observe 
9  logarithmic  and  circular  functions  are  related  to  each 
by  means  of  the  exponential  equivalents,  which  involve 
is  of  impossibility,  and  as  we  have  introduced  and  ope- 
m  each  of  these  in  the  previous  Chapters,  our  procrases 
3en  applied  to  impossible  as  well  as  to  possible  quantities. 

]  Theorem  I. — If  f{x)  be  a  function  of  x  of  the  form 
ere  are  always  one  or  more  values  of  x  of  the  form 
^  — 1,  which,  when  substituted  for  x,  will  render /(d?)  =:  0 ; 
ther  words.  Every  equation  has  a  root. 

tly,  we  must  shew  that  when  for  x  we  substitute  in  f(x) 
3st  general  form  y  +  z  V—l,  f(y  +  z  V—l)  does  not 
of  an  absolute  maximum  or  minimum  value. 

anding  by  Taylor's  Series /(y  +  z  \/— 1),  we  have 

ch  right-hand  member  the  possible  and  impossible  parts 
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miy  be  aepanited,  and  the  whole  fimrwaon  nuij  be  eqi 
to  p  4-  Q  \/— 1 ;  io  thmt 

p=/(ir)-r(r)S+r"(ir)i:|i:5. 


*• 


Q  =/'(ir)^-/"'(jr)l35+r-(ir)o5A6 

where  p  and  q  are  functions  of  two  mdepemdemi  TiriaU 
and  z;  and  differentiating,  we  hare 


dr       dtt 
dy  -  dz' 

dr 
Tz  = 

dn 
dy' 

d*v        d*Q            d*r 
dy*  ~  dydz  ~       dz*' 

d*9 

dy*  - 

d*r 
dydz  - 

d*q 

d^T         d^r 
hence,  ^--  and  ^-^  being  necessarily  of  different  signs, 

conditions  of  Art.  185  and  186  cannot  be  satisfied,  and  p 
not  admit  of  a  maximum  or  minimum  value;  similarly  al 
is  plain  that  q  does  not  admit  of  a  maximum  or  ndnim 
hence /(y  +  z  \/— 1)  is  not  a  function  admitting  of  a  nuum 
or  minimum. 

Secondly,  let  y  +  jr  \/— 1  be  replaced  by  r(co8d+  \/— 1  s 
and/(y  +  z  V—l)  by  r(co8T  +  \/^  sinT),  r  and  a  l 
severally  the  moduli  of  y  4-  ^  ^/— 1  and  of  /(y  +  ^r  \/^ 
and  0  and  t  being  real  circular  arcs ;  then,  if  it  can  be  si 
that  some  value  of  d  is  such  as  to  render  r  =  0^  y  and  ; 
such  as  to  make 

/(y  -f  z  y^)  =  0, 

tod  it  is  proved  that  the  equation  f{w)  =  0  has  a  root. 


Since      /(y  -f  z  v—T)  =  r(cost  -f  \/^  sinx), 
.-.    /(y  —  z  \/— 1)  =  R(cosT  —  \/^  siuT)  ; 
whence         r^  =  /(y  4-  z  \/^)  xfiy  —  z  \/^). 

Now  to  consider  the  most  general  case,  suppose  that  al 


146.]  ON  THE  BOOTS  OP  EQUATIONS.  24T 

derived-functions  of /(a?)  up  to  the  mth  exclusively  vanish,  when 
X  =  y  4-  2r  \/— 1,  viz.  that 

whence  also, 

/'(y-z^/3l)  =  0,  /'(y-«^/I^:)  =  0, .../— Hy-;5  -/^)  =  0. 

Then,  by  means  of  Leibnitz's  Theorem,  see  Art.  53,  differ- 
entiating equation  (10),  and  neglecting  terms  which  vanish^ 
we  have 

d-.B«  =  /~(y  +  z  ^/^)  {dy  +  dz  y=T)-/(y  -  z  x/^Tl) 

^f^iy-z  ^/^)  (rfy-&  V^rf(y  +  «  ^/^)^ 

Let  Km  and  p  be  the  moduli  severally  of /""(y  4-  2;  \/— 1)  and 
of  ctr  -f-  \/ — 1  d!:;,  and  let  t^  and  r  be  the  corresponding  arcs, 
80  that 

/"•(y  +  2?\/^)   =   B«(COST«  -f-    \/^  8inT«),    -v 
/"(y  -  2;  y^)   =   B«(C08T«  -   \/^  8inT„);    -> 

dy  ±  dz  ^/— 1    =  p(cosT  +  \/— 1  sinr);  (12) 

•'•  {dy±dzV^l)'*  i=  p"(cosmr  +  >/— 1  sinmr);  (13) 
making  which  substitutions 

d"».R>  =  2rr„p'"co8(t,„  — T  -f  mr).  (14) 

Now  as/(y  +  z  >/— 1)  does  not  admit  of  an  absolute  maxi- 
mum or  minimimi  value,  that  is,  as  it  may  have  all  or  any 
yalues  intermediate  to  4-  00  and  —  00  ,  so  r^  (being  of  the  form 
it  is,  viz.  the  square  of  r)  does  not  admit  of  a  maximum  value ; 
but  it  must  have  a  minimum  value;  that  derived-function  of 
it  therefore,  which  is  the  first  not  to  vanish,  must  be  consistent 
with  such  a  singular  value.  Now  on  examining  equation  (14) 
T  is  arbitrary,  and  rf^.R*  will  evidently  change  sign,  when  r,  and 
therefore  when  dy  and  dzj  receive  certain  values ;  as  for  instance, 

change  r  to  t  -| tt,  the  sign  of  rf*.R*  will  be  changed; 

m 

and  such  a  change  is  inconsistent  with  r*  being  a  minimum^ 

The  apparent  difficulty  however  is  obviated  if  one  of  the  other 

fiBctors  of  d^.B^  vanishes;  but  r^  and  p"*  do  not  vanish,  and 

therefore  it  follows  that  the  only  condition  which  is  consistent 
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irith  B*  Mng  a  mmhiuiiii  Tihie  n,  diat  m  s  0;  iUl 
is  the  minimuin  value;  whence^  by  meant  of  (8)j 


/(f  +  «V-l)  =  0.  (U) 

and  therefore  there  always  are  some  valnes  of  y  and  m  andi  Art 
equation (15)  is  satisfied;  and  therefore  every  eqnatioii  of  Ai 
form  (1)  has  a  root. 

If  in  the  general  form  of  the  root «  =  0,  the  root  is  a  powhle 
one;  but  iSz  has  a  finite  value^  the  root  is  imposrible. 

147.]  Taking  a  to  be  the  general  symbol  for  the  root  of  sa 
equation^  we  may  thus  prove  that  the  equation  is  divisible  by 
4p  —  a  without  a  remainder. 

Let/(4?)=:0  be  the  equation;  then^sinoeais  arooty/(<i)«OL 

Observing  now  that  Taylor'^s  Series  does  not  fiul  fbr  a  fbne- 
tion  of  X,  such  as  we  have  assumed  f(x)  to  be^  and  that  tlie 
(ii+l)th  derived-function  vanishes^  because /(«)  is  algirimicsl 
and  of  n  dimensions,  by  means  of  equati<m  (14)  Art.  119, 
we  have 

/(«)  -f{a  +  x^a), 


the  second  member  of  which  equation  is^  as  /(a)  =  0,  divisible 
by  (a?— a). 

Heuce  also  conversely,  if  x  —  a  is  a  factor  o{f(x),  f{a)  =  0, 
or  a  is  a  root  of  the  equation. 

Hence  we  conclude  that  if  any  function  of  the  algebraical, 
form  assumed  in  equation  (1),  Art.  145,  vanishes  for  a  particular 
value  a  of  the  variable,  the  function  has  a  factor  of  the  form 
X  ^  a,  and  it  is  owing  to  its  vanishing  that  the  function 
vanishes;  compare  Art.  101. 

148.]  Hence  also  it  follows,  that  every  equation  has  as 
many  roots  as  it  has  dimensions,  and. no  more. 

For  dividing  f{x)  in  equation  (16)  by  (j?  —  a),  the  highest 
power  of  X  that  remains  is  x^"^,  being  that  which  is  involved 
in  the  last  term  of  it,  viz.  in  (<r— a)**,  whence  there  results  an 
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ezpreasion  of  n— 1  dimensions;  which  again^  by  virtue  of 
Art  146^  has  a  root^  and  therefore  is  again  divisible  by  a  factor 
of  the  form  a?  —  a ;  whereby  the  expression  is  depressed  to  one 
of  n  —  2  dimensions ;  and  if  a  similar  process  be  continued  for 
» —  1  times,  we  shall  finally  have  an  expression  of  one  di- 
mension, which  will  give  the  last  root,  and  thereby  the  equation 
will  have  been  resolved  into  n  factors. 

Thus  suppose  the  n  roots  to  be  ai,  o^ a^,  then 

f{x)  =  (x— fli)  (J7— 02) (j?— a«).  (17) 

Also  it  is  manifest  that  no  other  value  than  one  of  the  n 
roots  can,  when  substituted  for  x,  make  any  simple  factor,  and 
thereby  the  whole  expression,  to  vanish;  and  therefore /(j?)  has 
only  n  roots,  some  of  which  however  may  be  equal ;  and  there- 
fore although  all  the  n  roots  may  not  be  different,  yet  there 
can  never  be  fewer  than  n  simple  factors. 

Again,  if  the  coefficients  of  the  several  powers  of  a?  in  /(^) 
are  real,  and/(^)  has  impossible  roots,  they  must  enter  in  pairs: 
80  that,  if  Oi  and  aj  are  two  impossible  roots  which  are  conju- 
gate to  each  other, 

fli  =  a  +  /8  \/— 1  =  p  {cosS  -f  >/— 1  sind). 


Qj  =z  a  —  ^  \/— 1  =  p  {cosd  —  v—T  sind}  ; 

which  quadratic  expression  is  essentially  positive;   and  by  a 
similar  composition  of  other  conjugate  factors  we  have 

fix)  =  (x^a,)  (x^Oi) ...  {(x^ai)*  +  A^}  {(x-a^)^  +  A*}...  (18) 

and  therefore  f(x)  is  the  product  of  factors,  simple  or  qua- 
dratic*. 

149.]    On  the  algebraical  relation  of  f{x)  to  its  derived- 
function. 

hetfix)  be  a  function  of  the  form  (1),  Art.  145,  which  has 

*  A  further  inquiry  into  the  possibility  and  nature  of  the  roots  of  equa- 
tions would  be  out  of  place  in  the  present  Treatise,  both  because  it  does 
not  so  directly  require  Infinitesimal  Calculus  as  to  be  cited  in  illustration  of 
ity  and  because  it  is  not  elementary  enough  for  our  purpose.  I  would  how- 
ever recommend  the  advanced  student  to  read  **  Cours  d' Alg^bre  Sup^rieure/' 
ptr  J.  A.  Serret,  Paris,  1849;  and  "Ouvres  d' AbeUChristiania,  1839." 

Kk 
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all  its  ruots  realj  aud  therefore  all  its  coefficieDta  real  qunti- 
tiea;  and  let  the  roots  of/(i?)  be  Oi,  Ot a.,  w  th»t 

/(x)  =  j»— pia?*-'  +iJ»a!"-»  — ±p„,ix  T  j>.,    (1^ 

=  (JT-aj)  (j:-fli) tJ?-fl-),  (20) 

the  upper  or  lower  sign  being  taken  in  (19)  according  as  11  ii 
odd  or  even,  and  the  roota  being  arranged  in  order  of  nugm- 
tnde,  viz.:  ' 

oi  >  a,  >  a»  > >  B,;  (21) 

.-.    /'(x)  =  n:t*-^-ia~\)pia*-*  + ±p,-u 

=  («-ai)  («-o») (*-<u)  +  (*-ai)  {JP-a») (*-*J 

+  (a?-ai)  (a--Os) (x-o»)  +  

+  (j^-aOCe-Ot) (^-a,_,).     (22) 

Let  J  =  fli ,  then  observing  that  all  the  parts,  except  the  firat, 
of  the  second  member  of  (22)  disappear,  and  that  by  virtue  of 
the  arrangement  of  the  roots,  as  indicated  by  (21),  every  factor 
of  the  first  part  is  positive,  it  follows  that,  if  ar  =  Oj,  f{^)  is 
positive;  similarly,  if  j*  =  a2,f'{x)  is  negative.  There  is  there- 
fore (Cor.  II,  Art.  95)  some  value  of  .r  between  Oi  and  flj  which 
makes /'(,».■)  vanish;  a  root  therefore  of /'(j-)  lies  between  0| 
and  a%.  Similurly  we  have  the  following  results : 
if  X  ^  Oi    f'(x)  is  positive, 

X  =  at   fix)  is  negative, 
X  =  Hi    f{x)  is  positive, 

X  =  a^  f(x)  is  positive  or  negative,  accord- 
iag  as  n  is  odd  or  even.  Hence  the  roots  ai  f'{x)  are  real,  and 
lie  between  the  roots  aif{x.) 

Let  the  roots  oif'{x)  be  a,,  0% «»— 1.  arranged  in  (ttder 

of  descending  magnitude,  then  they  stand  to  the  roots  oi  fix) 
in  the  relation  indicated  in  the  following  table : 


0]  *i  *i «■-!> 

whence  it  appears,  that  the  greatest  root  off(x)  is  greater  than 
the  greatest  root  o{/\x),  and  the  least  root  of /(^)  is  less  than 


150.]  OP  DBBirro-FUNCTIONS.  251 

the  least  root  ot  f{x).  It  is  on  account  of  this  particular  re- 
lation of  the  roots  tdf'(x)  to  the  roots  of  f{x)  \hatf'(x)  is 
sometimes  called  the  limiting  equation  oif{x). 

Hence  also  it  follows^  that  if  all  the  roots  of  an  equation  be 
real,  all  the  roots  of  each  of  its  successive  derived-funotions 
will  be  real  also. 

These  results  admit  of  the  foUowing  geometrical  interpreta- 
tion :  Let  the  curve  represented  in  fig.  23  be  that  whose  equa- 
tion is  y  =s:f(x).  K%  fix)  has  n  real  roots,  f{x)  and  therefore 
y  =  0  at  fi  points  corresponding  to  them;  that  is,  if  oai  =  ai, 

OAs  =  Osy the  curve  cuts  the  axis  of  x  at  ai,  As ,  that 

is,  in  n  points.  A%f(x)  only  =  00  when  j;  =  -f  00 ,  the  ordinate 

is  finite  for  all  values  of  x  between  ai  and  ^29  <h  and  03 ; 

and  by  the  last  Chapter  as  f'{x)  =  0,  and  changes  sign  when 
X  =  ai,  =09,  = ,  f{x)  is  a  maximum  or  minimum  corre- 
sponding to  these  roots  Qtf\x),  and  therefore  we  have  maxima 
or  minima  ordinates  at  points  intermediate  to  Ai  and  As,  A2  and 

A9, Am.i  and  a^;  that  is,  obi  =  ai,  0B2  =  03 Also 

as  n  is  odd  or  even  will  the  curve  towards  the  left,  when 
X  =  —  00 ,  be  below  or  above  the  axis  of  x. 

150.]]  Hence  it  appears  that,  if  f(x)  has  m  roots  equal  to 
each  other,  f\x)  has  (m— 1)  roots  equal  to  each  of  the  equal 

roots  o(  f{x);  for  if  oi  =  at  = =  Um,  then  oi  =  a^ 

=  Om-u  ^  the  as  are  intermediate  to  the  as;  which  proposi- 
tion is  also  thus  manifest. 

Let  m  roots  o{f{x)  be  equal  to  one  another  and  to  a,  and  let 
q^  symbolize  the  product  of  the  other  n^m  roots,  then 

fix)  =  (^-a)«Q,; 

.-.    fix)  =  (a;-a)-i  (mo,  +  (a?-a)^}, 

BxxAf'ix)  has  m— 1  roots  equal  to  each  of  the  m  equal  roots 
of /(a?). 

Hence  if  fix)  has  equal  roots,  they  may  be  determined  by 
the  method  of  finding  the  greatest  conmion  measure  of  fix) 
and  fix),  and  fx)  may  be  depressed  by  as  many  dimensions 
as  it' has  equal  roots. 

The  latter  proof  of  this  proposition  manifestly  reaches  the  case 
of  equal  impossible  roots  which  the  former  may  not  resolve. 

K  k  2 


wm  :    BTURU  s  thborem. 

151'.3'  '€KnB*  ga  cquatiou  f(x)  =  0,  whicli  has  krI  c 
onto;  it  is  leqairad  to  determiae  the  Dumber  of  reitl  roob 
vhioli  it  ctrntainii  and  tbe  limiU  of  them. 

Tbt  foUowing  pmcesH,  due  to  M.  Sturm,  and  dow  geoerallT 
known  by  the  nune  of  "  Sturm's  Theorem,"  theoretically  com- 
pletn  the  mibject  of  synthetical  expressions,  and  is  one  of  the 
gnttett  modem  diMMvcries  iu  Algebraical  Analysis. 

Fint  let  us  oomider /(ir)  to  have  been  cleared  of  eijual  facton 
hy  meuu  of  the  lut  Article,  so  that  f{x)  has  not  roots  equal  to 
ewh  other;  then  we  may  euuntiatc  the  following  Theorem : 

Thbouh. — Let/[.Ti  be  a  function  of  x  of  real  coefficients,  of 
which /*(»)  i«  the  derived-function ;  let/(T)  be  divided  by/'(j-) 
in  the  way  of  findii^  the  greatest  common  measure,  but  with 
the  peculiarity  of  the  sign  of  a  remidnder  always  being  changed 
before  it  be  made  a  divisor,  and  let  this  process  of  division  bs 
contumed  until  it  terminates  by  giving  a  remainder  independent 
nXx  and  not  raniahing ;  which  is  always  the  case  when /(f)  hai 
iio  equal  fiwton;  and  let  these  successive  remainders  thoa 
modified  be  tymbolizcd  by  ■ 

/i(^),  Mx) Mx).  J 

to  that  we  have  the  following  system  of  equations :  ' 

f{x)  =  fix)  9,  -Mx), 
fix)  =Mx)q,-M.r), 
Mx)  =Mx)qi-Mx), 


(M) 


/n-i(^)  being  the  last  factor  and  independent  of  x;  and  not 
rauishing  because  by  hypothesis /(ir)  has  no  equal  roots. 
-  Let  a  and  /3  be  two  numbers  of  which  a  is  the  less  (r^aid 
being  had  to  its  sign);  substitute  a  for  x  in  the  series 

/(ar>,    /'{^),    /iW /.-i(ar),  (24) 

and  write  down  in  the  same  order  the  signs  of  the  results;  and 
count  the  number  of  sequences  of  two  terms  having  contnuy 
signs  in  this  series  of  results ;  and  suppose  that  a  is  that 
number. 

Substitute  ^  in   the   same  series   of  functions,   and   count 
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as  before  the  number  of  sequences  of  two  terms  with  contrary 
signs,  and  suppose  it  to  be  equal  to  b. 

Then  there  are  a— b  roots  oi  f(w)  lying  between  a  and  /3; 
that  is,  the  number  of  the  excess  of  variations  of  signs  in  suc- 
cessive terms,  when  a  is  substituted  for  x,  over  that  when  ^  is 
substituted  for  x,  is  the  number  of  real  roots  oif{x)  greater 
than  a  and  less  than  ^. 

For  suppose  a  to  be  a  real  root  oif{x) ;  and  in  the  series  (24) 
for  X  let  th^e  be  substituted  a—A ;  then  the  series  of  functions 
becomes  by  equation  (16),  Art.  99, 

/(«)-/'(«)  f  4- r(a-f^A)j^, 

f\a)-f\a-^6h)h, 

/2(fl)-/2'(a-f^A)A, 


in  each  of  which  we  may  take  h  such  an  infinitesimal,  that  the 
terms  involving  it  must  be  neglected  when  added  to  a  finite 
quantity;  then,  since  a  is  a  root  off{x),  and  therefore /(a)  =  0, 
the  signs  of  the  series  of  terms  are  the  same  as  those  of 

-/'(fl),    /'(«),    /i(«) (25) 

Similarly  let  a  +  A  be  substituted  for  x,  then  the  signs  of  the 
series  of  results  are  the  same  as  those  of 

/'(«),    /'(fl),    /i(fl),    /2(«) (26) 

whereas  then  of  (25)  the  first  two  terms  are  affected  with  oppo- 
site signs,  the  first  two  terms  of  (26)  have  the  same  signs; 
therefore  by  making  x  increase  from  a  quantity  a  little  below 
a  real  root  to  a  quantity  a  little  above  it,  a  variation  of  sign  in 
the  series  of  functions  (24)  is  lost ;  that  is,  what  was  a  sequence 
of  opposite  signs  has  become  a  sequence  of  the  same  signs. 

Also  a  similar  loss  of  variation  of  signs  takes  place  whenever 
X  passes  through  a  root ;  and  therefore,  if  we  make  x  to  grow 
by  infinitesimal  increments  from  a  to  fi,  every  time  that  its 
value  becomes  that  of  a  real  root  of  the  equation  the  series  of 

signs  o{f(x),  f'{x),  fi{x) loses  a  variation,  and  only  then; 

hence  there  are  2is  many  real  roots  between  a  and  p  as  there 
are  more  variations  {or  a  than  for  )3. 


S54 

In  calculating  the  auccessive  values  of  the  seriea  of  JVinctioni 
(24)  we  may  observe  that  any  function  may  be  multiplied  or 
divided  by  a  positive,  but  not  by  a  negative  quantity,  as  the 
sign  would  thereby  be  changed,  and  it  ia  from  the  signs  that 
the  proposition  is  deduced. 

Ex.1.  jJ  — ^-4z-j-3  =  0  =f{x), 

3jr»-2fl?-4         =f'{x), 


3a^-2a«-   4ar 


-    «■_ 

8i  +9; 

or 

-3:H  + 

24r  +  l87 
2j:+    4 

26i  +  23i 

/,(»)  =.  26»-23. 

SSi- 

-83) 

78  «■ 

-52i- 
]7»- 

443  a;- 

104(31+17 

104 

2704 
391 

J 


-2818; 

.'.    /(*)  =  a»-a»-4af  +  8, 
/•(»)  =  8«"-2«-4, 
/,(«)  =  26i  -  28, 
/.W  =  2818. 
The  aigiu  of  which  aeries  of  fanctioiii,  oormpondinf  to  th« 
following  nilaeB,  sl« 

when  *  =  —2,     — ,  +,  — ,  +, 

*  =  -1.  +.  +,  — ,  +, 
»  =  0,  +,-,-,  +, 
»  =  1.        -,  -,  +,  +, 

•  =  2.  -.  +,  +,  +. 
»  =  8,         +,  +,  +,  +. 
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ienee  «•  a  change  of  sign  is  lost  in  passing  from  w  =  —2 
o  X  =  —1^  aroot  lies  between  —2  and  —1 ;  and  as  changes  are 
igain  lost  in  passing  from  or  =  0  to  ^  =  1,  and  from  or  =  2 
o  4r  =5  8^  two  other  roots  lie  severally  between  0  and  1,  and 
)etween  2  and  8.  Hence  the  equation  has  three  real  roots, 
he  positions  of  which  have  been  determined. 

152.]    We  have  supposed  that  none  of  the  quantities /'(or), 

\{x)y  f%{x) /n-i(^)  vanishes,  when  for  x  we  substitute  a; 

»ut  if  one  does  vanish,  the  number  of  variations  of  signs  is  not 
Itered  by  it.     For  suppose^ (a)  =  0,  then,  since 

re  have  /-i(«)  =  — /<+i(a), 

leither  of  which  can  vanish;  for  if  two  consecutive  functions 
anish  when  x  =  a,  then  tracing  backwards  by  means  of  the 

quations  of  the  group  (23)  we  should  have  f  1-2(0)  =  0 

[(a)  =  0,  f'{a)  =  0,  /(a)  =  0:  which  last  two  values  can 
inly  consist  when  f(x)  has  equal  roots,  and  this  is  contrary  to 
he  supposition  made  at  first.  Hence /^^i (a)  sndfi^i(a)  are  of 
contrary  signs  and  form  a  variation ;  and  therefore  of  the  three 
unctions /_i (a  +  h),  fi(a±  h),  fi^i(a±  A),  there  must  be  either 
i  permanence  and  then  a  variation,  or  first  a  variation  and  then 
i  permanence.  Hence  the  vanishing  of  /{(a)  does  not  affect 
:he  truth  of  the  theorem. 

153.]    CoR.  to  preceding  Theorem. 

Hence  foUows  an  easy  method  of  determining  the  whole 
lumber  of  real  and  impossible  roots  of  an  expression  of  the 
brm/(a?)  =  0. 

Whatever  be  the  number  and  value  of  the  real  roots,  they 
nust  be  between  —  00  and  +  00 ;  let  us  therefore  form  as 
ibove  the  series  of  functions 

fi^h     /l(^),     /2W fn-lix), 

;he  number  of  which  is  generally  (11  +  l),/(x)  being  of  n  dimen- 
dons ;  and  let  4-  00  or  a  very  large  quantity  be  substituted  for 
r,  so  that  the  signs  of  the  functions  are  the  same  as  the  signs 
>f  the  first  terms ;  let  m  be  the  number  of  variations  of  signs 
>f  consecutive  terms  of  this  series. 
And  now  let  —  00  be  substituted  for  x,  then  the  signs  of  the 


256  rouRiSR*8  thiobhi.  [11 

fiinctions  of  even  dimenrioDs  will  be  tiie  nine  m  befbni  X 
the  signs  of  those  of  odd  dimensions  will  be  the  oonlnay. 

There  will  therefore  in  the  latter  substitntion  be  m  mi 
variations  of  snceeeding  terms  as  there  were  permanenoes 
the  former^  that  is^  there  will  be  n— m  variaticms. 

And  as  all  the  real  roots  are  comprised  within  these  Km 
their  number  (by  the  Proposition,  Art.  161)  must  be  n^m- 
orn  —  2m,  and  therefore  the  number  of  impossible  roots  is  2 

There  exist  therefore  as  many  pairs  of  impossible  roots 
there  are  variations  in  the  signs  of  the  first  terms  of  the  fix 
tions/(ar),  fix),  /i(j?) /n-iCar). 

Ex.  1.  f{x)  =  a?»  —  Spx  +  2q, 

f(x)  =  Sa^Sp, 

Mx)  -px-q, 

Mx)=ifi^g'. 

The  series  of  signs  of  the  first  terms  are  the  same  as  tliosQ 

1,    h    P,    1^-9^'  • 

If  therefore  p  be  negative  there  is  one  variation,  and  the 
fore  only  one  real  root ;  and  i{  p  he  positive  there  is  one  r 
root  when  p^  is  less  than  q^,  and  if  /i'  is  greater  than  g*  all  1 
roots  are  real. 

154.]    Fourier^s  Theorem. 

The  following  process  was  arranged  by  Fourier  to  separ 
the  real  and  impossible  roots  of  au  equation ;  but  as  it  01 
indicates  a  number  which  the  sought  number  of  real  ro 
does  not  exceed,  the  discovery  of  M.  Sturm  renders  it  aim 
useless;  however^  as  it  advantageously  exhibits  the  relatic 
between  the  successive  derived-functions  in  an  algebraical  po 
of  view,  it  is  right  to  insert  it  in  a  treatise  on  Infinitesii 
Calculus. 

Let  f(x)  be  a  function  of  x  of  the  form  (1),  Art.  145,  a 
which  has  been  cleared  of  equal  factors,  and  suppose  all 
coefficients  to  be  real;  let  the  several  derived-functions  of 
be  formed,  whereby  we  have  a  series 

/(^),  fi^h  rw /"C^);  (i 

and  let  a  and  /3  be  two  numbers  of  which  a  is  the  less,  tl 
there  cannot  be  more  real  roots  of  f(x)  between  a  and  p  tl 
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the  excess  of  tbe  number  of  alterations  of  sign  in  the  above 
series  of  functions^  when  a  is  substituted  for  x,  over  the  number 
lesnlting  from  the  substitution  of  /3. 

For  suppose  a  to  be  root  of  the  equation  f{x),  then,  since 
f(a)  =  0,  by  the  substitution  of  a— A  for  a?  in  the  above  func- 
tilms,  the  series  becomes,  when  h  is  infinitesimal, 

-f(a)h,    f(a) f-{a); 

and  when  o  +  A  is  substituted  for  x, 

f{a)h,    fia) f-(a); 

and  thus,  supposing  none  of  the  derived-functions  to  vanish, 
the  passage  of  the  substituted  quantity,  from  a  value  a  little 
below  a  real  root  to  one  a  little  above  it,  causes  a  variation 
of  sign  to  be  exchanged  for  a  permanence,  and  pari  ratione 
as  such  a  variation  will  be  lost  whenever  the  substituted 
quantity  passes  through  a  root,  it  follows  that,  as  many  real 
roots  as  there  are  lying  between  a  and  /3,  so  many  losses  of 
variations  oif  signs  at  least  will  there  be  in  the  series  of  func- 
tions above,  when  we  pass  gradually  from  a  to  /3. 

At  least,  I  say ;  for  the  series  of  signs  may  also  be  affected 
by  the  vanishing  of  any  of  the  subsequently  derived-functions ; 
for  suppose  6  to  be  such  as,  when  substituted  for  a?,  to  cause 
fl^(x)  to  vanish,  and  A  to  be  an  infinitesimal,  then,  if  6  —  A  be 
substituted  for  x,  we  have  for/''-^(a?),  /''(a?),  /'"^H^)i 

r-Hbh  -r^Hb)h,  r^^b)',  (28) 

and  when  i  +  A  is  substituted  for  j?, 

r-^b),  r^\b)h,  fr^\b).  (29) 

If/'-n*)  and/''+H*)  (viz.  the  first  and  last  terms  of  (28) 
and  (29) )  are  of  contrary  signs,  then  we  shall  have  a  variation 
and  a  continuance  both  in  (28)  and  (29)  so  that  no  change  will 
be  lost.  But  if /'•-^(ft),  /•"•'HA)  ^^  of  the  same  sign,  then  in 
(28)  we  shall  have  two  variations,  and  in  (29)  two  continuations, 
so  that  two  changes  of  sign  will  be  lost. 

Similarly  it  may  be  shewn,  that  if  many  successive  derived- 
functions  vanish  for  a  particular  value  of  x,  an  even  number  of 
variations  of  sign  may  disappear. 

l1 
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There  may  therefore  be  losses  of  Tariatioii  of  sign  in  Ik 
series  of  functions  given  in  (27)  at  other  Yslues  of  x  than  rooli 
oif{x),  but  Taiiations  must  nevertheless  be  exchanged  for  coih 
tinuations  at  the  roots;  therefore  the  Theorem  gives  odj  a 
number  which  is  not  less  than  the  number  of  real  roots.  TliB 
advantage  of  Sturm's  Theorem  is^  that  it  gives  the  eiact  number  T 

of  real  and  of  impossible  roots.  \ 

\ 

166.]  The  rule  commonly  known  by  the  name  of  Dee  Carteif  | 
Rule  of  Signs  is  a  particular  case  of  Fourier's  Theorem ;  vis. 
that  in  the  general  equation  f{x)  =  0^  the  number  of  positive 
roots  cannot  exceed  the  number  of  variations  of  sign  of  the 
successive  terms^  and  the  negative  roots  the  number  of  con- 
tinuations of  signs. 

Firstly^  let  or  =  0  in  the  series  of  functions  (27),  then  the 

signs  of  f{x)^  f{^)9 /"(^)  ^^  the  same  as  those  of  the 

several  and  successive  terms  oi  fix)  taken  firom  right  to  left; 
and  when  ^  =  00 ,  the  signs  of  the  functions  are  all  positive. 
Hence  there  can  be  no  more  real  positive  roots  than  there  are 
changes  of  sign  in  the  successive  terms  of /(x). 

Secondly^  let  a?  =  —  00  ^  then  the  series  of  functions  form 
only  variations  of  sign^  of  which  there  are  of  course  n,  and 
therefore  the  number  exceeds  the  number  of  variations,  when 
07  =  0,  by  the  number  of  permanences  in  the  terms  of  the 
equation.  Hence  the  number  of  negative  roots  cannot  exceed 
the  number  of  continuations  of  signs. 

156.3  Taylor^s  Series  also  furnishes  a  method^  which  was 
invented  by  Newton,  for  finding  a  number  greater  than  the 
greatest  root  of  an  equation. 

Let/(<r)  =  0  be  an  equation  of  n  dimensions  of  the  form  (1) 
Art.  145,  and  for  x  let  us  substitute  y  -{■  h; 

.'.    /(y-f  A)  ^f(h)  +f{h)\'^r{h)  ^  +  ...  H./-(A)  YJ^' 

Suppose  that  such  a  value  is  given  to  A  as  to  make  f{h), 

f'(h) /"(A)  all  positive,  then  by  Fourier'^s  Theorem  no  root 

of  the  equation  can  lie  between  h  and  4-  00 ;  therefore  h  is 
greater  than  the  greatest  positive  root. 
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157.]  Taylor's  Series  is  also  useful  for  approximating  to  a 
root  of  an  equation. 

Suppose  two  values  a  and  p,  the  difference  between  which 
is  small^  to  have  been  found  (of  which  a  is  the  less),  which^ 
when  substituted  for  x,  give  results  with  different  signs,  then 
a  root  of  the  equation  lies  between  them.  To  determine  it,  let 
us  suppose  the  root  to  be  a  +  ^ ;  then  f(a  -f  A)  =  0 ;  but  by 
Art.  101,  equation  (21), 

/l[a  +  A)  = /(a)  + /'(a -he?  A)  A, 

and  n^lecting  Oh  when  added  to  a,  since  h  is  small,  we  have 

/(a)  . 


^  =   - 


f(a) ' 


in  which  case  however /'(a)  ought  to  be  large  in  comparison  of 
/(a),  otherwise  the  result  is  inconsistent  with  our  supposition 
of  h  being  small. 
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DIFFERENTIAL  CALCULUS. 


PART  U. 
GEOMETRICAL  APPLICATIONS. 


CHAPTER  IX. 

ON  GEOMETRY. 


SacnoN  1. — On  t/ie  (ufjmtment  of  the  Priitcipka  of  Geomettf 
and  Infinitesimal  Calculus. 

158.3  ^"^  ^'^  '^y  *^'^  Xiiac  have  become  tolerably  plain  to  the 
attentive  reader,  that  the  characteristic  property  of  Number, 
which  is  the  foundation  of  Infiniteaimal  Calculus,  is  that  of 
continuoas  and  iuSuitesimal  growth;  and  that  Differentiatioii 
is  the  mathematical  expreaaion  of  the  Law  of  Continai^.  Now 
our  object  in  the  following  pages  is  to  apply  the  propontions 
which  have  been  proved  above  to  questions  of  pore  geometry ; 
and  therefore  it  is  necessary  so  to  modify  or  enlarge  the  princi- 
ples of  that  science,  as  to  adjust  them  to  those  of  Tn<ii>i»^<«>iin*l 
Calculus. 

As  it  is  not  however  our  intention  to  write  a  treatise  on 
the  principles  or  difficulties  of  Elementary  Geometry,  we  shall 
rather  enuntiate  axioms  and  definitions,  and  state  resolta,  thao 
prove  propositiona,  leaving  the  laat  to  be  effected  by  our  appli- 
cations ;  neither  shall  we  discuss  the  methods  by  which  we  have 
arrived  at  them,  in  the  belief  that  a  rational  understanding  oS 
the  first  Chapter  of  the  present  Treatiae  is  sufficient  to  explain 
them.  In  accordance  with  illustrations  therein  given,  we  have 
introduced  the  ideas  of  motion  and  of  limits ;  motion  perhaps  as 
having  to  do  with  the  generation  of  geometrical  quantities,  bnt 
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chiefly  as  involyiiig  the  property  of  infinitesimal  divisibility, 
which  is  necessary  to  a  due  conception  of  the  latter  property  of 
Hmiis ;  motion  however,  as  we  have  introduced  it,  does  not  en- 
croach on  the  subject  of  mechanics,  wherein  we  treat  of  motion 
as  the  efiPect  of  certain  causes,  and  discuss  its  circumstances,  as 
e.  g.  the  particular  law  of  force  which  produces  it,  the  velocity 
with  which  the  moving  material  changes  position,  which  neces- 
sarily involves  time,  and  so  on :  but  in  what  follows  we  consider 
motion  as  a  simple  act,  a  primary  conception  as  a  quality  of 
matter ;  and  if  it  tends,  as  it  does,  to  give  clearness  to  our  first 
geometrical  conceptions,  it  is  nothing  but  a  servile  adherence 
to  an  inferior,  though  customary  method,  which  woidd  hinder 
us  from  introducing  it. 

It  is  conceived  that  aU  geometrical  quantity,  whether  linear, 
superficial,  or  spatial,  is  from  its  very  nature  capable  of  increase 
or  decrease  to  an  infinite  extent.  A  line  may  be  very  long, 
nay  of  an  infinite  length,  or  very  short ;  space  may  be  very 
small,  such  as,  so  to  speak,  it  would  require  a  microscope  of 
almost  infinite  power  to  render  visible,  or  it  may  be  very  large. 
Whenever  such  quantities  vary,  they  do  so  in  accordance  vrith 
the  law  of  continuity ;  they  cannot  pass  firom  one  magnitude  to 
another  without  passing  through  all  intermediate  magnitudes ; 
they  grow  larger  and  larger,  or  less  and  less.  This  capability 
of  increase  or  decrease  is  involved  in  our  idea  of  geometrical 
quantity;  it  is  necessary  to  its  completion ;  and  if  it  be  omitted, 
our  notions  fall  short  of  the  properties  of  the  subject-matter  of 
the  science. 

There  are  however  limits  within  which  this  variation  is  in- 
cluded; the  superior  limit  of  geometrical  magnitude  of  the 
concrete  kind  called  space  is  infinite  space:  so  of  superficial 
and  linear  magnitudes,  the  superior  limits  are  respectively  in- 
finite superficies,  and  a  line  of  infinite  length. 

The  inferior  limit  of  all  these  is  the  same,  the  geometrical 
zero,  9L  paint. 

159.]  Of  the  definitions  of  geometrical  quantities  founded  on 
such  notions,  the  following  are  useful  for  our  present  object. 

I.  A  point  is  the  inferior  limit  of  geometrical  space. 

II.  A  sphere  is  the  locus  of  a  point  of  space,  which  is  always 
at  the  same  distance  firom  a  given  point. 
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IIL    A  plane  is  fhe  raifrce  of  a  sphere,  the  ndiiu  of 
is  infinitdy  great. 

IV.    A  circle  is  the  locus  of  a  point,  which  is  always  aft  fls 
same  distance  from  a  given  point,  all  the  points  being  in 
plane. 

v.  A  etrmght  line  is  the  arc  of  a  did^  the  radina  of  wUdb 
is  infinitely  great. 

YI.  A  triangle  is  a  plane  figure  contained  by  three  stni^ 
lines  meeting  one  another,  two  and  two. 

VII.  And  if  the  triangle  be  isoscdes,  the  sides  of  that  tri- 
angle, having  a  finite  base  and  the  Tertez  at  an  infinite  distance 
Bxe  parallel  etraight  lines. 

As  this  is  not  intended  to  be  an  accurate  treatise  on  the  piin- 
ciples  of  geometry,  many  words  are  used  which  have  not  ben 
defined,  as  line,  locus,  &;c. ;  these  however  are  to  be  taken  ia 
their  ordinary  significations,  and  it  is  to  be  observed,  with 
respect  to  these  definitions  and  conceptions,  that  the  aniftosi^ 
lines,  &c.  they  refer  to,  are  only  approximations  to  the  accoialB 
ones.  But  they  are  such  approximations  as  may  diflfer  from  As 
real  ones  by  quantities  as  small  as  we  please;  and  as  these  small 
quantities  may  be  infinitesimals,  such  that  it  would  require  sn 
infinity  of  them  to  make  a  finite  quantity,  and  we  do  not  take 
an  infinite  number  of  them,  these  differences  must,  in  con- 
formity with  what  has  been  said  in  the  first  Chapter,  be  ne- 
glected, and  our  definitions  are  practically  rigorously  exact. 

Having  defined  a  plane,  as  we  have  done,  to  be  the  limiting 
spherical  surface  when  the  radius  becomes  infinitely  great,  it 
follows  that  the  extreme  positive  side  of  the  plane,  when  con- 
tinued, runs  into  the  extreme  negative  side;  that  is,  having 
traced  the  plane  as  far  as  we  can  on  the  positive  side,  we  meet 
it  again  on  the  negative ;  and  although  the  surface  appears  to 
be  discontinuous,  it  is  not  in  reality  so :  the  positive  side  being 
continued  into  the  negative,  and  the  apparent  discontinuity 
arises  from  the  defect  in  our  power  of  apprehending  and  sym* 
bolizing  such  quantities.  Thus  then,  if  we  have  any  continuous 
curve  traced  on  the  plane,  and  the  curve  runs  off  to  the  extreme 
positive  side  of  the  plane,  we  ought  not  to  consider  it  to  stop 
or  to  have  points  of  discontinuity,  but  we  must  consider  the 
branches  of  it  to  be  continued,  and  must  look  for  them  on  the 
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negative  aide  of  the  plane.  We  may  borrow  from  the  figure  of 
the  earthy  and  our  mode  of  determining  position  on  its  surface, 
an  illustration  of  what  is  here  intended.  We  measure,  say  firom 
fhe  meridian  of  Greenwich,  degrees  along  the  equator  to  180° 
east  longitude ;  and  then,  instead  of  proceeding  further  on  and 
measuring  in  the  same  direction,  we  measure  backwards,  and 
reckon  degrees  of  longitude  west :  and  what  would  be  181°  east 
longitude  becomes  179°  west.  If  then  east  corresponds  to  the 
positiye  direction,  west  does  to  the  negative. 

It  is  worth  remarking  how  exactly  our  ideas  of  a  plane  coin- 
cide with  the  definition  I  have  given.  We  speak  of  the  surface 
of  water  as  a  plane,  and  consider  it  to  be  level,  whereas  it  is  a 
portion  of  the  surface  of  a  sphere,  whose  radius  is  very  large 
compared  with  the  area  we  take,  say,  4000  miles  compared  with 
a  few  inches. 

So  again  as  to  our  conception  of  a  straight  line.  A  straight 
fine  being  a  particular  instance  of  a  circle,  is  a  continuous  line ; 
it  does  not  terminate  at  positive  infinity  nor  at  negative  infinity, 
but  the  two  branches  of  the  line  are  connected  with  one  another, 
running,  if  we  may  so  speak,  round  the  circle  of  which  the  radius 
is  infinity,  and  joining  together.  If  then  we  take  any  given 
point  on  the  circle  as  the  origin,  the  distance  to  the  opposite  ex- 
tremity of  the  diameter  of  the  circle  is  positive  infinity,  and  we 
do  not  measure  or  follow  the  line  further  in  this  direction,  but 
considering  the  line  to  be  continued  beyond  that  point,  we  meet 
it  on  the  opposite  side,  and  measure  it  backwards.  There  is  no 
point  of  discontinuity  in  the  line :  the  line  proceeds  in  the  same 
direction ;  it  has  been  positive  infinity ;  the  pole  or  extremity  of 
the  diameter  of  the  circle  has  been  passed,  and  then  the  line 
becomes  negative  infinity.  The  illustration  above  given  from 
the  figure  of  the  earth  aptly  illustrates  our  meaning  in  this 
case.  Considering  any  meridian  to  be  the  very  large  circle, 
and  taking  any  place  on  it  to  be  the  origin,  the  ''  antipodes"  to 
it  becomes  either  positive  infinity  or  negative  infinity,  accord- 
ing as  we  measure  in  the  positive  or  negative  direction;  the 
sign  of  the  quantity  changes  immediately  after  the  pole  has 
been  passed,  and  what  was  positive  infinity  becomes  negative 
infinity.  Therefore  in  this  point  of  view  infinity  is  not  a  quan- 
tity incapable  of  increase,  for  the  line  may  be  continued  round 
and  round  the  meridianal  circle  as  often  as  we  please ;  there  is 
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no  fimit  to  the  quantity :  the  limit  is  to  our  poi 
iiing  tnoh  quntities. 

It  is  worth  observing  too,  that  the  defimtion  gmn  of  panU 
atraight  Unas  enaUea  na  to  EToid  the  diffieolty  t»fimwtmMmA  jnSk 
onr  first  introduction  to  the  theory  and  propertiea  of  andi  linaL 
Having  shewn,  as  Playfiur  haa  done,  that  the  exterior  an|^  of 
a  triangle  are  together  equal  to  four  right  angles,  it  fiiUowa  flak 
the  interior  an^es  are  equal  to  two  right  anglea :  but  if  tfcs 
base  of  a  triangle  remains  finite,  and  the  Tertez  ia  removed  te- 
ther and  farther,  the  vertical  angle  beoomes  less  and  leas,  and 
diminishes  without  limit,  in  whidi  case  the  snm  of  the  bsss 
angles  is  equal  to  two  right  angles,  and  the  sides  become  pa- 
rallel straight  lines,  whence  the  properties  of  such  linesi  whieh 
axe  enuntiated  in  the  xxixth  proposition  of  the  first  book  of 
Euclid,  immediately  follow. 

A  good  illustration  of  this  theory  occurs  in  the  Phenouicna 
of  Parallax.  If  the  angles  subtended  at  the  centre  of  the  earth 
by  the  sun  and  any  fixed  star,  whose  parallax  has  not  been 
discovered,  be  observed  when  the  earth  is  in  perihelion  and  st 
aphelion,  it  is  found  that,  notwithstanding  the  extreme  deUcaej 
of  our  instruments,  the  sum  of  these  two  angles  is  exactly  equal 
to  two  right  angles.  Taking  then  the  two  positions  of  the  earth 
to  be  the  extremities  of  the  base  of  a  triangle,  and  the  line 
passing  through  the  sun's  centre  and  terminated  by  them  to  be 
the  base,  and  the  fixed  star  to  be  the  vertex^  it  appears  that, 
although  the  base  of  the  triangle  be  190,000,000  of  miles,  the 
angle  subtended  by  it  at  the  vertex  is  too  small  to  be  measured, 
and  the  two  lines  drawn  to  the  star  firom  the  earth,  at  the  two 
positions  of  it,  are  to  all  appearance  parallel  straight  lines. 

160.]|  In  corroboration  also  of  what  has  here  been  stated, 
the  following  are  a  few  out  of  a  great  many  striking  instances : 

In  difierentiating  tan^,  we  have 


do 


=  (sec^)2, 


which  is  necessarily  a  positive  quantity;  and  therefore  by 
Theorem  I,  Art.  95,  B  and  tan  0  are  always  increasing  and 
decreasing  simultaneously,  and  therefore  as  6  increases  tand 
increases.     Now  as  B  approaches  to  90°.  tan  B  becomes  4-  00 , 
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and  immediately  after  6  has  passed  90°,  tan  6  becomes  —  oo , 
indicating  that  negative  infinity  is  positive  infinity  increased; 
that  is,  as  d  has  increased  and  passed  through  90°,  tan  6  has  in- 
creased from  +  00  to  —  00  .  And  so  again,  as  6  increases  from 
90^  to  180^,  tSLuO  is  continually  increasing  from  —  oo  to  0,  and 
passes  through  0,  and  increases  to  +  oo ,  which  is  the  value  of 
tanO  when  0  =  270°;  and  so  on,  as  0  increases,  tand  is  con- 
tinually increasing,  travelling,  if  we  may  so  say,  round  the 
circle  of  which  the  straight  line  along  which  tand  lies  is  con- 
ceived to  be  the  limit  when  the  radius  of  the  circle  is  infinitely 
great.  It  is  impossible  not  to  remark  how  exactly  this  illustra- 
tion agrees  with  what  has  been  said  in  Chapter  I  on  the  order 
of  infinitesimals.  For  corresponding  to  every  180°  through 
which  6  turns,  tan  6  passes  from  0  to  oo ,  and  on  through  oo 
to  0  again ;  that  is,  the  path  through  which  tan  0  has  travelled  is 
infinite,  although  0  has  passed  over  only  a  finite  angle;  and 
therefore,  when  6  has  revolved  through  360°  and  540°  and  720°, 
and  so  on,  tand  has  travelled  over  a  length  of  line  equal  to 
twice,  three  times,  four  times,  &c.,  the  infinite  length  corre- 
sponding to  a  revolution  of  0  through  180°;  and  thus  we  have 
infinities  bearing  a  finite  ratio  to  each  other.  Conceive  more- 
over 0  to  have  revolved  an  infinite  number  of  times  through 
180^,  then  the  distance  over  which  tan  0  will  have  travelled  will 
be  an  infinity  of  infinities,  that  is,  will  be  (infinity)^ ;  and  thus 
we  obtain  difierent  orders  of  infinity. 

Again,  suppose  we  have  given  the  following  problem :  To  find 
the  Maidmum  and  Minimum  values  of  y,  when 

_  (^  +  2)^ 

dy  ^       (37  +  2)  (07-1-12) 
dx  (^-3)*        ' 

y  =  00 ,  when  j?  =  3,  but  as  -j-  does  not  change  its  sign,  this 

value  of  y  is  neither  a  maximum  nor  a  minimum.     How  then 

is  the  result  to  be  interpreted?   As  follows :  Since  -^  is  nega- 

tive,  y  decreases  as  «r  increases,  and  when  07  is  a  little  less 
than  3,  y  =  —  oo :   but  when  a?  is   a  little  greater  than  3, 

M  m 
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y  s  -H  00 ;  therefore,  as  x  his  passed  through  8,  the  Tafau  rf 
y  has  changed  from  ^  ao  to  +  00  >  hut  y  has  decupased  during 
this  progressive  increase  of  ^^  therefore  +  00  is  —  00  deereased; 
tiierefore  y  has  not  reached  a  minimnm  or  a  maTimnm  vahie 
when  X  zsS,  because  it  has  not  become  —  00 ,  and  then  re- 
turned, but  it  has  gone  on  decreasing.  And  if  we  dimw  a 
graphical  representation  of  the  curve  corresponding  to  the  equar 
tion,  such  as  that  in  fig.  24^  the  phenomena  explain  themiehea 
The  curve  on  the  negative  side  of  the  axis  of  y  is  of  the  form 
CB,  where  ob  s  2;  and  if  oa  =  3,  the  curve  is  ccmtinmdljr  ap- 
proaching the  line  drawn  through  a  parallel  to  the  axis  of  y, 
and  when  x  is  nearly  3,  y  is  —  00  :  but  when  x  is  greater  tiua  8, 
y  is  -H  00 ;  that  is,  the  curve  has  crossed  the  asymptote  at  the 
pole  of  the  circle  of  infinite  radius  opposite  to  a,  and  has  r^ 
turned  in  the  direction  ef,  the  branch  in  the  direction  of  1 
being  a  continuation  of  that  in  the  direction  of  n.  Simikily 
the  branch  in  the  direction  f  would,  if  produced,  unite  itself  to 
that  in  the  direction  c,  having  crossed  the  axis  of  j^  at  tha  pole 
^opposite  to  o. 

In  corroboration  of  this  theory,  it  wiU  appear  that  if  the 
<nriteriay  which  will  be  discussed  in  the  next  Chapter,  be  applied, 
whenever  a  ciirve  is  of  the  form  fig.  24,  at  points  such  as  those 
where  the  branch  b  meets  the  branch  d,  and  crosses  the  asymp- 
tote, we  have  all  the  characteristics  of  a  point  of  inflexion ;  and 
if  the  curve  be  such  as  in  fig.  25,  we  have  the  characteristics  of 
a  point  of  embrassement ;  and  whenever  such  as  is  represented 
in  fig.  26,  all  the  conditions  of  a  maximum  ordinate. 

And  so  again  whenever  a  branch  of  a  curve  continues  to  in- 
finity, it  always  returns  in  some  way  or  another ;  and  in  what- 
ever manner  a  rectilineal  asymptote  be  drawn,  no  branch  of  the 
curve  ever  goes  oflf  asymptotic  to  it  without  returning  in  one 
of  the  ways  indicated  in  the  figures  24,  25,  26  -,  and  it  seems 
impossible  to  account  for  such  phenomena  except  on  the  theory 
explained  above,  viz.  that  the  plane  and  the  straight  line  are 
respectively  the  superior  limits  of  the  sphere  and  the  circle, 
when  the  radii  become  infinitely  large  *. 

*  For  a  further  elucidation  of  many  points  in  elementary  geometry  mors 
or  less  connected  with  the  present  subject,  I  would  refer  the  reader  to  a  small 
Treatise  on  the  Difficulties  of  Elementary  Geometry,  by  F.  W.  Newman,  M.A., 
formerly  Fellow  of  Balliol  College,  Oxford ;  Longman  and  Co.,  London,  1841. 
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Section  2. — On  the  Extension  of  Symbols  of  Direction. 

161.]  In  algebraical  geometry,  and  therefore  in  the  applica- 
tions of  the  Differential  Calculus  to  the  theory  of  plane  curves, 
we  meet  with  symbols  of  two  distinct  characters;  symbols  of 
quantity,  such  as  a,  6,  c, x,  y,  z,  6,  <^,  ^ ,  when  sym- 
bolical respectively  of  lines  and  angles :  and  symbols  of  direc- 
tion, -H,  — ,  -h  \^(— ),  —  \/(— ),  &c.  Our  object  is  so  to  enlarge 
our  method  of  interpreting  symbols  of  this  second  kind,  as  to 
comprehend  those  which  are  usually  called  Impossible,  of  which 
however  we  shall  discuss  only  two,  viz.  -f\/— ,  — \/— ,  oras 
they  may  be  written,  in  accordance  with  the  index  law,  +(—)*, 

As  to  symbols  of  quantity,  it  is  to  be  observed  that,  when  we 
symbolize  a  line  by  a,  we  do  not  mean  that  a  is  the  absolute 
length  of  the  line,  for  all  lengths  can  only  be  relative,  and 
there  must  be  some  modulus  or  standard  to  compare  them  with: 
but  we  intend  a  line  which  is  in  length  a  times  some  arbitrary, 
though  for  the  time  fixed,  standard  unit.  So  a  line  symbolized 
by  £  is  a  line  b  times  in  length  some  unit.  Thus  then  a,  b  are 
numerical  quantities,  not  concrete  magnitudes,  but  abstract 
quantuplicities,  the  subject-matter  of  arithmetical  algebra,  and 
therefore  subject  to  its  laws ;  they  do  not  designate  the  absolute 
lengths  of  lines,  but  the  number  of  times  a  certain  concrete 
imit  is  to  be  taken.  So  again  if  an  area  be  symbolized  hy  ab; 
a  and  b  are  abstract  numbers,  which  must  be  multiplied  to- 
gether by  the  laws  of  arithmetical  algebra,  and  their  product  is 
the  number  of  times  the  superficial  unit  is  to  be  taken.  Let  it 
therefore  be  carefully  borne  in  mind  that  this  is  the  meaning  of 
the  several  symbols  of  quantity,  whether  constant  or  variable, 
which  we  shall  use  in  the  following  Chapters.  Suppose  then  we 
have  a  line  symbolized  by  a,  and  we  fix  upon  a  certain  point  as 
the  origin  from  which  lines  are  to  be  measured,  any  line  drawn 

*  For  a  fuller  explanation  of  the  principles  of  explaining  these  and  such 

like  symbols,  we  would  refer  to  Etudes  Philosophiques  sur  la  Science  du 

Calcul,  par  M.  F.  Vall^,  8vo.  Paris,  1841 ;  and  for  the  general  theory  of  the 

p 
meaning  of  ( + )?  to  Dr.  Peacock's  Algebra,  8vo.  Cambridge,  vol.  i.  1842, 

vol.  ii.  1845:  to  Mr.  Warren's  Treatise  on  the  Square  Root  of  Negative 

Quantities,  8vo.  Cambridge,  1828,  and  to  many  papers  in  the  Cambridge 

Mathematical  Journal. 
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from  it,  equal  in  length  to  a  times  tbe  linear  unit,  will  foUQ 
the  requirements  of  the  sin^e  symbol  a.  But  inaamnch  as  an 
indefinite  number  of  equal  lines  may  be  drawn  fit>m  any  one 
point,  thus  far  we  have  no  means  of  determining  which  of  sll 
such  lines  is  intended ;  hence  arises  the  necessity  of  some  other 
symbols  to  indicate  direction,  or,  as  they  are  called,  Sfmboli  pf 
direction  or  affectum.  One  or  two  of  the  most  simple  cases  of 
these  we  proceed  to  explain,  feeling  assured  that  the  principle 
of  explanation  is  so  entirely  in  harmony  with  the  usual  meaning 
of  +  and  — ,  that  it  ought  not  to  be  omitted  in  an  dementaiy 
treatise;  and  also  because  it  enables  us  to  shew  that  an  alge- 
braical curve,  though  apparently  discontinuous  and  confined 
within  certain  fixed  limits,  is  not  in  reality  so,  but  extends  to 
infinity  in  all  directions.  Other  parts  of  the  theory  (some  of 
which  are  as  yet  not  suflBdently  established)  we  omit,  as  un- 
suited  to  our  present  object. 

162.]  Suppose  o,  fig.  27,  to  be  the  point  from  which  lines 
are  to  be  measured,  and  oa  =  a  times  the  linear  unit  to  be 
drawn  from  o  towards  the  right  hand.  Now  since,  as  we  said 
above,  any  line  drawn  from  o,  a  times  the  linear  unit  in  length, 
will  be  symbolized  by  o,  it  is  necessary  to  fix  on  some  criginalt' 
ing  direction;  suppose  this  to  be  oa,  and  any  line  measured 
from  o  towards  a  to  be  afiected  with  the  symbol  of  direction  -h ; 
if  then,  after  a  line  has  undergone  any  operation  or  a  series  of 
operations,  it  comes  into  the  position  oa,  it  is  still  to  be  sym- 
bolized by  +  :  and,  if  the  line  be  a,  by  +  a.  Such  an  opera- 
tion we  might  conceive  to  be  a  reciprocating  one,  the  line  at 
one  time  being  in  the  position  oa,  and  at  another  in  the  posi- 
tion o'a",  having  moved  sideways,  and  assumed  all  intermediate 
positions.  Or  we  may  conceive  that  the  line  oa  (see  fig.  28) 
has  revolved  round  the  point  o,  and,  having  turned  in  the  plane 
of  the  paper  through  360",  has  again  come  into  its  original 
position,  and  so  on  continually ;  and  it  is  manifest  that  as  often 
as  it  has  revolved  through  any  multiple  of  360^,  it  has  assumed 
its  original  position  oa,  and  is  therefore  to  be  symbolized 
by  +  a.  So  also  there  are  many  conceivable  ways  in  which 
the  line  may  have  moved,  and  that  periodically,  and  at  the  end 
of  a  complete  period  be  in  the  position  oa.  But  have  we  any 
other  customary  mode  of  indicating  direction,  to  %erve  as  a 
guide  which  of  these  conceivable  operations  to  take  ?  We  have. 
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Whenever  a  line  equal  in  length  to  a  is  measured  from  o  to- 
wards the  left,  we  symbolize  it  by  —  a;  if  therefore  either  (  — ) 
were  a  symbol  for  the  operation  of  one  oscillation  having  been 
performed  on  the  line,  i.e.  the  line  having  passed  into  the  posi- 
tion oV  (see  fig.  27) :  or  (  — )  symbolized  the  line  oa  (fig.  28), 
having  been  turned  through  180°,  either  would  account  for  the 
n^ative  sign  of  a£Fection,  and  (  — )  would  be  the  symbol  of  the 
operation ;  but  tmder  the  first  hypothesis,  the  line  at  one  stage 
of  the  process  will  be  half  on  the  positive  side  of  the  origin  and 
half  on  the  negative ;  if  therefore  the  operation  be  continuous, 
which  it  is,  in  passing  from  +  to  — ,  there  should  be  some 
symbol  to  indicate  that  particular  stage ;  it  does  not  however 
appear  that  we  have  any  symbol  of  the  kind;  and  such  a 
motion,  and  a  line  in  such  a  state,  are  what  in  our  ordinary 
geometrical  conceptions  we  do  not  use  nor  contemplate.  Let 
us  therefore  consider  whether  we  have  not  symbols  to  indicate 
a  line  in  any  intermediate  position  between  oa  and  oai,  con- 
ceiving the  line  to  pass  from  the  one  position  to  the  other  by 
means  of  revolving  through  180°. 

As  we  said  before,  whenever  the  line  is  measured  from  o  in 
the  direction  oa,  it  is  to  be  afiected  with  a  -{-  sign.  Taking 
therefore  o  as  the  origin  of  line,  and  oa  as  the  direction  line 
from  which  symbols  and  operations  of  afiection  are  to  be  ori- 
ginated, whenever  a  line,  as  e.g.  oa,  has  turned  an  integral 
number  of  times  through  360°,  it  is  to  be  afiected  with  the  sign 
with  which  it  started.  If  therefore  it  was  afiected  with  the  -h 
sign  at  first,  indicating  that  it  started  from  oa,  and  if  +  be  the 
symbol  of  turning  through  360°,  after  one  revolution  the  symbol 
of  afiection  is  +  on  the  back  of  +,  i.e.  according  to  the  index 
^^9  +*;  similarly  after  two  revolutions,  -f-^;  and  after  (n— 1) 
revolutions,  +**.  Supposing  therefore  that  the  line  which  is 
of  the  length  a,  when  along  the  originating  direction  oa,  is 
unafiected  with  any  sign :  -f  a  means  that  the  line  has  turned 
through  360°,  and  has  come  again  into  the  position  whence  it 
started ;  and  so  +  "  ^  means  that  a  Une  of  length  a  has  revolved 
n  times  from  the  direction  of  origination,  and  is  in  the  position 
oa;  whence  it  appears  (in  accordance  with  the  arithmetical 
meaning  and  law  of  -f- ),  that  +  is,  for  symbolical  purposes  of 
direction,  equivalent  to  -h**,  n  being  a  whole  number. 

In  conformity  then  with  the  algebraical  law  of  indices  -f-  ^  is 
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the.fymbol  of  that  operation,  which,  being  performed  twice,  one 
.on  the  back  of  the  other,  brings  the  symbol  into  the  value  +  ; 
•that  is,  if  +  signifies  turoiug  the  line  through  360°,  ( +  )*  indi- 
oatea  taming  it  through  180^,  but  —  symbolizes  this  operation, 

.-.      +*  =  -,  and  (-)*  =   +; 
OP  ihe  opcEration  symbolized  by  (  — )  performed  twice,  one  upon 
another,  ia  equivalent  to  the  operation  signified  by  +  >  and  means 

trU-l 

tnnung  a  line  through  3C0°.  Similarly  again  ( + )  a  is  eqiii- 
Talent  to  — ,  for  it  is  equivalent  to  +"+'  =  -i."{  +  )i=  +■— ; 
and  thii  coincides  with  the  ambiguity  we  have  always  in  the 
sign  of  -f  ^,  for  it  may,  as  far  as  the  form  +  ^  teaches,  be  either 

+  or  — .  If  therefore  the  +,  whose  root  has  to  be  extracted, 
be  xaiaed  to  an  even  power,  its  root  ia  to  be  afi'ected  witli  a 
pontiTe  aigii;  but  if  the  +  be  +'"*',  then  the  square  root  is 

+■  +*j  which  is  equivalent  to  — ,  and  the  root  must  be  affected 
with  the  negative  sign.  Hence  alao  it  is  plain  that  -/(—a)  x 
V(— a),  wbich  equals  v/m^,  can  only  be  —  n,  because  the  +, 
with  which  a^  is  afTectcd  under  the  radical,  is  of  ouly  the  first 
power, 
nierefore  we  have  shewn  that  in  gymbolical  geoswtij 
lat. 


2d,     +^r  = 

163.]  So  again  +*  symbolizes  that  operation  which,  being 
performed  twice,  one  on  the  back  of  the  other,  is  equivalent  to 
+*,  i.e,  to  (  — ),  and,  being  performed  four  times  succeasively 
one  on  the  back  of  the  other,  is  equivalent  to  +  ; 

.-.    +*=(-)'; 

and  therefore,  as  —  indicates  that  a  line  ia  to  be  turned 
through  180^,  so  (  — )*  means  that  a  line  is  to  be  turned 
through  90°.  "Whenever  then  a  line  is  aflFected  with  (— )*, 
which  is  equivalent  to  +  i,  as  its  symbol  of  direction,  that 
line  is  to  be  drawn  at  right  angles  to  the  original  direction 
of  origination,  vis,  in  the  direction  oaj  (see  fig.  28)  j  and  when- 
ever the  ^mbol  of  direction  is  +  *,  which  =  +*+*=—{—)*, 
the  line  which  is  affected  with  it  ia  to  be  drawn  in  the  direc- 

tm-i 
tion  oAj.     Similarly  +    *    indicates  a  line  drawn  in  the  direc- 

tion  o^  and  -f-  ^    a  line  drawn  in  the  direction  qaj.    So  also 
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1 
+  n  means  that  that  line  with  which  it  is  affected  is  to  be  drawn 

360° 

at  an  angle  of to  the  originating  direction  oa. 

n 

164.3  We  have  inserted  the  above  method  of  explaining 
symbols  of  direction,  which  are  usually  termed  Impossible  and 
passed  over  in  silence,  because  it  is  clearer  to  the  perception 
than  another  method  which  has  received  copious  elucidation 
firom  Dr. Peacock  and  Mr. Warren:  that  viz.  in  which  cosd 
-f.  \/— 1  sin  0  is  considered  as  the  symbol,  and  whereby,  when 
it  is  aflSxed  to  a  line,  say  p,  the  direction  is  indicated  in  which 
the  line  is  to  be  drawn ;  thus 

p  (cos  e  4-  \/^  sin  6)  (1) 

represents  a  line  of  length  p  drawn  at  an  angle  6  to  the  origi- 
nating direction.  The  two  methods  coincide  at  those  points 
which  will  be  most  useful  in  the  sequel ;  thus  let  ^  =  0,  then 
the  line  represented  by  (1)  is  p,  and  coincident  with  the  zero 
operation,  that  is,  with  the  line  of  origination ;  let  ^  =  90°,  the 
line  becomes  p  \/— 1,  and  is  at  right  angles  to  the  originating 
direction.  Let  0  =  180°,  and  the  line  is  —  p,  that  is,  is  the 
originating  line  produced  backwards;  let  $  =  270°,  and  (1)  be- 
comes —  \/— 1  p,  and  is  in  a  direction  at  right  angles  to  and 
below  the  originating  direction ;  and  if  d  =  360°  the  line  be- 
comes +  p,  and  lies  in  its  original  direction. 

In  accordance  then  with  the  interpretation  of  >>/— 1  which 
such  a  symbol  as  (1)  thus  used  involves,  it  will  be  observed 
that  (1)  correctly  represents  two  sides  of  a  rectangle ;  that  is, 
fig.  29,  if  OP  =  p  and  pom  =  6,  om  =  p  cosO  and  pm  =  p  siaO, 
and  as  PM  is  affected  with  \/— 1,  it  is  to  be  measured  in  a 
direction  pm,  which  is  perpendicular  to  om;  which  lines  there- 
fore cannot  be  added  (or  subtracted),  as  they  are  not  in  the 
same  line,  but  we  may  by  an  extension  of  interpretation  sup- 
pose (1)  to  represent  the  diagonal  op  of  the  parallelogram,  of 
which  oM  and  mp  are  the  two  containing  sides. 

It  is  ako  to  be  observed,  that 

cos^  +  ^/^  siaO  =  e^>^~\  (2) 

and  that  therefore  e^"^-^  may  be  used  as  a  symbol  of  direction; 
wherein  0  expresses  the  angle  of  inclination  to  the  originating 
line  of  the  line  which  the  symbol  affects. 
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165.]  To  apply  these  principles  to  the  delineation  of  plane 
curves  froin  their  equations,  suppose  y  =f(a:)  to  be  the  equa- 
tion to  the  curve ;  since  jj  and  y  have  already  preoccupied  the 
two  directions  at  right  angles  to  each  other  in  the  plane  of  the 
paper,  which  is  (and  conveniently  so)  called  the  plane  of  rtfer- 
ence,  we  must  seek  for  some  other  course  by  which  a  line, 
which  lias  been  measured  in  the  positive  direction,  may  be 
made  to  turn  through  180°  into  the  negative.  Such  we  shall 
have  if  it  is  made  to  revolve  in  a  plane  to  which  the  other 
axis  is  perpendicular;  as,  for  instance,  let  a'  revolve  in  a  plane 
st  right  angles  to  the  axis  of  y,  then,  whenever  .r  is  affected 
with  +(  —  )*,  it  is  to  be  measured  in  a  plane  passing  through 
the  axis  of  y,  and  perpendicular  to  the  axis  of  x.  Similarly  if  j/ 
be  affected  with  +  (  — )*,  it  ia  to  be  drawn  in  the  plane  pass- 
ing through  the  axis  of  .r,  and  perpendicular  to  the  axis  of  y. 
Thus  it  appears  that  an  equation  between  .t  and  y  not  only 
represents  a  cune  in  the  plane  of  the  jiaper,  but  also  curves 
in  the  planes  at  right  angles  to  it,  passing  through  the  axes  of 
X  and  y. 

Let  us  consider  the  following  examples: 
The  equation  to  the  ellipse,  referred  to  its  centre  as  origin, 
and  pruicipal  axes  as  coordinate  axes,  is 

whence  we  have  y  =  ±  -  {«'— a^}*,  (3) 

and  a;  =  +  I  {A^-y*}*  ;  (4) 

and  therefore  neither  y  nor  or  is  affected  with  +  v'^  as  long 
aa  d?  is  less  than  +  a,  and  y  ia  less  than  +  b. 

But  let  X  be  greater  than  +  a,  then  we  may  write  (3)  in  the 
form 

y  =  ±  y3-{a^-aa}*;  (5) 

which  equation,  short  of  the  symbol  V—,  represents  an  hyper- 
bola whose  transverse  axis  is  2  a,  and  conjugate  axis  2&,  and 
whose  asymptotes  are  as  drawn  in  fig.  30;  but  which  hyperbola, 
when  the  \^— 1  is  introduced,  is  in  the  plane  containing  the 
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line  a'oa^  and  perpendicular  to  the  plane  of  the  paper^  and 
which  is  delineated  by  the  dotted  line;  also  as  the  equations 
to  the  asymptotes  are 

y=±^/Zi^a?,  (6) 

they  lie  in  the  same  plane  as  the  curves^  and  are  represented 
by  the  lines  ol  and  ol'. 

Similarly,  when  y  is  greater  than  +  b,  we  have 

which  represents  an  hyperbola  in  the  plane  passing  through 
the  Hne  bob'  and  perpendicular  to  the  plane  of  the  paper,  and 
which  is  delineated  by  the  dotted  lines  of  the  figure,  viz.  sbs' 
and  tb't'  ;  and  the  equations  to  its  asymptotes  are 

a?  =  ±  ^/^|  y.  (8) 

Thus  the  general  equation  to  the  ellipse,  viz.  (3),  not  only 
represents  the  ellipse  in  the  plane  of  the  paper,  but  also  two 
hyperbolae  in  planes  containing  the  coordinate  axes  and  per- 
pendicular to  the  plane  of  reference. 

Similarly  the  equation 

in  addition  to  the  circle  in  the  plane  of  wy^  expresses  also  two 
rectangular  hyperbolae  in  planes  perpendicular  to  it,  and  con- 
taining the  axes  of  x  and  y. 
Again,  consider  the  equation  to  the  parabola,  viz. : 

y*  =  Atmx'f 

.'.     y  =  ±  2(mx)^, 

and  therefore  the  curve  is  in  the  plane  of  the  paper  for  all 
positive  values  of  x ;  but  let  x  be  negative,  and  we  have 

y  =  ±  yf^imx)^, 

which  expresses  another  equal  parabola,  but  turned  in  the 
opposite  direction  and  in  a  plane  perpendicular  to  that  of  the 
paper,  as  is  indicated  by  the  dotted  curve  of  fig.  31. 

Many  other  examples  of  the  same  kind  will  occur  in  the 
sequeL      The  explanation  of  such   "  impossible'^   symbols  is 

N  n 
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necestarjr  to  a  due  ad|]iutment  of  geometrical  interpretatkm  to 
the  law  of  continuity ;  for  no  algebraical  formula  can  (as  fiur  ai 
is  known)  give  points  of  discontinuity,  neither  therefore  ought 
the  geometrical  representative  to  exhibit  such;  but  it  does  so, 
unless  we  interpret  those  quantities  which  are  affected  with 

The  preceding  Section  is  but  a  mere  sketch  of  a  method  of  ex- 
tensive application,  and  of  only  one  part  of  it,  viz.  of  that  which 
relates  to  +  a/-- ;  but  in  solving  cubic  equations,  and  tracing 
the  curves  which  they  represent,  we  shall  meet  with  such  sym- 
bols as  (  +  )^,  (— )^i  &c-^  which  indicate  that  the  branches  of 
the  curve  exist  in  planes  inclined  at  120^,  &c.  to  the  plane  of 
the  paper;  but  the  fuU  development  would  occupy  more  space 
than  can  be  given  to  it  in  an  Elementary  Treatise. 

Section  3. — On  the  Generation  of  some  Plane  Curves  of  higher 

orders,  and  on  their  Equations. 

166.]  The  reader  is  supposed  to  be  familiar  with  the  princi- 
pal properties  of  the  straight  line,  the  circle,  and  the  three 
conic  sections  as  exhibited  in  their  algebraical  equations ;  yet, 
as  more  copious  illustration  will  be  required  in  the  succeeding 
Chapters  than  they  afford,  it  is  necessary  to  insert  an  account 
of  the  modes  of  description  and  the  equations  of  some  curves 
of  a  higher  order;  most  of  which  too  possess  no  small  historical 
interest  from  the  labour  bestowed  on  them  by  ancient  mathe- 
maticians. 

In  the  first  place  let  it  be  observed,  that  the  equation  to  a 
curve,  may  sometimes  be  concisely  and  elegantly  expressed  by 
means  of  a  subsidiary  angle :  the  elimination  of  which  from  the 
given  equations  will  produce  the  better-known  equation  to  the 
curve. 

Thus  the  equation  to  the  eUipse  may  be  put  in  the  forms : 

cT  =  acosO  ")  x^        y*  —  1 

y  =  bsiaO  J      '''     '^  '^  I^  "     '  ^^^ 

The  hyperbola  may  be  expressed  by 

y  =  btBXiB  J      '  '     a^        b^  "^  ^    ^ 

Other  examples  of  the  same  kind  will  be  found  in  the  sequel. 
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167.]   The  Cissoid  of  Diodes. 

Def. — If  at  equal  distances  from  o  and  a,  the  two  extremities 
of  a  diameter  of  a  circle,  two  ordinates  mq  and  ns  are  drawn^ 
and  if  08  be  drawn  cutting  mq  in  p^  the  locus  of  the  point  p  is 
the  Cissoid  of  Diocles. 

Fig.  84.     Let  oc  =  cb  =  ca  =  the  radius   of  the   circle; 

OM  =  X,  MP  =  y. 

Then,  by  the  geometry,  om  :  mp  : :  on  :  ns; 

but  ON    =   OA  —  AN   =   OA  —  OM    =   2fl--J7, 

NS  =  MQ  =  {oM  X  ma}*  =  (2aa?— a?*)*; 
substituting  which  values  in  the  above  proportion,  we  have 


y 

— 

{2aa?- 

-^}*. 

X 

2a 

-X        ' 

y* 

=s 

2a— 0? 

9 

«/ 

4- 

x^ 

(11) 


{2a-a!}* 

The  equation  represents  the  curve  described  in  fig.  34 :  the 
dotted  part  being  that  out  of  the  plane  of  the  paper,  and  when 
y  is  affected  with  +  V^;  and  as  the  equation  to  the  funda- 
mental curve,  viz.  the  circle,  also  expresses  a  rectangular  hy- 
perbola out  of  the  plane  of  reference,  that  part  arises  from  the 
hyperbola  having  been  operated  upon  in  a  manner  analogous 
to  the  circle  in  the  above  generation  of  the  curve. 

The  equation  will  be  subsequently  completely  analysed  (see 
Ex.  6,  Art.  211);  but  certain  salient  points  of  it  are  at  once 
evident  from  the  geometrical  description.  Thus  the  curve  lies 
equally  above  and  below  the  axis  of  ^ ;  it  passes  through  o  and  b, 
and  has  for  an  asymptote  the  line  drawn  through  a  and  per- 
pendicular to  oca;  it  lies  out  of  the  plane  of  the  paper  to  the 
left  of  o  and  to  the  right  of  a;  in  the  fig.  oe  =  a. 

The  polar  equation  to  the  curve  is 

r  =  2asindtand.  (13) 

N  n  a 
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168.]    The  Witch  of  Agneai. 

Dbf.— -The  ordinate  of  a  drde  mq  is  produced  to  p,  so  that 
MP  :  MQ  : :  OA  :  gm^  the  locus  of  the  point  p  is  the  Witch  of 
AgnesL 

Fig.  85.    Let  oc  =  ca  =  a,  om  =  ar,  mp  =  y. 
TheUj  by  the  definitioii,  mp  :  mq  : :  oa  :  om  ; 

but  MQ  =  {2oar— ^}*; 

.•.     y  :  {2aar— ^}*  ::  2a  :  ar; 

...      yl  =  4fl>?^,  (14) 

y=.±2a{?^}*.  (16) 

The  equaticm  expresses  the  curve  delineated  in  fig.  86^  of  which 
the  dotted  parts  are  out  of  the  plane  of  reference,  and  arise 
from  an  analogous  operation  being  performed  on  that  rectangu- 
lar hyperbola,  out  of  the  plane  of  the  paper,  which  the  equation 
to  the  fundamental  curve  also  represents. 

Although  we  are  obliged  to  reserve  the  complete  discussion 
of  equation  (15)  until  the  next  Chapter,  (see  Ex.  7,  Art.  211,) 
yet  it  appears  that  the  curve  cuts  into  the  axis  of  x  at  a,  and 
that  the  axis  of  ^  is  an  asjrmptote;  and  that  the  ordinate  is 
affected  with  +  v^^  whenever  x  is  negative,  and  whenever  x 
is  greater  than  2a;  in  the  fig.  ob  =  ob'  =  2a. 

169.]    The  Conchoid  of  Nicomedes. 

Def. — ^A  point  a  and  a  straight  line  eoe'  being  given,  from 
A  a  straight  line  aqp  is  drawn  cutting  oe'  in  q,  and  p  is  such 
that  QP  is  always  equal  to  a  given  straight  line  ob  ;  the  locus 
of  the  point  p,  in  the  different  positions  of  aqp,  is  the  Conchoid 
of  Nicomedes. 

From  A  draw  (fig.  36)  ao  at  right  angles  to  eoe',  and  let 
OA  =  a;  let  the  straight  line  qp  =  ob  =  b,  om  =  ^,  mp  =  y. 

Then,  by  the  geometry,  —  =  —  =  =  ?- : 

•^  "  "^     OQ  MQ  oq  +  mq  X 

ax 

.•.      OQ  =  . 

a+y 
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Also 

PQ*  =  MP*  4-  MO*, 

.-.    «»y«  =  («»-y»)  (,a+y)\ 

(16) 

x=±''+^A«     y*)*. 

(17) 

From  which  equation  it  appears  that  x  :=  co  when  y  =  0,.  and 
therefore  that  eoe'  is  an  asymptote. 

The  line  eoe'  is  called  the  rule  of  the  conchoid,  and  pq  or 
OB  the  modulus.  If  the  line  b  is  measured  from  o  towards  a 
instead  of  along  aq  produced,  then  another  curve  is  generated 
which  is  caUed  the  Inferior  Conchoid,  and  is  represented  in 
the  figure : 

(1)  If  i  be  less  than  a,  the  upper  and  lower  conchoids,  as 

shewn  in  the  figure,  are  somewhat  similar  in  form. 

(2)  If  6  =  a,  the  lower  conchoid  passes  through  a,  and  is 

somewhat  like  the  lower  conchoid  drawn  in  the  figure, 
but  without  the  loop. 

(3)  If  b  be  greater  than  a,  the  lower  conchoid  has  an  oval  or 

loop,  a  double  point  of  which  is  at  a,  and  is  that  drawn 
in  the  figure. 

The  equation  may  be  easily  expressed  in  polar  coordinates. 
Let  A  be  the  pole  and  pao  =  d,  ap  =  r; 

.••     r  =  a  seed  ±  b,  (18) 

the  upper  and  lower  signs  referring  respectively  to  the  upper 
and  lower  conchoids. 

170.]    The  Lemniscata  of  James  Bernoulli. 

Def. — From  the  centre  of  an  equilateral  hyperbola  per- 
pendiculars are  drawn  to  the  tangents,  the  locus  of  the  point 
of  intersection  is  the  Lemniscata. 

Fig.  37.  Let  x  and  y  be  the  current  coordinates  to  the  lines 
PQ  and  OP,  and  of  y'  be  the  coordinates  to  q,  the  point  on 
the  hyperbola  at  which  the  tangent  is  drawn ;  the  equations  to 
the  hyperbola  and  the  tangent  are 

a/»  -  |/»  =  a\  (19) 

xaf  -y%f  =  a*,  (20) 
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whence  the  equation  to  op  is  y  =  -^rf^' 

...   J=-^;  (21) 

and  multiplying  each  term  of  (20)  by  one  or  other  of  these 
equalities,  we  have 


1 


«^  = 


y 


y=-    «*y 


by  means  of  (19); 


••.    (^  +  y»)*  =  ^M^-y*).  (22) 

The  cur?e,  as  is  manifest  from  the  generation  of  it,  consists 
of  two  ovals,  meeting  in  a  double  point  at  o ;  the  tangents  to 
which  are  coincident  with  the  asymptotes  of  the  hyperbola,  and 
form  angles  of  45^  on  each  side  of  oa. 

The  polar  equation  is 

r«  =  a*  cos  2d.  (23) 

171.]    The  Logarithmic  Curve,  fig.  32. 
No  better  definition  of  the  curve  can  be  given  than  that  ex- 
pressed by  its  equation,  _  ^^  ^24) 

Hence,  when  a?  =  0,  y  =  o^  =  1 ;  when  a?  =  1,  y  =  a ;  when 
a?  =  00 ,  y  =  00 ;  when  a?  =  —  00 ,  y  =  0. 

Therefore  oa  =  1 ;  and  as  the  ordinate  recedes  further  from 
oy,  it  increases  and  ultimately  becomes  infinite;  and  as  x  de- 
creases (that  is,  increases  negatively)  y  decreases,  and  the  axis 
of  X  is  an  asymptote  to  the  curve. 

172.]    The  Catenary,  fig.  33. 

The  catenary  is  the  curve  in  which  a  perfectly  flexible  and 
uniform,  though  heavy,  string  hangs,  when  suspended  in  vacuo 
from  two  points. 

Let  OM  =  a?,  MP  =  y,  00  =  c;  its  equation  is 

c  C    -         _**) 
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where  e  is  the  Napierian  logarithmic  base ;  bat  as  a  knowledge 
of  mechanics  is  requisite  for  a  determination  of  the  equation^ 
the  discussion  of  it  must  be  reserved  to  a  future  part  of  our 
work.  It  is  manifest  however  that  when  ;r  =  0,  y  =  c;  and 
that  as  the  equation  is  imaltered  when  —  ^  is  written  for  +  ^> 
the  curve  is  symmetrical  with  respect  to  the  axis  of  y, 

173.]    The  Tractory,  or  Equitangential  Curve. 

Def. — K  AP  (fig.  38)  be  a  curve,  such  that  pt,  the  length  of 
the  tangent  intercepted  between  the  point  of  contact  and  the 
axis  of  X,  is  always  equal  to  oa,  then  the  locus  of  p  is  the 
equitangential  curve. 

Let  OM  =  w,  MP  =  y,  oa  =  pt  =  a;  then  the  definition  of 
the  curve  above  given  leads,  as  will  be  seen  in  the  next  Chapter, 
to  an  equation  of  the  form 


5^  -  — 


(26) 


and  the  equation  to  the  curve  is  that  of  which  (26)  is  the 
derived-function,  and  is  therefore 


.  =  «log{?±l^}-K-y3}*. 


(27) 


This  curve  is  sometimes  considered  as  generated  by  attaching 
one  end  of  a  string  of  constant  length  a  to  a  weight  at  a,  and 
by  moving  the  other  end  along  oop;  the  weight  is  supposed  to 
trace  out  the  curve :  hence  arises  the  name  Tractory  or  Trac- 
trix.  But  the  mode  of  generation  is  incorrect,  unless  we  also 
consider  the  firiction  produced  by  traction  to  be  infinitely  great, 
so  that  the  weights  momentum,  which  is  caused  by  its  motion, 
may  be  instantly  destroyed. 

174.]    The  Cycloid;  see  figs.  39  and  40. 

Def. — ^A  cycloid  is  the  curve  traced  out  by  a  point  in  the  cir- 
cumference of  a  circle,  as  the  circle  rolls  along  a  fixed  straight 
line. 

(a)  Let  the  given  straight  line  (fig.  39)  be  taken  as  the  axis 
of  «r,  and  the  radius  of  the  rolling  circle  be  a,  and  the  origin 
be  at  the  point  o,  when  the  generating  point  p  was  in  contact 
with  the  fixed  line ;  and  let  rpq  be  a  position  of  the  generating 
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melt,  such  that  oq  is  equal  to  the  arc  pq.  Let  ■  be  the  pahit 
in  the  line  oab,  at  which  the  generating  point  is  agun  in  am* 
tact  with  it^  so  that  oai  =  the  drcomferenoe  of  the  drde 
=s  2ira.  Bisect  ob  in  ▲,  and  at  a  draw  the  ordinate  ab  =  2gp; 
then  by  the  geometry  of  the  figure^  b  is  the  highest  point. 

Let  OM  =  x,  MP  =  y,  cp  =  CQ  =  a,  pcq  =  6. 

Then^  since  OQ  =  the  arc  PQ^        oQ  =  a$; 

X  =  OM^  y  =  MP^ 

=  OQ  — MQ,  =  CQ— QN, 

=  a^  — asin^,  =  a  — acos^; 

.      *  =  a((»-«n<?)| 
y  =  a  versing       J 

which  two  equations  are  those  to  the  cycloid^  when  the  starting- 
point  is  the  origin ;  and  if  ^  be  eliminated,  we  have 

x=  a  versin-i  ?^  -  {2ay  -y*}*.  (29) 

Since  sin  B  and  versin  0  have  the  same  yalues  whenever  B  is 

increased  by  2ir,  or  by  ^it, it  appears  from  (28)  that  the 

values  of  y  recur  whenever  x  is  increased  by  2ira,  or  by  ^ita.., ; 
hence  there  is  a  series  of  curves  similar  and  equal  to  obe  placed 
along  the  straight  line  oae^  parts  of  which  at  o  and  £  are 
drawn  in  the  figure ;  this  also  foUows  plainly  from  the  mode  of 
generation  of  the  curve. 

The  line  oae  is  called  the  base,  and  ab  the  axis,  and  b  the 
highest  point  of  the  cycloid. 

(fi)  It  is  also  frequently  convenient  to  refer  the  cycloid  to 
the  highest  point  as  origin,  and  to  its  axis  as  the  axis  of  x,  in 
which  case  its  equation  may  be  found  as  follows : 

Kg.  40.  Let  rpt'  be  the  circle  in  its  generating  position, 
p  being  the  generating  point,  the  arc  pr  being  equal  to  the 
line  br;  from  p  let  mp  be  drawn  at  right  angles  to  oa,  and  let 
oqa  be  a  semicircle  described  on  the  axis  oa. 

Let  oM  =  X,  MP  =  y,  oc  =  cq  =  ca  =  a,  qco  =  0. 

Then  since  ab  =  semi-circumference  =  rpt',  of  which  the 
parts  RB  and  arc  rp  are  equal,  therefore  ar  =  the  arc  pt'  ^ 
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the  ware  o<^  on  acoount  of  the  nmilar  poaitiona  and  equality  of 
the  two  semicircles ;  whence 

y  =  MP,  X  =  OM, 

=   MN  +  NP,  =   OC  —  CM, 

=  Aa  -f *MQ,  =  a  —  a  co%6, 

=  arc  OQ  4-  cq  sinqcM,  =  a  versing, 

=  aO  -\-  asin^. 

Whence  we  have, 

y=a(d  +  sind)   | 

a?  =  a  (1  -  cos^)  J  ^     ^ 

Which  two  equations,  taken  simultaneously,  are  those  to  the 
cycloid,  and  by  the  elimination  of  0  we  have 

y  =  aversin-*  -  -f  {2aa?  — ^}*.  (81) 

175.]    The  Companion  to  the  Cycloid. 

It  appears  from  the  first  of  equations  (30)  of  the  last  Article, 
that  the  ordinate  to  the  cycloid  is  equal  to  the  sum  of  the 
ordinate  of  the  circle,  (viz.  mq  of  fig.  40,)  and  a  part  produced 
(viz.  PQ)  which  is  equal  to  the  intercepted  arc  oq;  but  if  the 
ordinate  to  a  circle  be  produced  until  the  whole  is  equal  to  the 
intercepted  arc  of  the  circle,  the  locus  of  the  extremity  is  called 
the  Companion  to  the  Cycloid ;  fig.  41. 

Let  OM  =  07,  MP  =  y,  OC  =  CA  =  a,  qco  =  0\  then,  since 
MP  is  equal  to  the  arc  oq, 

ar  =  a(l-cosd)  )'  ^^^^ 

which  two  equations  are  those  to  the  companion  to  the  cycloid ; 
and,  if  B  be  eliminated,  we  have 

y  =  a  versin-^  -  .  (88) 

176.]    Epitrochoidal  and  Hypotrochoidal  Curves. 

Dep. — An  epitrochoid  is  the  curve  generated  by  a  point 
within  or  without  the  circumference  of  a  circle,  which  rolls  on 
another  circle  of  given  radius. 

o  o 
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If  the  generating  drde  rolls  inride  the  given  cirde^  the  gene- 
rated curve  is  caUed  the  Hypotrochoid. 

And  if  the  generating  point  be  on  the  circumference  of  the 
rolling  circle^  it  is  called  an  Epicycloid  or  Hypocydoid,  accord- 
ing as  it  rolls  without  or  within  the  fixed  circle. 

We  shall  consider  the  epitrochoid  to  be  the  normal  case,  and 
deduce  the  equations  to  the  other  curves  from  its  equations  by 
changing  the  signs  and  values  of  the  constants. 

Let  o^  the  centre  of  the  fixed  circle^  be  the  origin^  and  q  be 
the  centre  of  the  generating  circle,  and  p  the  generating  point; 
and  suppose  b,  in  the  line  qbp,  to  have  been  originally  in  con- 
tact with  the  fixed  circle  at  a,  and  let  oa  be  the  axis  of  x;  see 
fig.  42. 

Let  OM  =  ^,  HP  =  y,  QOA  =^6,  or  =  oa  =  a,  qb  =  qb  =  b, 
QP  =r  mb. 

Then,  since  one  circle  rolls  on  the  other,  the  arc  ab  =  the 
arc  br; 

.•.       RQB  =  T^, 

QPL  =  ISOP^^O; 

0 

» * ,       5?  ss   O  M^ 

=   ON  4-  LP, 

=  (a  +  A)  cosd  —  mb  cos  (^4—)  0;  (34) 

y  =  MP, 

=   NQ  —  QL, 

=  (a -{-b)  sine  -mb  sin  (^4-)  0 ;  (35) 

and  (34)  and  (35),  taken  simultaneously,  are  the  equations  to 
the  epitrochoid. 

If  the  generating  circle  rolls  inside  instead  of  outside  the 
fixed  circle  the  sign  of  b  must  be  changed,  and  the  curve  is  an 
hypotrochoid,  the  equations  to  which  are,  fig.  43, 

x  =:  (a  —  b)  cosO  +  mb  cos  — j-—  0 

.    a-b      !"  (^^^ 

y  =  (a  —  J)  sin  d  —  m  A  sin  — jt—  0 
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177.]  And  if  m  =  1,  the  generating  point  is  on  the  circum- 
ference of  the  rolling  circle^  and  the  curves  become  respectively 
the  epicycloid  and  hypocycloid ;  and  the  equations  are 


tf-f  A 


a?  =  (fl  +  A)  cos^  —  b  cos  f     ,     )  6 
y  •=.  (a  -f  &)  sin  ^  —  i  sin  f     ,     j  B 

and  a?  =  (a  —  i)  cosd  +  b  cos  (     .     J  0 

y  =  (a  —  A)  sin  d  —  i  sin  (—7—)  ^ 


(37) 


(38) 


the  curves  expressed  by  which  are  those  dotted  respectively  in 
figs.  42  and  43. 

When  a  and  b  are  commensurable  numbers^  the  branches  of 
the  curve  re-enter  after  a  certain  number  of  revolutions  of  the 
generating  circle :  in  which  cases  the  subsidiary  angle  6  may  be 
eliminated^  and  the  equation  expressed  in  an  algebraical  form ; 
but  when  a  and  b  are  incommensurable^  the  branches  never  re- 
enter, and  the  equation  can  only  be  expressed  in  a  transcen- 
dental form  equivalent  to  the  above  equations. 

Some  varieties  of  the  above  curves,  in  which  the  equations 
assume  particular  forms,  are  subjoined. 

178.]  Suppose  that  the  generating  circle  of  the  epicycloid  is 
equal  to  the  fixed  circle,  then  a  =  i,  and  equations  (37)  become 

X  =  2acosd  — acos2d, 
y  =  2a  sind  — a  sin2^; 
whence,  squaring  and  adding, 

^  4-  y*  =  5 a*  —  4fl*  cos^, 
•2:^  +  y*  —  a*  =  4a*(l  —  cosd). 
Again,  x  =  2acosd  —  a{2(co8d)*  — 1}, 

.'.    a?  — a  =  2acos^(l  —  cosd); 
y  =  2asind(l  —  cos^), 
.'.    (d?  -  0)2  -h  y*  =  4a2  (1  _  cos^)«, 
.-.    (a?*  +  y*  -  ay  =  4a2  {(0?  -  a)«  +  y*},  (39) 

which  is  the  equation  to  the  curve  expressed  in  rectangular 

002 
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ooordinateSj  o,  the  centre  of  the  fixed  cirde^  being  the  origm. 
Fig.  44. 

Let  U8  diaage  die  origin  to  a,  and  traaafbrm  the  eqnatixMi 
to  polar  coordinates  by  putting  ar  =  a  4-  rcos^,  y  =  rsin^; 

whence  r  =  2fl  (1  -  cos^) ;  (40) 

the  curve  is  called  the  Cardioid,  from  its  heart-like  shape. 

179.]    In  the  equations  to  the  hypocydoid,  let  A  =  t;  in 
which  case  equations  (88)  become 

a?  =  J  {Scosd  +  cos8d|  =  a(cos^', 

y  =  j-jSsin^  —  sinS^j-  =  a  (sin  $)^ ; 

.-.     ar*  4.  y*  =  a*;  (41) 

see  fig.  45. 

180.3    In  the  equations  to  the  hypotrochoid,  let  A  =  ^;  in 
which  case  equations  (86)  become 


y  =  I  (1  —  m)  sin  ^ 


(42) 


jd  +  m)^         -(l-m)« 

which  equation  represents  an  ellipse^  the  axes  of  which  are 

a{\  -\-m)    and    a  (1  —  m) ; 
see  fig.  46. 

181.]   In  equations  (38)  of  the  hypocycloid^  let  i  =  h>  whence 

we  have  - 

X  =  acosd 


};  (44) 


y  =  o 

which  equations  express  a  straight  line  on  the  axis  of  x,  of 
length  2a,  which  is  coincident  with  the  diameter  of  the  circle. 
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CHAPTER  X. 

ON  PROPERTIES  OP  PLANE  CURVES,  AS  DEFINED  BY  EQUATIONS 
REFERRED  TO  RECTANGULAR  COORDINATES. 

Section  1. — On  Tangents  and  Normals,  and  their  Properties. 

182.]    To  find  the  Equation  to  the  Tangent  to  a  given  Curve. 

Def. — The  tangent  to  a  curve  is  that  straight  line  which 
passes  through  two  points  of  a  curve  infinitesimally  near  to 
each  other. 

In  the  following  discussion  we  shall  find  it  convenient  to  use 
sometimes  the  explicit^  and  sometimes  the  implicit,  form  of  the 
equation  to  a  curve ;  the  general  forms  being 

y  =  fi^h  (1) 

u  =  P(a?,y)  =  c.  (2) 

Firstly,  consider  the  equation  in  the  explicit  form. 

Let  17  and  f  be  the  current  coordinates  to  the  tangent;  and 
suppose  the  straight  line  at  first  to  pass  through  two  points 
(x,  y)  (x  -^  Ax,  y  -{-  Ay)  at  a  finite  distance  apart :  then  the 
equation  to  such  a  line  is 

y  -{-  Ay  —  y  ^ 

Ay 

or  v-y  =  aI^^""^^*  ^^^ 

Suppose  the  two  points  to  approach  infinitesimally  near  to 

each  other,  in  which  case  --^  becomes  -— ,  and  the  line  whose 

Ax  ax 

equation  is  (4)  becomes  a  tangent ;  and  we  have 
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or,  as  it  may  be  written, 

^  -  ^'- 

If  therefore  the  equation  to  a  curve  is 
and  the  equation  to  the  tangent  is 

fl-y  =/»(f-^).  (7) 

Thus,  for  instance,  the  equation  to  the  parabola  is 

y  =  2m*  a?*, 
dy  _  f»*^ 

and  the  equation  to  the  tangent  is 

,-y=  (^)*(f-*).  (8) 

I83.3    If  the  equation  to  the  curve  be  given  in  the  implicit 

form  „ ,       . 

u  =  rix,y)  =  c, 


dy  __         ^cfcr/ 


s) 


(10) 


of  which  if  a  substitution  be  made  in  (5),  the  equation  to  the 
tangent  becomes 

(f-)(£)  +  ('»-y)O=0;  (11) 

and  if  the  equation  to  the  curve  be  an  homogeneous  function 
of  n  dimensions^  then  by  the  property  of  such  functions,  proved 
in  Art.  7Q,  equation  (112),  we  have 
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and  tbe  equation  to  the  tangent  becomes 

G^nerallj^  either  (11)  or  (18)  is  the  most  convenient  form  for 
the  equation  of  the  tangent. 

Thus  the  equation  to  the  ellipse  being  given  in  the  form 

'(^*y)  =  ^s  H- 12  =  i> 


/d¥\   __  2a:       /d¥\   _  2y 


and  the  equation  is  homogeneous  and  of  two  dimensions; 
.*.    n  =  2,  and  (18)  becomes,  after  division  by  2, 

^  "^    4*  -  ^' 

I84.3  To  find  the  Equation  to  the  Normal  to  a  Plane  Curve 
at  a  given  point. 

Def. — ^The  normal  to  a  plane  curve  at  a  given  point  is  the 
straight  line  perpendicular  to  the  tangent,  and  which  passes 
through  the  point  of  contact. 

Let  {,  rj  be  the  current  coordinates  to  the  normal,  and  x,  y 
the  coordinates  to  the  point  of  contact ;  then  the  equation  to 
a  line  passing  through  (a?,  y)  and  perpendicular  to  that  whose 
equation  is  (5),  is 

which  may  also  be  written  in  the  form 

(^-y)  dy  -f  (f-^)  dx  =  0.  (15) 

And  if  the  equation  to  the  curve  be  an  implicit  function,  it 
becomes  ^         * 

^  =  ^-  (16) 

Thus,  if  the  equation  to  an  ellipse  be 

F(^,y)  =  ^  +  |5  =  1, 


288  BBCTAsamjLa  goobmnatk.  [185. 

the  equation  to  the  normal  ia 

If  the  equation  to  the  curve  be  algebraical  and  of  n  dimeiir 
sions,  the  equation  to  the  normal,  as  is  plain  firom  the  form  of 
(16),  is  also  of  n  dimensions ;  to  a  giren  curve  therefore  of  n 
dimensions  there  may  be  drawn  n^  normals  through  a  giren 
point. 

185.]  Hence  also  it  follows,  that  the  equation  to  a  line  pass- 
ing through  the  origin,  and  perpendicular  to  the  tangent,  is 

"^      -      ^  (17) 


by  means  of  which,  in  combination  with  equation  (11),  and 
that  to  the  curve,  the  locus  of  the  point  of  intersection  of  the 
tangent,  with  the  perpendicular  on  it  fiNun  the  oiigfai,  mmj  be 
determined. 

I86.3  Let  As  be  the  distance  between  the  two  points  on  the 
curve  through  which  the  cutting  line  of  Art.  182  passes,  that  is, 
let  it  be  the  length  of  the  chord  joining  them ;  then 

A«»  =  Ad7«  H-  Ay«,  (18) 

and  let  the  two  points  approach  infinitesimally  near  to  one 
another;  in  which  case,  according  to  the  notation  of  Art.  17, 
Ax,  Ay,  As  become  respectively  da^,  dy,  ds,  and  we  have 

ds^  =  dx^  +  dy^y  (19) 

and  ds  becomes  the  distance  between  these  two  points,  which 
are  infinitesimally  near  to  each  other;  that  is,  it  becomes  an 
element  of  the  curve,  or  an  infinitesimal  arc :  it  is  in  fact  the 
small  portion  of  the  tangent  line  which  is  common  to  the 
tangent  and  the  curve.  Or,  under  another  mode  of  consider- 
ing the  curve,  that  is,  of  conceiving  it  to  be  generated  by  a 
point  moving  according  to  a  given  law,  ds  is  the  distance  be- 
tween two  successive  positions  of  the  point;  and  if  these  two 
positions  are  taken  so  near  to  each  other,  that  only  an  infini- 
tesimal instant  of  time  has  elapsed  during  the  passage  from  one 
to  the  other,  it  is  impossible  to  conceive  but  that  the  moving 
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point  has  passed  in  a  straight  line  from  one  to  the  other ;  the 
length  of  which  straight  line  is  ds. 

If  then  we  use  the  character  r  to  symbolize  the  angle  made 
hj  the  tangent  with  the  axis  of  x,  that  is^  the  angle  ptm  in 
fig.  47^  we  have^  from  equation  (5), 

tanr  =  g;  (20) 

whence 

A  =  -^  =  +  rf,,  (21) 

smr         COST        — 

the  last  equality  following  from  Preliminary  Theorem  I ;  the 
numerator  and  denominator  of  the  preceding  equalities  having 
been  squared  and  added^  and  subsequently  the  square  root 
haying  been  extracted. 

Also  again^  by  equation  (10)^ 

dy  dx  ds 


(22) 


±©  -^(%)  {©'.(in 

therefore,  from  (21)  and  (22), 

+  (-) 

COST  =r    +  —  =   IS _;  (28) 

sinr=+J?: li^ll _.  (24) 

Hence  also,  if  ^  be  the  angle  between  the  normal  and  the 
axis  of  X,  viz.  the  angle  pgm,  in  fig.  47, 

tani/r  =  ^;  (25) 

rfp' 
8Jn^=  ±^  =  --— -— ^i-— —-;  (26) 


dx ~  ^dyf 

d»  ~    C  (dT\ *       /7f\«-)*' 


^(S) 


cost/r=+5?= — -.  (27) 


pp 
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e  equations  frequently  render  it  convenient  to  ex- 
I  the  equation  to  a  curve  in  terms  of  da,  dr,  and  rfy :  of 
1  aome  examples,  giving  rise  to  difiereDtial  eipressioDs, 

ined. 

1. 


{i  +  mj* 

[.  2.         To  find  the  relations  between  dx,  dy  and  ds,  is 
quation  to  the  cycloid. 

Let  starting  point  be  origin ;  thereffoe,  by  equatiou 
t).  Art.  174, 

X  =  a  veniii-'  =■  —  {Zaj/  —  y"}*. 


y^y 


dy 


y        {2ay-y*}*         {Zay}^' 


(29) 

(30) 


08)        Let  highest  point  be  origin ;  therefore,  by  equation 
(81),  Art.  174, 

y  =  aversin-'-  +  {2o*  — a^}*,  (31) 

(2  a -a?)  dx 


dy  = 


{So-iJ*      «*        (So)*  ■ 


(32) 
(S3) 


1 86iJ  TANGENTS  AND  NORMALS.  291 

Ex.  8.        To  find  the  relation  between  dx^  dy  and  ds^  in 
the  equation  to  the  catenary. 

rfy  =  g  I  cc    ^  e^~e\  dx,  (34) 

=  i^H^  ^.,  (85) 


dy  dx  _  ds 


(86) 


186.]  To  discuss  the  Equations  to  the  Tangent  and  the 
Normal. 

Let  us  consider  the  curve  drawn  in  fig.  47  to  be  the  typical 
form  of  all  curves ;  of  which  pt  is  the  tangent  line  at  the  point  p, 
po  the  normal  line;  mt  the  subtangent;  mo  the  subnormal; 
OY  the  perpendicular  firom  origin  on  tangent  line ;  ot,  ot'  re- 
spectively the  intercepts  of  the  axes  of  x  and  y  by  the  tangent 
line ;  and  of  which  the  lines^  pt  and  po^  the  parts  of  the  tangent 
and  normal  lines  intercepted  between  the  point  of  contact  and 
the  axis  of  x,  are  called  respectively  the  tangent  and  the  normal^ 

OM  =  0?,  MP  =  y,  OY  =  />, 

Then,  by  the  equations  to  the  tangent,  (5)  and  (11), 

if  »7  =  0,  fo  =  ^-y  -T-  = !i —'       ^^^^ 

'         ^^  ^  dy  idY\ 

^dxl 
dr\  /dr' 


dy  _       ^dx'  ^dy'  , 


dy 

the  numerators  of  the  last  values  of  which  admit  of  simplifica- 
tion by  Euler's  Theorem. 

Without  however  deducing  the  values  of  the  other  geo- 
metrical lines  of  the  figure  from  the  above  equations,  we  will 

p  p  a 


KEUTANC!UI,AR  COORDINATES. 


1  in  the  following  manner,  which  ia  preferable,  as 
Idresses  itself  more  directly  to  geometrical  construction 


the  a. 

iuaes. 

.47, 

PTM  =  r,    POM  =  V; 

-.     tanPTM  =  tanMPG  =; 

tan  PGM  =  tanTPM  = 

Brefore, 

l)tangeiit  ■■ 

=    MT   =    MPUinMPT   =   y' 

Subnormal  =  mo  =  mp  tanMPo  =  y  - 

mgeDt  =  PT  =  s9ectan-^^=y|^l  +  ^|    =y^. 
Normal  =  po  =  y>ectaii-i^=!,[l  +  ^|    =y^: 


Jq  =   OT   =   O 
n.  =   OT"  =   M 


:   OY  =   MP  Sin  UPT  —  OM  BUI  PTM, 


''di~  Idx^  +  dg']*' 


Also  by  means  of  equation  ( 


01) 


(48) 


(46) 


and  therefore,  if  p(f,  y)  be  an  homogeneous  function  of  n 
dimensions, 

„=  J-  "' 

di\'      /((p\"1* 


{©■-(I)"} 
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Hence  also  we  may  put  in  another  form  the  equation  to  the 
tangent  given  in  equation  (5), 

r\  dx  --  i  dy  =  y  dx  ^  X  dy, 
dx      A^y  ___     ^        ^y 

187.]  From  the  equations  to  the  tangent  and  normal  it 
appears^  that  whenever  ^  or  y  is  affected  with  +  V'--^,  such 
signs  will  remain  in  the  equations^  and  thwefore  ri  and  (  will 
be  similarly  affected ;  and  therefore  whenever  the  curve  is  out 
of  the  plane  of  reference^  the  tangent  and  normal  also  are. 

Also^  as  ^  is  the  trigonometrical  tangent  of  the  angle  made 

with  the  axis  of  x  by  the  tangent  to  the  curve^  if  at  any  point 

(a,  b),  ~  has  a  finite  value,  the  curve  at  that  point  is  inclined 

to  the  axis  of  a?  at  a  finite  angle :  and  if  ^  is  positive,  then  x 

and  y  are  simultaneously  increasing  or  decreasing,  and  the 
curve  is  such  as  the  logarithmic  curve  of  fig.  32,  or  the  cycloid 

of  fig.  40 ;  and  ^  ^  is  negative,  as  x  increases  y  decreases,  and 

vice  versd,  and  the  curve  is  such  as  the  equitangential  curve 

of  fig.  38. 

dy 
K  —^  =  0,  the  tangent,  and  therefore  the  curve  at  the  point 

of  contact,  is  parallel  to  the  axis  of  x ;  and  if  ^  changes  its 

sign  at  such  appoint,  there  is  a  maximum  or  minimum  ordinate, 

dy 
such  as  is  drawn  in  figs.  12  and  13;  but  if  ~-  does  not  change 

sign,  then  the  form  of  the  curve  will  be  such  as  in  figs.  14  and  15, 

according  as  ^  is  positive  or  negative. 
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If  ^  =  90 ,  the  tangent,  and  therefore  the  car?e  at  the  point 

of  contact,  is  perpendicular  to  the  axis  of  x,  and  may  be  toch 
as  is  drawn  in  one  or  other  of  the  diagrams  of  fig.  48 ;  that  is, 

if  ^  in  passing  through  oo  changes  sign  from  -f  to  — ,  the 

point  of  the  curve  may  be  such  as  is  represented  in  (a) :  if  it 
changes  sign  firom  —  to  4-9  it  may  be  that  represented  in  (j9); 

but  if  -J-  does  not  change  sign  and  is  positive  throughout,  the 

curve  is  that  indicated  in  (y),  and  if  it  be  negatiye  throughonti 
it  is  that  indicated  in  (d). 

K  at  any  point  of  a  curve  ;^  =  R#  that  is,  if  yrA  =  0  and 
f-jT-)  =  0,  the  direction  of  the  tangent  at  the  point  will  be 

indeterminate  as  far  as  the  form  of  -j-  defines  it ;  but  it  may 

be  evaluated,  and  the  means  of  doing  so  wiU  be  discussed  in 
Section  4  of  the  present  Chapter. 

188.]    The  form  of  the  equation  to  the  tangent,  given  in 
equation  (11),  Art.  183,  deserves  closer  consideration. 

If  the  equation  to  the  curve  given  in  the  implicit  form,  viz. 

w  =  f(^, y)  =  Cy  be  of  n  dimensions,   (-r-j  and  \-j-)  cannot 

be  of  more  than  n— 1  dimensions,  and  therefore  it  would  appear 
that  the  equation 

«-')(£) +('-»)(r;)=» 

may  be  of  n  dimensions. 

But  it  cannot  in  fact  be  of  more  than  of  only  (n^l)  dimen- 
sions.    For  suppose  the  equation  to  the  curve  to  contain  terms 

of  n,  of  («  —  1), of  0  dimensions,  the  several  expressions 

of  which  may  be  symbolized  by  w«,  «»_!, tti,  u^\  so  that 

F(a?,y)  :=^  u^^-  ttn-i  H-  4-  wi  H-  tto  =  0  (47) 

is  the  equation  to  the  curve ;  then 

/rfF\     _     ldUn\  (dUn_i\  /dUi\ 

\dwf   "    \dxf    '^    \    dx    ^  '^  '^  \dxf    , 

ldj\   _    /dun\         (dun-i\  idu{ 

^dyf   ""    V"^/    ^    ^"df'l  "^  "^  Vrfy 
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whence  x  (-r-)  -H  y  \-j-)  becomes 


+  X  (— *^     ■    -  ^'^"'^ 


dx '  ^  dy  '  ^   dx   '       '  ^   dy 

whicb  is  by  Euler's  Theorem  equal  to 

n««-h  (n-l)tt««i  H- H-2tt, -htti;  (49) 

and  since  from  (47)  we  have 

a?  (^)  H-  y  ^-T-j  becomes  equal  to 

-{wn-i  +  2tt„_a  H-  3tt«_8  + +  («  — 2)tt2 

-f  (n-l)«i-fn«o};     (50) 
and  therefore  the  equation  to  the  tangent  line  becomes 

fO     -^^(S)    =    -K.l  +  2«n-2+   

H-  (n-l)tti  +  «tto}>     (51) 
and  which  is  therefore  of  only  (n— 1)  dimensions. 

Hence  it  follows,  that  to  a  curve  of  the  nth  order  not  more 
than  n(n— 1)  tangents  can  be  drawn  through  a  given  point. 
For  the  combination  of  (51)  with  the  equation  to  the  curve 
will  give  rise  to  an  expression  of  n(n  — 1)  dimensions,  and 
which  may  have  n(n*-l)  roots,  but  cannot  have  more.  If  the 
n(9»  —  1)  roots  are  all  real,  they  refer  to  the  points  where  the 
tangents  meet  the  curve:  but  if  they  are  impossible,  such 
tangents  cannot  be  drawn.  Hence  the  proposition  gives  the 
number  which  the  tangents  drawn  through  a  given  point 
cannot  exceed. 

189.]  The  normal  is  the  longest  or  the  shortest  line  that 
can  be  drawn  to  a  plane  curve  from  a  given  point  in  its  plane. 

Let  r\Q  and  (^  be  the  coordinates  to  the  given  point,  and  x 
and  y  the  current  coordinates  to  the  curve ;  then,  if  r  be  the 
distance  between  (y^q,  £q)  and  {x,  y), 

.-.     r*- =  0  =  -(fo-^)  *P-(i?o-y)rfy.         (52) 
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Let  u  =  v(«,  y)  =s  c  be  the  equation  to  the  carve, 

•••    (5)*+{5)*  =  0i  M 

and  as  (62)  and  (58)  are  simultaneoualy  troe^ 

flLZf  =  a^.  (64) 

and  if  we  compare  (52)  with  (15),  or  (54)  with  (16),  it  ia  mani- 
feat  that  they  are  respectively  identical,  and  that  therefine  the 
longest  and  shortest  lines  coincide  in  direction  with  the  nonnaL 

190.]    IllustratiTe  examples  on  the  preceding  Section. 
Ex.  1.        Properties  of  the  ellipse. 


/dr\   ^  %x        fdr\   ^  2jf 


(M) 


dy  __       b^x 
dx^       a*y' 

Hence  the  equation  to  the  tangent  is 

the  equation  to  the  normal  is 

a*  ** 

or  — =- =  a^^W'. 

x  V 


a* 


Intercept  of  axis  of  x  by  tangent  =  f ^  =  — , 

X 

_  b* 

y  '    •    •    •  —  ^0  —  ^  -  > 

Subtangent  =  y  ^  =  "  W' 

Subnormal  =  y  -^  = =:  ^r : 

Perpendicular  from  origin  pn  tangent  = 


{4*a^H-a*y»}* 
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Ex.  2.        Properties  of  the  CiMoid  of  Diocles. 
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The  equation  ia 


y»  = 


2a^w' 


dy  _       jp*(8g— ar) 


Ikerefore  at  the  origin^  *.*  -i^  =  0,  the  curve  touches  the  axis 

dx;  when  w  ^  8a,  -^  =:  0,  and  changes  sign,  and  therefore 

ax 

tte  ordinates  are  severally  a  maximum  and  a  minimum ;  when 

#  s  2ay  -p-  =  00 ,  and  therefore  the  curve  is  perpendicular  to 
ax 

fte  axis  of  ^;  when  x  s=  a,  y  =  a,^  =  2,  and  therefore  the 

dx 

curve  cuts  its  fundamental  circle  at  tan~^  2.     These  several 
nines  of  the  tangent  are  expressed  geometrically  in  fig.  34. 

Ex.  8.        Let  the  curve  be  the  hypocycloid  whose  equa- 
tion is,  Art.  179, 

The  equation  to  the  tangent  is 


«*  +  y*  =  a*' 


tod  therefore 


ijo  =  a*  y*; 


•••     V  +  ((?  =  «*  («*  +  y*)  =  o*, 

>&d  therefore  the  length  of  the  tangent  line  intercepted  between 
coordinate  axes  ia  constant. 


Ex.  4.        To  find  the  Differential  Equation  to  the  Equi- 
tangential  Curve;  see  Art.  178. 

According  to  the  definition,  the  line  ft  of  fig.  88  is  to  be  of 
constant  length.    Let  the  length  be  a, 


dy 
dx 


Qq 
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the  negative  sign  being  taken  becante,  aeoording  to  the  fimn 
drawn  in  fig.  88,  y  decreases  as  x  increases. 

Ex.  6,        The  Logarithmic  Curve. 

=  ylogra; 

d:t          1 
subtangent  =  y  -=~  s=  ^ =  a  constant. 

®  rf|f       logi« 

Also  when  r  =  0,  y  as  1,  in  wUbh  oaae  —  =  log^a>  whibh 

is  the  tangent  of  the  angle  at  which  the  curve  is  indined  to 
the  axis  of  x,  at  the  point  where  it  cuts  the  axis  of  y . 

Ex.  6.        Properties  of  the  Cycloid. 

(a)    Firstly^  let  the  starting  point  be  the  origin;  the  eqiis> 
tion  to  the  curve  is 

(tx  y 


dy        {2ay-y«}*' 

dy^  ^  {2ay-y«}^   ^  _^a-y_ 

d^  y  {2«y— y*}* 

Therefore  in  fig.  49, 
{2ay  —  y*}*  =  lp,  and  2a  —  y  =  lq,  and  ^  =  tanPTM, 

.*.     tanPTM  =  —  =  tanQPL; 

PL 

therefore  the  tangent  at  p  also  passes  through  the  point  q. 

Hence  also  the  normal  at  the  point  p  passes  through  o, 

the  other  extremity  of  the  diameter  of  the  generating  circle ; 

dx 
which  is  also  manifest  from  the  above  value  of  -r- . 

dy 

Length  of  normal  =  pg  =  y  ^  =  {2ay}*,  see  equation  (80); 

.'.       PO*  =   QO    X    OL. 
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03)    Secondly,  let  highest  point  be  origin ;  see  fig.  50, 
y  =  {2ax  —  j;*}*  -f  a  versin"*  - , 

4.  MQ         . 

CM 

FT  is  parallel  to  the  chord  oq. 
Hence  also  the  normal  pg  is  parallel  to  the  chord  qa. 

Section  2. — On  Asymptotes  to  Plane  Curvee  referred  to 

Rectangular  Coordinates. 

191.]    On  Rectilinear  Asymptotes. 

Def. — A  line  is  said  to  be  an  asymptote  to  a  curve,  when  the 
curve  approaches  continually  nearer  and  nearer  to  it,  but  is  not 
coincident  with  it  within  a  finite  distance. 

From  the  definition  it  is  plain  that  there  are  two  classes  of 
asymptotes,  rectilinear  and  curvilinear,  which  it  is  convenient 
to  discuss  separately. 

If  the  curve  has  asymptotes  which  are  either  the  coordinate 
axes  themselves  or  straight  lines  parallel  to  them,  they  may  be 
determined  in  the  following  manner.  If  y  =  00 ,  when  ;r  =  0, 
the  axis  of  y  is  an  asymptote ;  and  if  y  =  0,  when  ^  =  00 , 
the  aids  of  j?  is  an  asymptote :  such  are  the  axes  of  coordinates 
to  the  curve,  wy  =  k^. 

Again,  if  y  =  oo ,  when  ;r  =  a,  a  line  parallel  to  the  axis  of 
y,  at  a  distance  a  from  it,  is  an  asymptote ;  and  if  ^  =  oo , 
when  y  =  A,  a  line  parallel  to  the  axis  of  x,  at  a  distance  b 
from  it,  is  an  asymptote. 

Thus  suppose  the  equation  to  a  curve  to  be 

xy  ^ay  —  bx  =  0; 

then,  as  it  may  be  put  under  either  of  the  forms, 

bx  ay 

y  =  or     a?  =  — ^ , 

y  =:  X ,  when  x  ^  a;  and  x  =  00 ,  when  y  =z  b; 

Q  q  2 
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that  ia,  two  lines  parallel  to  the  eoordfaittte  axee  aM  aqm^toln; 
the  curve  is  represented  in  fig.  61 ;  wherein  oa  s=  a,  ob  r=  i. 
So  of  the  logarithmic  carwe,  (see  fig.  82,)  the  axis  of  #  is  sa 
asymptote;  its  equation  is 

.-.     y  =  0,  when  «  =s  —  00 ; 
OB  is  an  asymptote  to  the  branch  ac. 


So  in  the  cissoid,  equation  (12),  Art.  167,  and  fig.  34,  jf  =  x , 
when  X  =  2a,  therefore  the  ordinate  through  a  is  an  asymptote 
to  the  curve. 

And  in  the  tractory,  equation  (27),  Art.  173,  and  fig.  38,  y  =  0, 
when  07  =  00 ,  and  therefore  the  axis  (rf  d?  is  an  asymptote. 

If  however  a  curve  has  rectilinear  asymptotes  not  parallel  to 
the  axes  of  coordinates,  they  are  to  be  determined  by  one  or 
other  of  the  following  methods. 

192.3  Method  of  determining  asymptotes  by  expansion  ia 
descending  powers  of  x. 

If  by  any  artifice,  as  by  the  Binomial  Theorem,  or  by  Mao- 
laurin's  Theorem,  the  equation  to  a  curve  can  be  expanded  in 
a  series  of  the  form 

y  =  aio?  4-  Co  +  -  H-  ^  +  (55) 

Then,  as  all  and  every  term  after  the  first  two,  that  is,  every 
term  which  involves  a  negative  power  of  x,  diminishes  without 
limit,  and  ultimately  becomes  infinitesimal,  when  x  becomes  in- 
finity, the  difierence  between  the  ordinate  to  the  curve  repre- 
sented in  equation  (55),  and  that  to  the  straight  line  whose 
equation  is  y  ^  a,x  +  a„  (56) 

is  infinitesimal,  and  the  straight  line  represented  by  equation 
(56)  is  an  asymptote  to  the  curve. 

And  according  as  the  first  term  after  Oq,  be  it  —  or  -J , 

X       or 

is  positive  or  negative,  so  will  the  ordinate  to  the  curve  be 

greater  or  less  than  the  ordinate  to  the  asymptote,  and  the 

curve  will  be  above  or  below  the  asymptote. 

The  equation  (56)  is  to  be  constructed  in  the  ordinary  way. 
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And  if,  finally,  the  equation  to  the  asymptote  is  affected  with 
±  v^--^  it  indicates  that  the  asymptote  lies  out  of  the  plane  of 
reference,  and  is  asymptotic  therefore  to  a  branch  of  a  curve 
similarly  placed,  and  to  be  drawn  according  to  the  methods  of 
Section  2  of  the  last  Chapter. 

193.]    Ex.  1.        To  find  the  Asymptotes  to  the  Hyperbola. 

?1  -  y!  -  1 . 
— W  V~l?i' 

therefore  neglecting  inverse  powers  of  ^,  we  have 

b 
y  =  ±  -x; 
a 

that  is,  the  asymptotes  are  two  lines  passing  through  the  centre 

and  inclined  to  the  axis  of  ^  at  +  tan-^  -;  and  as  the  next 

~  a 

term  in  the  expansion  is  negative,  it  follows  that  the  curve  lies 
below  the  asymptote. 

Ex.  2.        To  find  the  Equations  to  the  Asymptotes  to  the 
Cissoid  of  Diodes. 

^        2a— X                 ^         X I 
.'.     y  =  ±  ^/3a?(l  +  |+ ), 

.-.     y  =  ±  \/^  (X  -^  a), 

are  the  equations  to  the  asymptotes,  and  represent  two  straight 
lines  out  of  the  plane  of  reference  inclined  to  the  axis  of  x  at 
+  45^,  and  cutting  the  axis  of  ^  at  a  distance  —  a  from  the 
origin,  which  are  delineated  by  the  dotted  straight  lines  of 
fig.  34. 
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Bz.  8.        To  detarmiiie  the  Aqrmptotoi  of  the  Witdi  of 

AjftDJ&KL 

From  Ae  equation  (14)  <tf  Aii.l6S,  we  have 

2a— ^ 


y>  =  4a> 


X 

X 


=  *«•  (?  -1) . 


.•.    y  =  ±  V  —  2a,  when  «  =  oo; 

vhich  equatioiu  are  those  to  the  asymptotes  and  express  two 
straight  lines  out  of  the  plane  of  reference,  and  parallel  to  tlw 
axis  of  «,  at  distances  +  2a  firom  it;  see  fig.  85. 

Ex.  4.        To  determine  the  Asymptotes  of 
.=  ±,(l-^)*(l4)-^ 

=  ±*(l-^+ )' 

.*.  neglecting  terms  involving  negative  powers  oi  x,  the  equa- 
tions to  the  asymptotes  are 

y  -  ±  x; 

and  as  the  next  term  of  the  series  is  negative^  it  follows  that  the 
curve  is  (in  the  first  quadrant)  below  the  asymptote. 

194.]  Frequently  however  the  equation  to  the  curve  is  such 
as  not  without  difficulty  to  admit  of  expansion  in  the  required 
form^  viz.  equation  (55) ;  in  which  case  the  Calculus  supplies 
the  following  method^  and  which  is  of  universal  application. 

The  definition  of  an  asymptote  enables  us  to  consider  it  as  a 
tangent  to  the  curve  at  an  infinite  distance  firom  the  origin, 
whereby  the  problem  resolves  itself  into  the  construction  of 
this  particular  tangent ;  and  since  the  tangent  makes  with  the 

axis  of  X  tan-*  ^ ,  and  its  intercepts  of  the  axes  are  i]q  and  fo, 
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the  yalues  of  which  are  given  in  equations  (37)  and  (88)^  Art.  186^ 
the  determination  of  two  of  these  three  quantities^  correspond- 
ing to  0?  =  00  and  ^  =r  oo ,  will  enable  us  to  oonstruct  the 
asymptote.     For  the  infinite  values  of  the  coordinates,  these 

expressions  will  be  of  the  form  ^ ,  and  must  be  evaluated  ac- 
cording to  the  method  of  Art.  114. 

On  considering  the  values  of  ti^  and  (^  in  Art.  186,  it  will  be 
seen  that,  if  r{x,y)  be  of  n  dimensions,  the  denominators  of 
the  expressions  are  of  n— 1  dimensions,  and  that  the  numera- 
tors are  apparently  of  n  dimensions;  whence  it  might  be  in- 
ferred, that  tjq  and  (^  always  are  equal  to  oo ;  but  such  is  not 
the  case ;  for  the  numerator,  by  means  of  Eider's  Theorem,  and 
by  the  process  explained  in  Art.  188,  is  of  only  n  —  1  dimen- 
sions, and  therefore  tjq  and  f^  may  have  (as  far  as  their  alge- 
braical values  are  concerned)  finite  values.  In  a  particular 
example  however  care  must  be  taken  to  replace,  by  means  of 
the  equation  to  the  curve,  the  highest  powers  of  the  variables 
in  the  numerator  by  their  equivalents  of  lower  dimensiotis. 

The  most  convenient  plan  is  first  to  evaluate  ^,  and,  if  it 

has  a  finite  value,  to  determine  tjq,  since  the  equation  to  the 
asymptote  is  . 

And  ^  ^  =  0,  the  asymptote  is  parallel  to  the  axis  of  <r,  and 

at  a  distance  from  it  to  be  determined  by  % ;  hence  tjq  must 

be  determined. 

dy 
But  if  ^  =  00 ,  the  asymptote  is  parallel  to  the  axis  of  y, 

and  (q  must  be  evaluated  in  order  to  determine  the  distance 
firom  the  origin  at  which  it  cuts  the  axis  of  07. 

195.]    To  apply  the  above  processes  to  examples. 

Ex.  1.        To  determine  the  Equations  to  the  Asymptotes 
of  the  Hyperbola. 

.• .     when  0?  =  00 ,  y  =  00  j 
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['9S- 


1  = 

when  jr  =  y  =  oo ; 

Jtiating  according 

to  the  method  of  Art 

114, 

s- 

6* 

-1^         • 

-.  %-±i- 

'© 

-^0 

=  -^■  =  0,  .henj 

=  „ 

■e  the  equations  to  tlie 

asymptotes  are 

>)  = 

±^- 

To  find  the  Asymptotes  to  the  Curve. 

y*  =  a  J*  —  i^ ; 
r{x,y)  =  y»  — ajT^  +  af'  =  0, 


0=3.-; 


dx  ~        3y» 


,  when  ar  =  y  = 


whence,  differentiating  again,  and  bearing  in  mind  that  ^  i*  ^ 

definite  quantity,  and  therefore  not  admitting  of  differentistioii, 
we  have 
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dy 
.'.     ^  =  —1,  when  j7  =  y  =  00 , 

\dyl 

2ax         00       , 

= T-  =  — ,  when  0?  =  y  =  30 , 

^     dy        oQ 

=  — Tr-«  =  o  »  whena?  =  y  =  00,  in  which  case  -^  =  — 1: 
.'.     the  equation  to  the  asymptote  is 

Ex.  3.        To  find  the  Equation  to  the  Asymptote  of  the 
Curve  (the  Folium  of  Descartes),  whose  equation  is 

a? ^Saxy  +  y*  =  0  =  p(a7, y) ;  see  fig. 63. 
dr\ 


Q  =  3y'-3«^' 


dy  a^  —  ay  00       1 

j^  = i =  —  •  when  0?  =  y  =  00 , 

dx  y^  —  ax  ^^  ^  * 

2x  -^  a-f- 


R  r 
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Saxy  axy         x       , 

'»       Sy*— Sao?      y*  — odf      00 

rfy 
Toy  ao' 

2a  f^ 

dx  At 

=  — o,  whendr=y  =  x),and^  =  — 1; 


.*.     the  equation  to  the  asymptote  is 

^  =  -  f  -  «• 

196.]  Sometimes  by  this  method,  as  well  as  hj  the  former, 
we  arrive  at  resiilts  affected  with  +  \/--,  in  which  case  the 
lines  must  be  drawn  in  their  own  planes.  And  sometimes 
curves  have  branches  out  of  the  plane  of  reference,  which  are 
asymptotic  to  straight  lines  in  the  plane,  as  in  the  following 
example ;  and  these  must  be  determined  in  one  or  other  of  the 
methods  which  have  been  just  explained. 

x*(y  —  x)^  =  a^  —  x^, 


.-.       y  —  07  =    ±     - 


(fl2  -  a?2)* 


x^ 


When  X  is  infinitely  great,  the  right-hand  side  of  the  equation 
vanishes,  and  we  have  y  ^  x,  which  is  the  equation  to  a  line 
passing  through  the  origin,  and  inclined  at  45^  to  the  axis  of  x^ 
and  which  is  asymptotic  to  two  branches  of  the  curve ;  but,  for 
all  values  of  x  not  within  the  limits  +  a,  the  curve  lies  out  of 
the  plane  of  reference,  and  therefore  the  asymptote  is  that  to 
which  these  branches  are  continually  approaching.  The  form 
of  the  curve  is  given  in  fig.  52,  the  dotted  lines  representing  the 
branches  in  a  plane  perpendicular  to  that  of  the  paper. 
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197.]    On  Curvilinear  Asymptotes. 

Two  carves  may  also  be  asymptotic  to  each  other ;  for  sup- 
pose that  the  equation  to  a  given  curve,  vrhen  expanded  in 
descending  povrers  of  a?,  is 

y  =  a^x^  +  aio?  -f  Oo  +  -  + 

0? 


Then,  if  we  neglect  on  the  right-hand  side  of  the  equation  all 
terms  after  the  first  three,  which  is  equivalent  to  making 
X  =:  oc ,  the  curve  whose  equation  is 

y  =  02^  -f  aix  H-  Oq, 
and  which  is  a  parabola,  is  asymptotic  to  the  given  curve. 

Also  if  in  equation  (55),  Art.  192,  we  take  account  of  the 
first  three  terms  only,  and  multiply  through  by  op,  and  neglect 
all  the  subsequent  terms,  then  we  have  the  equation  to  an 
hyperbola,  viz.  .'  . 

and  this  curve  is  asymptotic  to  the  given  curve,  because  the 
difference  between  the  lengths  of  their  ordinates  is  a  quantity 
which  diminishes  without  limit  as  x  increases  without  limit. 
And  so  again  if  we  take  account  of  the  first  four  terms  of  the 
same  equation,  and  neglect  all  subsequent  ones,  we  shall  obtain 
the  equation  to  a  curve  which  is  nearer  to  the  given  curve  than 
either  the  rectilinear  asymptote  or  the  hyperbola ;  and  thus  by 
a  similar  process  we  may  obtain  a  series  of  curves  more  and 
more  asymptotic  to  the  given  curve.  Thus  also  we  often  find 
curves  which  have  cubical  and  semicubical  parabolas  asymptotic 
to  them :  as  for  instance  : 

-±''b-&- }. 

and  therefore,  neglecting  all  terms  involving  negative  powers 

of  X,  we  have  . 

y  =  ±  ^«, 

which  is  the  equation  to  a  semicubical  parabola  (the  form  of 
which  is  given  in  fig.  64),  and  is  asymptotic  to  the  curve. 

R  r  2 


1 
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Section  3. — On  Directum  of  Omvaiure  and  Pamis  of  Infiuum, 

198.]    The  value  of  ^9  whidi  we  have  disciuaed  in  the  pie- 

oeding  Sections,  enables  us  to  determine  the  indination  to 
either  of  the  coordinate  axes  of  a  eurye  at  any  point,  but  teOs 
us  nothing  as  to  /A«  directum  of  curvature,  that  is,  at  to  whether 
the  curve  is  concave  or  convex  towards  a  certain  line  or  in  a 
given  direction ;  we  use  these  words  in  their  common  meaning; 
and  we  proceed  to  discover  criteria  which  will  determine  such 
direction.  To  simplify  the  formulse  we  shall  take  ^r  to  be  an 
equicrescent  variable. 

a-  J      i.1.-  '^      ^*y  *p        rf.tanr 

Smce  under  this  supposition  -j-^  =  -5—  =  — 3- —  (»«e 

equation  (20),  Art.  185),  and  since  </.tanr  =  (secr)*<^r,  which 

d^y 
is  always  positive ;  it  follows  that  if  -7-^  is  positive,  r  and  x  are 

d^y 
increasing  or  decreasing  simultaneously ;  and  if  -—^  is  nega- 
tive, as  X  increases,  r  decreases,  and  vice  versd. 

Now  firom  the  geometry  it  is  plain,  that  if  r  and  x  simul- 
taneously increase  or  decrease,  the  form  of  the  curve  must  be 
such  as  that  of  fig.  53,  that  is,  must  be  convex  downwards ;  and 
if  as  07  increases  r  decreases,  or  vice  versd,  the  figure  must  be 
such  as  that  of  fig.  54,  that  is,  the  curve  must  be  concave  down- 
wards. Hence  we  have  the  following  criteria  of  the  direction 
of  curvature. 

d^y  ...  .   d*y 

If  ^-^  is  positive,  the  curve  is  convex  downwards ;  and  if  j-^ 

is  negative,  the  curve  is  concave  dovmwards, 

d^y 
Suppose  that  at  a  certain  point  {a,  h),  -^-^  changes  its  sign, 

which  it  can  do  only  by  passing  through  0  or  ex: ,  then  the 
direction  of  curvature  changes;  and  if  the  change  of  sign  be 
from  -f  to  — ,  then  the  curvature,  having  been  convex  down- 
wards, becomes  concave;  and  if  the  change  be  from  —  to  +, 
the  reverse  is  the  case.  A  point  where  such  a  change  of  curva- 
ture takes  place  is  called  a  point  of  inflexion.    To  determine 

d^y 
which,  we  must  equate  ^-^  to  0  and  to  yz ;  and  if  at  the  cor- 
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responding  critical  value  there  is  a  change  of  sign^  then  such  a 
point  is  a  point  of  inflexion ;  fig.  55,  (y)  and  (b)  of  fig.  48,  fig.  14 
and  fig.  15  illnstrate  such  points  of  infiexion. 

This  is  also  evident  from  the  following  considerations. 

199.]  Let  y  =/(^)  be  the  equation  to  a  curve;  and  sup- 
pose that  we  consider  it  not  only  at  the  point  (a?,  y),  but  also  at 
another  point  (a^  -\-h,  y  -\-  k),  so  that 

y^k  =/(a?H-A);  (58) 

then,  expanding  f{x  -f  h)  to  three  terms  by  Taylor's  Series 
(see  Art.  115), 

y  +  *  =  /(^)  ^f{a:)  ^  +  i^/"(a.  +  Ok).  (59) 

And  if  a  tangent  be  drawn  to  the  curve  at  the  point  (w,  y),  its 
equation  is  * 

^  =  y  + J(f-^);  (60) 

and  therefore  its  ordinate,  when  £  becomes  «r  -f  A,  is  given  by 

the  equation  . 

V  =  y  +  £h;  (61) 

dy 
in  which,  replacing  y  by /(a?),  and  -^  hjf'i^),  and  subtracting 

(61)  from  (59),  we  obtain  the  difference  between  the  ordinates 
to  the  curve  and  to  the  tangent  corresponding  to  the  point 
X  +  h,  and  we  have 

y +  *-!?=  ^n^-^eh);  (62) 

and  taking  h  to  be  infinitesimal,  which  is  equivalent  to  con- 
sidering only  the  point  in  the  curve  which  is  next  to  (a?  +  dx, 

d^v 
y  -f  dy),  whereby /"( J?  -f  Bh)  becomes /"(^),  that  is,  ^~,  we 

have  ^2     ^8 

And  therefore  if  -j-^  be  positive,  the  ordinate  to  the  curve  is 

greater  than  the  ordinate  to  the  tangent,  and  therefore  the 
curve  lies  above  the  tangent,  whatever  be  the  sign  of  h ;  that  is. 
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i  convex  downwards,  as  in  fig.  53 :  but  if  -r-4  be 
itive,  contrary  resnlta  follow,  and  the  curve  is  concave 
iwards,  as  in  fig.  54. 

efore  at  any  point  the  curve  passes  through  the  tsn- 
hS  to  be  above  it  on  one  side  of  the  point  of  contact 
ion,  but  below  it  on  the  other,  then  y  +  k  —rj  must 
sign  as  A  changes  sign,  which  can  only  be  the  case  when 


the  expansion  of  f{x  +  A),  which  gives  sign  to  the 

one  involving  an  odd  power  of  A,  in  which  case  the 

B  from  below  the  tangent  to  above  it,  or  vice  r-erad, 

:r  of  the  manners  indicated  in  fig.  55,     It  is  plain 

noint  of  inflexion,  ~ ,  and  therefore  the  angle  r. 
I  cimum  or  minimum  value. 

vature  of  a  curve  towards  the  right  or  the  left  may 
uiined  in  a  similar  manner  by  discussing  the  value 


200.]   Examples  illustrative  of  the  foregoing  theory. 

Ex.  1.         To  determine  the  direction  of  Curvature  of  the 
Curve  whose  Equation  is 

_  (^~l)(x-3) 

dy       «*  —  4*  +  5 


d*y_ 2_ 

dx*  {x-Zf' 

d*y 
that  is,  ~^  is  positive  or  negative  according  aa  «  is  less  or 

greater  than  2 ;  and  therefore  the  curve  is  convex  downward) 
for  all  values  of  x  leas  than  2,  and  concave  downwards  for  all 
values  of  x  greater  than  2 ;  and  when  x-=2,  there  is  a  point 
of  inflexion. 
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Ex.  2.        To  determine  the  direction  of  Curvature  of  the 
Witch  of  Agnesi. 


dy  -2o» 


rf'y  _  2g»(3a--2a?) 

therefore  the  upper  branch  of  the  curve  in  the  plane  of  refer- 
ence is  convex  downwards  for  all  values  of  x  between  0  and 

X  ~  -^ ;  and  when  x  is  greater  than  -^ ,  ^-^  is  negative^  and 
the  curve  is  concave  downwards;  at  the  point  therefore, 
X  =  -^ ,  there  is  a  point  of  inflexion.  This  investigation  ex- 
plains the  form  of  the  curve  as  drawn  in  fig.  35. 

Ex.3.         To  prove  that   the  Equitangential  Curve  (see 
Art.  173)  is  always  convex  downwards. 

dy  _  y        ^ 


idy\^_  y' 

•  •      \dxf   "  a^-y^' 

2  ^  ^  -  2g'y      dy 

•  •        dxdx^  "  {a^ -- y^)^  dx' 

d^y  _  a^y 


dx^        (a«  -  y*)» ' 

and  Aerefore,  as  y  is  always  positive  (see  fig.  38),  -r-^  is  always 
positive ;  and  the  curve  is  convex  downwards. 

Ex.  4.        To  determine  the  point  of  Inflexion  of  the  Com- 
panion to  the  Cycloid. 

y  =  aO,  .-.     dy  =  adO, 

X  =  a(l— COS0),  dx  =  awiBdO', 
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^  =  cosec^, 

d^y  do 

^-^  =  —  coeec^cot^^, 

co%B 


a  (rin  B)^ ' 

IT    d^y 
for  all  values  of  B  less  than  ^ ,  j^  is  negatiye,  and  the  curve  is 

concave  downwards,  and  for  values  of  B  greater  than  ^ ,  the 

curve  is  convex  downwards;  and  when  ^  =  »>  ^^^^  ^>  ^^^ 

y  =  -^  and  x  =  a,  there  is  a  point  of  inflexion ;  see  fig.  41. 

In  a  similar  manner  it  may  be  shewn  that  the  logarithmic 
curve  and  the  catenary  are  both  convex  downwards. 

201.]    If  the  equation  to  the  curve  be  given  in  the  implicit 

then,  by  Art.  78,  equation  (122),  x  being  equicrescent, 

d^y V^^  \dy)  "    \dxdyf  \dx^  ^dy'  "^  \dpf  W 

rf^ "  Jdry  ^  ^^^ 

\dy) 

and  therefore  for  all  values  of  the  coordinates  for  which  this 
quantity  is  positive,  the  curve  is  convex  downwards :  and  for 
those  for  which  it  is  negative,  the  curve  is  concave  downwards; 
and  if  at  any  point  on  the  curve 

W'    \dyf  "^  \d^f    \dxf   ^d^l  "*"  \dy^'   ^di>  "^  ^' 

and  changes  sign,  and  at  the  same  time  l-pj  does  not  =  0, 

then  there  is  a  point  of  inflexion. 

d^w 
Similarly  might  we  find  --z-^ ,  and  determine  whether  a  curve 

is  convex  or  concave  towards  the  right  or  the  left. 
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202.]  The  subject  next  in  order  for  disousaion  is  the  nature 
of  those  points  on  a  curve  at  which  -^  assumes  an  indetermi- 
nate form ;  before  however  we  proceed  to  it^  it  is  advisable  to 
examine  fig.  56,  which  is  intended  to  be  a  drawing  of  an  in- 
finitely-magnified continuous  curve,  and  which  is  supposed  to 
be  generated  by  a  point  moving  according  to  a  continuous  law ; 

the  curve  is  placed  as  in  the  figure  in  order  that  ^-^  may  be 

positive. 

Let  y  =  f(x)  be  the  equation  to  the  curve,  ok  =  a?,  kp  =  y, 
and  let  us  consider  x  to  be  equicrescent,  so  that  kl  =  lm 

=  MN  = =  rfa?,   and  d^x  =  d^x  = =  0;   and   let 

p,  Q,  B,  s  be  points  on  the  curve  corresponding  to  the  succes- 
sive values  of  x ;  and  if  we  conceive  the  successive  elements  of 
the  curve,  pq,  qr,  rs,  to  be  infinitely-magnified,  then  they  are 
such  straight  lines  as  we  have  imagined  ds  to  be  in  Art.  186. 
In  the  same  manner  then  as  in  Art.  63, 

f{x)  =  y  =  KP, 
fix  ^dx)  =z  y  +  dy  -  lq, 
fix  +  2dx)  =  y  +  2dy  +  d^y  =  mr, 
fix  +  8dx)  =  y  -f  3rfy  +  3rf«y  +  rf^y  =  ns, 
and  so  on ;  whence,  by  subtraction,  we  have 

fify  =   LQ  —  KP  =  QU  =   XV  =  TW, 

and  MR  =  Mz  -f  RZ  :  but  mz  =  mv  -f  2vx  =  y  +  2rfy ; 
substituting  for  mr  from  above,  we  have 

y  -f  2rfy  +  d^y  :=z  y-\-  2dy  -f  rz, 
.-.     rfay  =  RZ. 

As  we  have  not  deduced  any  geometrical  properties  from  d^y, 
it  is  unnecessary  to  do  more  than  to  shew  what  line  is  repre- 
sented by  it. 

From  above  we  have  ns  =  y  -f  3rfy  -|-  3rf*y  +  d^y : 

but  NW  =  y,     wo  =  3rfy,     ge  =  2rf*y, 

.-.     SE  =  d^y-^d^y, 

=  RZ  +  rf'y; 

.    .'.     d^y  =  SE  —  RZ. 

s  s 
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Hence  it  is  manifest  Aat  ^  =:  —  =  tanQPV  =  tanpio 

ax       pu 

s  trigonometrical  tangent  of  the  angle  made  with  axis  of  #by 
the  tangent  to  curve;  and  therefore  if  at  any  point  on  a  asnt 

^  s=:  0,  y  does  not  increase  as  we  pass  from  one  point  to  the 

next  conseentive  point :  and  therefore  the  element  of  the  curve 
PQ  is  along  the  line  rv,  and  is  parallel  to  the  axis  of  s.  Simi- 
larly, whenever  ^  =  00,  the  element  pq  is  perpendicular  to 
TV,  and  parallel  to  the  axis  of  y. 

And  since  tPy  =  bz,  it  is  plain  that  d^y  represents  the  de- 
flexion of  the  curve  from  the  tang^it  line :  and  therefore  if 
d^y  s=  0,  three  consecutive  points  are  in  the  same  straight  Une, 
and  the  curve  has  for  those  three  points  become  straight;  and 
if  d*y  be  positive,  the  line  bb  is  to  be  measured  up  from  the 
tangent,  and  the  curve  lies  above  the  tangent ;  but  if  d^y  be 
negative,  it  must  be  measured  downwards,  and  the  curve  lies 
below  the  tangent ;  if  therefore  ePy  is  positive  on  both  sides  of 
the  point  p,  the  curve  is  convex  downwards,  and  is  such  as  is 
drawn  in  fig.  53,  and  if  d^y  is  negative  on  both  sides  of  the 
point  (x,  y),  then  the  curve  is  concave  downwards  as  in  fig.  54; 
and  if  d^y  changes  its  sign  at  the  point  by  passing  through  0 
or  00 ,  the  curve  is  above  the  tangent  on  one  side  of  the  point, 
and  below  it  on  the  other,  and  therefore  there  is  a  point  of 
infiexion. 

Hqnce  we  learn  the  geometrical  meaning  of  the  process  of 
differentiation ;  it  implies  a  passage  from  one  point  of  a  curve 
to  the  next  consecutive  point ;  and,  as  often  as  we  differentiate, 
we  pass  to  successive  points,  and  obtain  expressions  which 
represent  deflexions  from  straight  lines  and  so  on. 

Thus,  by  means  of  one  differentiation,  we  consider  the  curve 
with  respect  to  two  points  on  it;  by  two  differentiations  we 
consider  the  curve  at  three  points,  and  so  on.  More  will  be 
said  hereafter  on  the  properties  of  curves  under  this  mode  of 
considering  them;  and  especially  in  Chapters  XII  and  XIII 
with  respect  to  several  successive  points  being  common  to  two 
or  more  curves. 
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Section  4. — On  MuUipk  Points  of  Plane  Curves. 

203.]  Thus  far  we  have  considered  the  geometrical  proper- 
ties which  belong  to  the  first  and  second  deriyed-fimctions  of 
an  equation  to  a  curve  when  they  have  determinate  values ;  but 
suppose  that  at  any  point  on  a  curve^  which  it  will  be  conve- 
nient as  heretofore  to  designate  by  a  special  name,  and  which 

we  will  therefore  call  a  critical  point.  ^  assumes  the  inde- 

terminate  form  ^,  a  question  occurs,  and  which  has  to  be  in- 
quired into.  What  is  the  meaning  of  such  indeterminateness  ? 
In  the  following  discussion  we  shall  find  it  most  convenient  to 
use  the  implicit  form  of  the  equation  to  the  curve ;  viz. 

u  =  F(^,y)  =  c;  (65) 

whence  we  have  . 

(-) 
dy^_Uj^  (66) 

dx  /d¥\ 

w 

Suppose  then,  at  the  critical  point,  ^  =  ^;  the  conditions  of 

which  are  that  f^j  =  0,    (^j  =  0;  and  let  the  expression 

be  evaluated  according  to  the  method  of  Art.  114,  whereby  we 

nave  j^  ^  ^2 


/rf'F\  /  d^r  \  dy^ 

^dx^l    "^   \dxdyf  dx 
(d^T\  dy        /  d^r\  ' 

W««/    d.T   ■*"     \d.rdfi) 


(67) 


dy*'  dx        ^dxdy 
And  suppose  that  this  quantity  does  not  become  ^  at  the 

critical  point  in  question,  that  is,  that  all  the  second  partial 
differential  coefficients  do  not  vanish,  then  multiplying  and 
reducing,  we  have 

S  S  2 
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a  quadratic  in  ^;  giving  therefore  two  values  foot  ^,  and 

thereby  shewing  that  two  branches  of  the  curve  pass  throngh 
the  point,  which  is  called  a  doubk  paint,  admitting  of  sevenl 
varieties,  according  as  the  roots  of  (68)  are  real  and  unequaly 
real  and  equal,  or  impossible ;  and  according  as  the  carve  ex- 
tends or  not  in  the  plane  of  reference  on  both  sides  of  the  point 
in  question.    Now  the  roots  of  (68)  are 

real  and  unequal  ^  ,,        „         C'^^     At     ^ 

realandequal  C  according  a.  (^J  y)  is  ]  =  W^)  . 
impossible  J  '  k>  J  ^  g^x 

Let  us  first  consider  the  case  of  the  two  roots  being  real  and 
unequal ;  in  which  we  have 

dy  ^        \dxdyf  -  I  \dxdyf        \dx^f  \dy^f  J        ^^q^ 
dx  /rf*p\ 

If  the  curve  extends  in  the  plane  of  reference  on  both  sides 
of  the  point  in  question,  as  p^  in  fig.  57,  the  point  is  called  a 
real  double  point ;  but  if  the  curve  is  in  the  plane  of  reference 
on  one  side  of  the  pointy  but  is  in  another  plane  on  the  other 
side,  as  is  indicated  in  fig.  58,  where  the  dotted  lines  shew  the 
course  of  the  curve  out  of  the  plane  of  reference,  such  a  point 
is  called  a  salient  point ;  and  if  the  curve  is  out  of  the  plane  of 
reference  on  both  sides  of  the  point  in  question,  but  pierces  the 
plane  at  the  point,  we  have  what  is  called  a  conjugate  or  isolated 
point,  which  however  corresponds  to  the  case  of  two  roots  of 
equation  (68),  being  impossible. 

Secondly,  if  two  roots  be  real  and  equal,  we  have 

d^¥ 


dy 

dx 


(71) 


dy 

and  there  are  two  branches  passing  through  the  point  and 
having  the  same  tangent. 

If  these  branches  are  in  the  plane  of  reference  on  both  sides 
of  the  point,  the  curve  is  such  as  one  or  the  other  of  those 
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delineated  in  fig.  59^  and  the  points  where  the  curve  meets  the 
tangent  are  called  points  of  osculation  and  by  French  writers 
points  iP  embrassement ;  and  if  they  are  in  the  plane  of  refer- 
ence on  one  side  of  the  pointy  and  on  the  other  side  pass  out 
of  it,  then  the  curve  at  the  point  is  such  as  one  or  other  of  those 
drawn  in  fig.  60,  where  the  dotted  lines  indicate  the  course  of 
the  curve  out  of  the  plane  of  the  paper^  and  the  points  are 
caUed  tmsps,  and  by  French  writers  points  de  rebroussement. 
That  in  the  fig.  60,  marked  (a),  is  called  a  ceratoid  cusp,  or  a 
cusp  of  the  first  species,  in  which  the  two  branches  touch  the 
common  tangent  on  opposite  sides  of  it;  that  marked  (/3)  is 
called  a  rampkoid  cusp,  or  cusp  of  the  second  series,  in  which 
the  two  branches  touch  the  common  tangent  on  the  same  side. 
Cusps  in  other  positions  are  shewn  in  fig.  61. 

Thirdly,  if  two  roots  of  (68)  are  impossible,  both  branches  of 
the  curve  are  out  of  the  plane  of  reference  on  both  sides  of  the 
point  in  question,  but  pierce  it  at  the  point;  in  which  case 
there  is  a  conjugate  point,  admitting  of  varieties  according  as 
both  branches  have  the  same  or  different  tangent  lines. 

These  several  subordinate  varieties  of  double  points  must  be 
distinguished  by  examining  the  form  and  nature  of  the  equation 

to  the  curve,  and  of  -^  and  -t-^ ,  when  ^  =  a  +  A,  y  =.  b  -\-  k^ 

dx         dx^  —    '  if  _    ' 

h  and  k  being  taken  very  small,  a  and  b  being  values  of  the 

coordinates  which  satisfy  the  equation  to  the  curve ;  as  e.  g.  in 

d^V  . 
fig.  60,  if  when  ^  =  a  -f  A,  -7-^  is  positive  for  one  and  negative 

for  the  other  branch  of  the  curve,  and  when  a?  =  a  —  A,  -r^  is 

€tx 

affected  with  \/— ,  the  curve  is  of  the  form  drawn  in  fig. (a); 

d^y 
but  if  -z-^  is  positive  for  both  branches  of  the  curve,  and  the 

curve  is  out  of  the  plane  of  the  paper  when  x  is  less  than  a, 
then  it  is  such  as  is  delineated  in  fig.  (^). 

204.]  Of  these  several  varieties  of  double  points  we  shall 
give  instances,  and  shall  apply  to  particular  cases  the  principles 
of  the  foregoing  method,  without  adapting  them  directly  to  the 
general  forms  of  the  results. 


To  examiDe  the  nature  of  the  point  at  the  ori^ 
tcata  whose  equation  is  (see  Art.  170  and  fig.  37) 


+  yS)  (xd.v  +  yd!/)  =  2fl*(.rrfj^  -  y  rfj/) 


'  a»ff  +  2y(a^  +  y*)  ' 


0,  and  y  =  0, 


a*  -X  -I 


fix' 


1, 


dy 
rf.f  " 


I; 


18,  two  brniicbcs  of  the  curve  pass  through  the  oripn, 

utting  the  axis  of  .r  at  angles  respectively'  of  45°  and  135", 

and  which  are  in  the  plane  of  reference  on  both  sides  of  the 

;  and  therefore  all  the  characteristics  of  a  true  double 

pu     .  are  satisfied. 

Ex.  2.         Determine  the  nature  of  the  point  at  tbe  ori^ 
of  the  curve. 


i-2a»        0      .      •  ■ 
— ^  =  ^,ator.gin. 


rfy_' 


1, 


±  1; 


and  therefore  two  branches  of  the  curve  pass  througli  the 
origin,  which  are  inclined  to  the  asis  of  x  at  angles  respectivdy 
of  45°  and  135°,  and  there  is  at  origin  a  true  double  pcunt; 
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Ex.  3.        To  determine  the  nature  of  the  point  at  the 
origin  of  the  Folium  of  Descartes^  the  equation  to  which  is 

a^  —  Zaxy  -f  y^  =  0, 
dy        ay  —  x^        0      i.  XI. 

ax  ay 


_    dy  dx' 

.• .    •—-  =  0,  and  -^  =  00 ,  and  therefore  there  are  two  branches 
ax        '         cLv  ^ 

passing  through  the  origin,  and  touching  respectively  the  axes 
of  X  and  y ;  see  fig.  63. 

As  no  form  of  algebraic  equation  can  express  a  salient  point 
of  a  curve  such  as  we  have  described  it,  and  as  it  can  arise  only 
firom  a  function  which  is  discontinuous  at  the  point,  all  func- 
tions of  which  kind  we  have  excluded  from  the  present  Trea- 
tise, it  is  unnecessary  to  give  illustrative  examples  from  other 
sources. 

Ex.  4.        Determine  the  nature  of  the  point  at  the  origin 
of  the  curve  whose  equation  is 

dy        2a^  +  xy'  _  p    ^^^  ^  _  ^  .  0 
dx  "  yia^^x^)  "  0'  ^^^"^  x^y  ^V, 

6x^  +  2xyp  +  y^  0 

.       (^\*^0.  .      ^_^o- 

•  •     \dxl       a^'       "  '     dx^  -     ' 

that  is,  two  branches  of  the  curve  pass  through  the  origin  and 
touch  the  axis  of  x  on  difierent  sides  of  it,  and  are  both  in  the 
plane  of  reference. 

If  the  equation  to  the  curve  were 

y^(a^  —  a^)  =  x^, 

the  two  branches  which  pass  through  the  origin  would  touch 
the  axis  of  x,  but  both  would  be  out  of  the  plane  of  reference ; 
see  fig.  77. 


rectanoulab  coordinates.  [104. 

DiBcuBs  the  nature  of  the  point  at  the  oiigin  of 
lose  equation  is 

y'  =  or*, 

dy        Sua:*        Ok  n 

-^  =  -^ —  =  kj  when  j'  =  «  =  0, 
«£r         2jf         0'  y         < 


•■■  (%)'- 


=  Sax, 


rfy 
die 


+  (3aar)*  =  0,  if «  =  0, 


.  Affected  with  +,  when  x  is  poaitive,  but  with  +  v*— .  if 
Qce  at  the  origin  there  is  a  cusp,  both  branches 
<ucn  the  axis  of  ,t,  and  the  curve  is  out  of  the  plane 
len  X  ia  negative.     The  cmre  is,  on  account  of 
■  ^  Oi  iLd  equation,  called  the  Scmicubical  Parabola. 
0  since  , 

rf'y  _        3a' 
dx*  ~  -  4a.i' 

which  is  poaitive  or  negative  according  as  the  branch  of  the 
curve  is  above  or  below  the  axis  of  x,  the  cusp  ia  of  the  first 
species ;  see  fig.  64. 

Ex.  6.         Discuss  the  nature  of  the  point  at  the  origin  of 

the  curve  .  ■        « 

y*  =  axr  —  a^, 


dx  ~ 

sy- 

2i.-6» 

»^r 

a 
3y' 

1= 

±  (ft)'  = 

,  at  the  origin. 
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Hence  the  curve  has  two  branches  at  the  origin  touching  the 
axis  of  y,  but  as  ^  is  affected  with  +  \^-->  when  y  is  nega- 
tive, it  shews  that  at  the  origin  there  is  a  cusp  of  the  first 
species,  and  such  as  is  drawn  in  fig.  65. 

Ex.  7.        Determine  the  nature  of  the  point  of  the  curve 

y*  =  xia;-\-a)\ 
when  a?  =  —  a,      and  y  =  0 ; 

dy  ^  3j?*  +  4aj?  +  fl*  _  0    „u .    -«-i  ..  -.  n 

dx 


2y 

—•       -.   ,       TT  UCU    Uf      —                 l>*| 

6x  -i-isa 

2"^  ' 

dx 

«'        C^-±^^~«' 

that  is,  there  is  a  conjugate  point,  both  branches  of  the  curve 
being  out  of  the  plane  of  the  paper,  but  piercing  it  at  the  pointy 
and  their  directions  making,  with  the  axes  of  x,  angles  whose 
tangents  are  +  \/a. 

205.]  There  is  an  explicit  form  to  which  the  equations  of 
many  curves  admit  of  being  reduced,  and  which  is  well  adapted 
to  exhibit  the  peculiarities  of  cusps  of  both  species. 

Suppose  that  the  equation  to  a  curve  can  be  put  in  the  form 

y  =fix)  ±  <l>{x),  (72) 

of  which  f(x)  is  possible  for  all  values  of  x  through  which  we 
consider  it,  but  that  (f){x)  is  possible  for  some  and  impossible 
for  others;  and,  to  fix  our  thoughts,  suppose  that  4>i^)  ^^  ^lu- 
possible  or  possible,  according  as  d?  is  less  or  greater  than  a. 
The  curve  whose  equation  is  y  =  f(x)  is  aptly  called  the  dia- 
metral curve  of  (72),  the  ordinates  of  (72)  being  equal  to  f{x) 
increased  and  diminished  by  the  same  qnantity,  viz.  4>(x). 
Then,  if  (l>(x)  is  such  that  (t)(a)  =  0  and  (f/(a)  =  0,  the  curve 
(72)  has,  when  x  =  a,  vl  common  point,  and  ia  eoincident 
in  direction,  with  y  =zf{x);  but  as  two  branches  unite  at 
the  point,   and  are  distinct  when  x  =  a  +  h,  and  affected 

Tt 
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with  +  V--  when  «  =  a  —  A,  we  have  a  cusp  of  the  fixit  or 
second  apecies^  according  as  the  carvature  is  turned  in  opposite 
or  in  the  same  directions.  The  following  examples  will  illuB- 
trate  the  method. 

Ex.  1.         (y  -  a  -  ar)*  =  (a?  -  c)», 

y  =  a  +  x±{x  —  c)*, 

2=i±i(.-c,«. 

rf"y  15 ,         . 

Hence  the  diametral  line  is  that  whose  equation  is  y  =  «  +  «, 
and  as  y  is  affected  with  +  V^  for  all  values  of  x  less  than 
c,  it  follows  that  the  curve  is  in  or  out  of  the  pbme  of  refer- 

eace,  according  as  a?  is  greater  or  less  than  c;  and  ^  ^  =  ^ 

when  X  =  c,  it  IB  plain  that  at  that  point  both  brandiea  toudi 
a  common  tangent,  one  being  above  and  the  other  below  it, 

and  as  -7--  is  ±  when  x  is  greater  than  c,  the  cusp  is  of  the 

first  species ;  see  fig.  66. 

Ex.  2.         (y  -  .r*)*  =  ax^, 

y  =  a^  ±  a^  x^, 


dx^^  "^  -     4     ^  ' 

From  the  above  equations  it  appears  that  the  diametral  curve 
is  the  parabola  whose  equation  is  y  =  o?^ ;  that  the  curve  is  in 
the  plane  of  reference  on  the  positive  side  of  the  axis  of  y,  and 
out  of  it  on  the  negative  side ;  that  there  is  a  cusp  of  the  second 

species  at  the  origin^  since  -7-^  is  positive  for  both  branches ; 

see  fig.  67. 
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Ex.3.  y  =  a  -f  Aj?  -f  cw^  ±  ar^. 

^  =  2         — • 
dx^  ~"        —  4iX^ 

The  diametral  curve  is  plainly  a  parabola^  and  the  curve  is 
in  or  out  of  the  plane  of  reference^  according  as  ^  is  positive  or 
negative;  there  is  a  cusp  of  the  first  species  at  the  point  where 
the  diameter  cuts  the  axis  of  y,  and  the  tangent  at  the  point 
makes^  with  the  axis  of  x,  an  angle  whose  tangent  is  6 ;  see 
fig.  68. 

206.]  Returning  to  equation  (67),  Art.  203,  let  us  suppose 
that  at  the  critical  point  under  discussion 

then  the  value  of  -^  again  assumes  the  form  ^ ,  and  the  nume- 

ax  O 

rator  and  denominator  of  it  must  be  difierentiated;  in  which 

operation  however  it  is  to  be  borne  in  mind,  that  -j-  does  not 

vary  with  x  and  y  near  to  the  critical  point,  and  is  therefore 
to  be  considered  constant ;  the  true  meaning  and  effect  of  these 
successive  differentiations  being  as  follows.  Several  branches 
of  the  curve  have  certain  consecutive  points  in  common,  and 
certain  elements  in  common ;  whilst  therefore  we  are  consider- 
ing the  curve,  as  to  its  continuation  at  one  or  more  of  these 
common  points,  it  is  indeterminate  to  which  branch  of  the 
curve  the  points  and  elements  belong,  and  therefore  we  must 
pass  on  firom  these  common  points  to  those  contiguous  ones 
which  are  on  different  branches;  in  which  case  the  tangent 
lines  drawn  through  these  become  separate  for  each  branch, 
and  the  direction  of  each  therebv  becomes  determined.  Let 
the  reader  try  to  draw  for  himself  an  infinitely-magnified  dia- 
gram of  such  points  and  curves  in  the  same  manner  as  we  have 
drawn  fig.  56. 

Differentiating  therefore  the  numerator  and  denominator  of 

T  t  a 
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the  right-hand  member  d  equation  (67),  and  dividing  throogh 
by  dx, 

^ Vrfar»/  "^     Wdy/  dx  ^  \dxdy^l  dx* 

dx-        /d»FX  rfy»         /  (^«F  N  rfy      /^^'JT'     ^'^^ 
\rfy»/  rf**"^     V<fcp<i^/  (to  "*"  WV 

whence,  moltiplying  and  reducing, 

a  cubic  equation  in  ^ ,  and  therefore  with  three  roots^  shewing 

that  three  branches  of  the  curve  pass  through  the  critical  point, 
which  is  accordingly  called  a  triple  point;  the  three  branches 
being  all  in  the  plane  of  reference,  or  one  in  and  two  out  of 
the  plane,  according  as  the  roots  of  (74)  are  all  real,  or  one  real 
and  two  impossible. 

As  the  criteria  of  this  division  lead  to  a  long  and  complicated 
expression,  it  is  needless  to  investigate  it  here ;  and  moreover, 

as  the  determination  of  the  several  values  of  -^ ,  corresponding 

to  the  several  branches  of  the  curve^  is  not  difficult,  we  shall 
only  add  an  example. 

Ex.  1.         To  determine  the  Nature  of  the  Point  at  the 
Origin  of  the  Curve  whose  Equation  is 

x^  —  ayx^  -h  by^  =  0. 


dy        ^a^  —  2axy        n    ^         • 


dy 


I2x^  —  2ax-/^-  2ay 

ax  Q 

24^_4a$  -4a  ^ 

ax  dx 

5?  = W  '^^''''  ^  =  y  =  0; 
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...    6«$^-6A^!  =  0: 
ax  dx^ 

whence  -^  =  0,    and  -^  =   -f  i\)   ; 

ax  ax        —   ^^' 

and  therefore  at  the  origin  there  is  a  triple  pointy  as  three 
branches  of  the  curve  pass  through  it,  of  which  one  touches 
the  axis  of  x,  and  the  other  two  are  inclined  to  it  at  angles 

whose  tangents  are  ±  (t)   ;  see  fig.  69. 

207.]  Similarly  if  all  the  third  partial  differential  coeffici- 
ents vanish  at  the  point  under  discussion,  we  must  differentiate 
again  the  numerator  and  denominator  of  the  right-hand  member 
of  (73) ;  by  which  means  we  shall  obtain  a  biquadratic  expres- 
sion in  -^,  indicating  that  four  branches  of  the  curve  pass 
through  the  point,  which  is  therefore  called  a  quadruple  point. 

208.]  Such  is  the  general  theory  of  multiple  points;  of 
which  the  analytical  note  is  the  vanishing  at  the  point  of  suc- 
cessive partial  differential  coefficients  of  the  implicit  equation 
to  the  curve.  That  such  must  vanish,  if  many  branches  pass 
through  the  same  point,  may  thus  be  shewn  a  priori. 

Let  a  curve  be  such  that,  when  x  =:  a  ±  h,  y  has  many 
values,  or,  to  borrow  language  from  the  theory  of  equations,  the 
equation  formed  in  powers  of  y  has  many  unequal  roots,  but 
when  X  =  a  several  of  these  values  of  y  become  equal,  say 
y  ^  b;  then,  in  this  case,  as  many  roots  which  before  were 
unequal  must  become  equal,  as  there  are  branches  passing 
through  the  point ;  and  thus  there  will  be  many  equal  factors 
multiplied  together,  which  will  produce  a  factor  of  the  form 
(y  —  6)".  By  a  similar  train  of  reasoning  we  may  prove  that  at 
such  a  point  many  factors  involving  x,  which  at  other  points 
are  unequal,  become  equal ;  and  we  have  a  factor  of  the  form 
(x—a)'*,  m  and  n  being  some  numerical  quantities  at  least 
greater  than  1.  Now  since  differentiation  diminishes  the  expo- 
nent of  such  a  quantity  only  by  unity,  it  is  plain  that  l-^j 
will,   at  the  point  in   question,   have  a  factor  of  the  form 
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(jr— fl)"'-^  and  therefore  will  =  0.     Similarly  (^)  will  haTe 

a  factor  of  the  form  (y— &)"'S  and  will  =  0  also ;  and  accord- 
ing to  the  numerical  magnitudes  of  m  and  n  will  be  the  number 
of  branches  passing  through  the  point,  and  the  number  of 
successiye  partial  differential  coefficients  which  =  0,  for  the 
values  x=i  a,  y  ^^  b. 


Section  5. — On  Tracing  Curves  by  means  of  their  Equations. 

209.]  Our  object  in  the  present  Section  is  to  analyse  the 
equation  to  a  curve,  and  to  trace  the  figure,  so  far  as  the 
results  of  algebraical  geometry  and  of  the  discussion  of  the 
previous  Articles  of  the  present  Chapter  enable  us  to  do.  AU 
curves  we  cannot  trace,  any  more  than  find  the  equations  to 
all  figures  of  a  character  however  complicated ;  the  problem  is 
as  general  as  the  solution  of  aU  equations;  and  therefiore  what 
follows  is  to  be  taken  as  an  explanation,  and  as  a  specimen, 
of  the  slight  means  we  possess  of  discussing  some  few  simple 
cases. 

1)  If  the  equation  admits  of  being  simplified  by  a  change 
of  origin^  or  by  turning  the  axes  through  any  angle,  or  by 
transfonning  the  equation  into  its  equivalent  in  terms  of  polar 
coordinates,  let  such  a  change  be  efieeted  before  we  begin  the 
analysis.  Thus,  for  instance,  the  equation  a;*— 2aj?-f  y*-{-2Ay 
=  0,  admits  of  being  discussed  more  easily  when  for  x  we  write 
X  -\-  ay  and  for  y,  y  —  b:  whereby  the  result  becomes  ;r*  -f  jf* 
=  a^  4-  A^.     Similarly  the  curve  whose  equation  is  {afl  -f  y*)* 

=  a  tan-^  (  )  ^^  more  easily  traced  when  it  is  put  in  its  equi- 
valent polar  form,  r  =  ad;  the  means  of  tracing  Polar  Curves 
will  be  the  subject  of  the  next  Chapter. 

2)  If  the  equation  to  a  curve  admits  of  being  put  in  the 

^""""^  y=/(^)±0W, 

in  which  case,  as  before  observed,  y  =  f{x)  is  tlie  equation  to 
a  curve  diametral  to  the  curve  to  be  traced,  it  is  most  con- 
venient first  to  trace  the  diametral  curve,  and  then  to  increase 
and  diminish  its  ordinate  by  the  quantity  (f>{x)  corresponding 
to  the  several  values  of  the  abscissa  to  the  curve  y  =  f{x). 
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Thus^  for  instance^  in  the  discussion  of  the  general  equation 
of  the  second  degree^ 

ay»  +  bxy  ^cai^  -^  dy  -\-ex  -^f^  0,  (76) 

let  the  equation  be  solved  for  y ;  whence 

^  "       2a^     2a 

±  ^  I  (A*  -  4ac)  0?* -h  2(6flf-2fle)a?  +  ^-4a/V;  (77) 

y  =  —  ^-  07  —  ^- ,   is   the   equation  to  a  straight  line,  and 

therefore  the  ordinate  to  the  curve  is  the  ordinate  to  a  straight 
line  increased  and  diminished  by  equal  quantities;  the  most 
convenient  method  therefore  of  tracing  the  curve  is  first  to 
construct  the  straight  line^  and  then  to  add  to  and  subtract 
from  its  ordinate  such  a  quantity  as  arises  from  an  examina- 
tion of  the  latter  part  of  (77). 

8)  Let  the  equation  to  the  curve^  if  possible^  be  put  in  the 
explicit  form  y  =  f(x) ;  and  let  all  the  points  be  determined 
at  which  the  curve  meets  the  coordinate  axes,  by  finding  the 
values  of  x  which  render  y  =  0,  and  the  values  of  y  which  render 
^  =  0 ;  and  let  the  change  or  continuation  of  sign  be  examined 
in  order  to  determine  whether  the  curve  passes  from  below  to 
above  the  axis  of  x,  or  vice  versd ;  and  whether  it  passes  from 
the  left  to  the  right  of  the  axis  of  y,  or  vice  versd ;  or  whether 
it  touches  the  axes;  and  if  it  cuts  the  axis,  let  the  value  of 

-^  be  examined  at  the  point  of  section,  so  as  to  determine  the 
ax 

angle  at  which  it  cuts.  And  if,  for  all  values  of  x  from  -|-  00 
to  —  00 ,  y  is  unaffected  with  +  V^,  the  curve  extends  infi- 
nitely in  both  directions  in  the  plane  of  the  paper ;  but  if  at 
any  point,  say  x  =z  a,  y  =:  b,  the  equation  is  such  as  on  one 
side  of  that  point  to  be  affected  with  + ,  and  on  the  other  side 
with  +  V^— ^,  then  at  that  point  the  curve  leaves  the  plane  of 
the  paper.  Suppose  that  at  such  a  point  there  is  only  one 
branch  of  the  curve,  so  that  the  symbol  of  "impossibility'^  does 
not  arise  from  the  extraction  of  the  square  root  of  a  negative 
number,  then  there  is  what  is  by  French  writers  termed  a 
point  d' arret ;  or  as  we  may  conveniently  call  it,  a  point  of 
abrupt  termination;   and  the  branch   has  only  one  tangent. 
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Such  however  can  only  ariae  from  a  discontinnoiu  fiuictiaa«  or 
from  such  functions  as  those  for  which  Madaurin's  Theorem 
£Ails.    Thus,  if  the  equation  be 

y  =  ^logeO?, 
y  =  0,  when  a?  =  0,  by  virtue  of  Ex.  2,  Art.  Ill ;  also  ^  =  0| 

when  X  =  0;  hence  the  curve  passes  through  the  origin^  and 
touches  the  axis  of  a^,  and  is  in  the  plane  of  the  paper  on  the 
positive  side  of  the  axis  of  y ;  but  as  the  logarithms  of  nq^ve 
numbers  are  (see  Art.  62)  affected  with  +  \^--,  the  curve  is 
out  of  the  plane  of  reference  on  the  negative  side  of  the  same 
axisj  and  therefore  there  is  at  the  origin  a  point  of  abrupt 
termination.  The  above  curve  is  traced  in  fig.  70  as  fisur  as  it 
exists  in  the  plane  of  the  paper;  ao  =  1. 

If  however  at  the  point  where  the  ordinate  becomes  affected 
with  +  \/^  two  branches  pass  into  another  plane^  there  if 
either  a  cusp  or  a  salient  pointy  according  as  the  two  branches 
have  the  same  or  different  tangents.  The  distinctive  cha- 
racters of  these  points  depend  on  the  corresponding  value  or 


values  of  ^ .    And  if  the  equation  to  the  curve  is  satisfied 

by  a?  =  a,  y  =  b;  but  when  a:  is  increased  or  decreased  by  a 

quantity,  however  small^  y  is  affected  with  ±   \^— ,  then  at 

such  a  point  the  curve,  which  lies  in  some  other  plane,  pierces 

the  plane  of  reference ;  and  the  point  is  a  conjugate  or  isolated 

point ;  and  of  course  one  or  two  or  more  branches  of  a  curve 

may  pass  through  such  a  point :  as  for  instance  if  the  equation 

to  a  line  be  , 

y-b  =  (-)*  (cT-fl), 

the  equation  is  satisfied  hy  x  =  a,  y  =  b,  which  indicates  a 
point  in  the  plane  of  reference ;  but  every  other  point  of  the 
line  is  in  the  plane  passing  through  the  line  bd  (see  fig.  71, 
OA  =  a,  AB  =  b),  and  perpendicular  to  the  plane  of  the  paper. 
When  two  branches  of  the  curve  simultaneously  pierce  the 
plane  of  the  paper,  the  two  roots  of  (68),  Art.  203,  are  im- 
possible, as  is  the  case  in  Ex.  8,  which  is  traced  below  in 
Art.  211.  And  a  curve  may  have  any  number  of  such  conju- 
gate points,  by  continually  passing  through  the  plane  of  the 
paper,  such  as  in  the  subjoined  example : 

y  =  aj,^  -f  (bx)^  sin  x. 


209.]  ON  TBACIKQ  CUBYES.  829 

The  ciir?e  is  traced  in  fig.  72^  the  dotted  line  indicating  the 
branches  in  a  plane  perpendicular  to  that  of  the  paper,  y  =  ajfl, 
which  represents  the  diametral  curve^  is  a  parabola,  b'ob, 
drawn  in  the  figore ;  and  the  ordinate  to  the  curve  is  periodi- 

eaUy  reduced  to  its  ordinate  when  ^  =  0,  or  =  ir,  or  =  2ir, 

or  =  any  multiple  of  v;  but  when  x  is  negative,  the  part  of 
the  ordinate  to  be  added  or  subtracted  to  the  ordinate  of  the 
parabola  is  affected  with  (— )?,  except  at  the  points  where  w  = 
some  multiple  of  v,  at  which  the  branches  of  the  curve  pierce 
the  plane  of  reference :  and  thus  it  continues  ad  infinitum,  the 
curve  itself  being  continuous,  but  there  being  a  series  of  dis- 
continuous points,  if  we  consider  only  those  points  which  the 
plane  of  the  paper  contains. 

Curves  such  as  the  last  have  been  called  ''Courbes  Point- 
iflft*;*'  which  name  however  has  been  given  by  writers  who 
discard  the  mode  of  interpretation  of  the  symbol  of  impossi- 
bility which  we  have  employed  in  this  Treatise,  and  are  there- 
fore obliged  to  allow  that  algebraical  expressions  admit  of 
discontinuous  geometrical  interpretation :  a  result  surely  utterly 
at  variance  with  the  algebraical  nature  of  such  functions,  which 
admit  of  differentiation,  and  thereby  indicate  that  they  fulfil 
the  law  of  continuity. 

4)  On  the  method  of  determining  the  increase  and  decrease 

of  X  and  y  nothing  more  need  be  said ;  but  we  must  be  careful 

dv 
to  investigate  the  points  at  which  ^  =  0,  and  =  00 ,  and  to 

observe  whether  or  not  there  is  a  change  of  sign,  as  such  is  the 
criterion  of  maxima  and  minima.    With  this  object  we  shall 

equate  -p  to  0  and  00 ,  and  examine  the  course  the  curve  takes 

at  these  critical  points. 

5)  In  regard  to  asymptotes,  and  the  course  of  the  curve 
with  respect  to  them,  we  must  examine  for  what  finite  values 
of  ^,  y  is  infinite,  and  for  what  values  of  y,  x  is  infinite,  as  such 
will  be  asymptotes  parallel  to  the  axes  of  y  and  x  respectively ; 

and  by  investigating  whether  -^  changes  sign  or  not  for  these 

*  See  page  382  of  a  "  Treatise  on  the  Differential  Calculus,"  by  Augustus 
De  Morgan,  M.A.    Baldwin  and  Cradock,  London,  1842. 
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aaymptotic  values,  we  shall  determine  whether  the  infinite  ordi- 
nate is  a  maximum  or  minimum ;  that  is,  whether  it  retuma, 
or  whether  it  continues  round  the  drde  of  infinite  radius^  suek 
as  we  described  in  the  last  Chapter;  and  which  of  the  fionna 
delineated  in  figs.  24,  25,  26,  61  the  curve  takes.  We  must 
also  be  careful  to  determine  whether  there  are  rectilinesl 
asymptotes  inclined  at  oblique  angles  to  the  axes  of  coordi- 
nates, and  whether  the  curve  be  above  them  or  below  them. 
It  may  happen  that  two  distinct  branches  of  a  curve  will  ^ 
proach  the  same  asymptote.     Sometimes  also  a  curve  will  cot 

its  asymptote;  as  e.g.  it  y  =  a  ,  the  axis  of  x  is  an 

asymptote,  and  the  curve  cuts  it  whenever  «  =  a  multiple  of  «. 

6)  The  general  character  of  a  curve,  with  regard  to  the  cur- 
vature of  it  in  a  particular  direction  and  its  points  of  inflexum, 
has  been  sufficiently  discussed  above  in  Sections  of  the  present 

Chapter.    Practically  however  ^^  is  of  little  use  in  enabling 

us  to  trace  a  curve,  unless  it  assumes  a  'simple  and  explicit 

form ;  and  should  also  at  any  point  of  the  curve  ^-~  =  0,  and 

not  change  its  sign,  we  may  conclude  that  more  than  two 
elements  of  the  curve  are  in  one  and  the  same  straight  line. 
(See  Art.  202.) 

7)  There  is  nothing  more  to  be  added  on  the  theory  of 
multiple  points  and  their  varieties. 

8)  And  generally  it  is  of  little  use  to  examine  the  values 
of  X  and  y,  except  at  such  critical  points  as  we  have  above 
described ;  and  except  when  0^  =  00,  and  ^  =  00 ,  in  order  that 
we  may  determine  the  course  the  curve  is  taking  at  such  dis- 
tances from  the  axes. 

210.]  In  the  discussion  of  any  particular  equation  repre- 
senting a  plane  curve,  the  method  indicated  by  the  following 
rules  is  the  most  convenient  to  adopt : 

I.  Reduce  the  equation  if  possible  to  the  explicit  form,  and 
simplify  it,  as  far  as  may  be,  by  means  of  a  change  of  origin,  or 
by  a  transformation  into  polar  coordinates. 
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n.  Diflcover^  arrange,  and  tabulate  with  their  proper  signs, 
all  the  critical  values  of  y  and  jp,  both  in  and  out  of  the  plane 
of  reference. 

HI.    Discuss  and  tabulate  the  critical  values  of  —  ,  as  e.  g. 

determine  at  what  angles  the  curve  cuts  the  axis,  the  maximum 
and  minimum  ordinates,  &c. 

lY.  Find  the  equations  to  the  asymptotes,  and  determine 
whether  the  curve  is  above  or  below  them. 

y .  Find  (if  it  be  possible  in  a  convenient  form)  ^-| ;  thence 
determine  the  direction  of  curvature,  and  points  of  inflexion. 

VI.  If  at  any  point  ^  =  R>  evaluate  the  quantity,  and 
determine  the  several  double,  triple  points,  &;c. 

211.3    Examples  illustrative  of  the  preceding  theory. 
Ex.  1.        Trace  the  Curve  whose  Equation  is  y^  =  a^  jfi. 

.-.    y  =  ±  aa?*,  (78) 

dy      8a*a?»       ,     dy  3aa?* 

dx^  ""  ""  4a?* ' 

From  (78)  it  is  plain  that  the  curve  is  symmetrical  with  re- 
qpect  to  the  axis  of  x,  and  since  the  curve  passes  through  the 

origin,  the  first  value  of  -j-  at  that  point  assumes  an  indetermi- 
nate form,  the  value  of  which,  as  before  shewn  in  Ex.  5,  Art.  204, 
is  such  as  to  give  a  cusp,  both  branches  of  which  touch  the  axis 
of  Xy  and  which  are  in  the  plane  of  the  paper  on  the  positive 
side  of  the  axis  of  y,  and  out  of  it  on  the  negative  side.    The 

same  thing  is  also  apparent  from  the  second  value  of  -^ ,  which 

=  0  at  the  origin,  and  is  afiected  with  +   \/—  when  x  is  nega- 

tive,  and  with  ±  when  x  is  positive;  also  ^-=^,  being  affected 

with  +,  shews  that  one  branch  of  the  curve  is  convex,  and 
the  other  concave,  downwards. 

u  u  2 
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Henoe  we  may  tabulate  as  follows : 


X 

y 

d» 

1 

0 

±  v^,  0,  ± 

±  -Z^,  0,  ± 

+ 

y^,  00,  + 

2 

+    80 

±  « 

±  » 

± 

8 

—   00 

±     -J—  00 

±   ^/^oo 

±  y^ 

From  1  it  appears  that  the  curve  passes  through  the  origm 
with  two  branches,  both  touching  the  axis  of  x^  one  of  whidi 
is  couTez,  and  the  other  is  concave,  downwards,  and  which  are 
out  of  the  plane  of  the  paper  on  the  negative  side  of  the  axis  ci 
X,  and  are  in  it  on  the  positive  side.  From  2  and  8  it  appears, 
that  as  X  increases,  whether  positively  or  negativdj,  y  increases 

also,  and  since  ^  approximates  to  oo ,  that  the  curve  approacliei 

to  parallelism  with  the  axis  of  y ;  the  only  critical  value  is 
or  =  0;  the  curve  is  drawn  in  fig. 64. 

Ex.  2.        Discuss  the  Curve 

y  =  0?®  —  207*  —  5^7  +  6, 


=  (0?  +  2)  (0?  -  1)  {X  -  8), 


dx 


^  =  3^  -  4^  «  5^ 


=  3(0?- 


2  +  yi9 


){'- 


2-  V^ 


). 


d^ 
dx^ 


=  6^7  —  4, 


=  6  (.-I). 


As  the  equation  does  not  admit  of  expansion  in  descending 
powers  of  <r  of  a  form,  such  that  the  highest  positive  power  of 
X  may  be  unity,  it  follows  that  the  curve  has  no  rectilineal 
asymptote. 
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X 

y 

dy 

dx 

1 

-2 

-,o,  + 

+  15 

— 

2 

0 

+  6 

-  5 

— 

8 

1 

+,0, - 

-  6 

+ 

4 

8 

-,o,  + 

+  10 

+ 

5 

2+  >/l9 
3 

— 

-,o,  + 

+ 

6 

2-  Vl9 
8 

+ 

+,0,- 

— 

7 

2 
8 

+ 



-,o,  + 

8 

+    00 

+  « 

+    « 

+ 

9 

—   00 

—   00 

+    00 

— 

On  examination  of  which  table  it  appears  that^  when 
=  —  00  ^  the  curve  is  at  an  infinite  distance  below  the  axis  of 
y  approaching  to  parallelism  with  the  axis  of  y^  and  being  con- 
aye  downwards ;  whence  it  cuts  the  axis  of  x^  when  x  •=:  ^2, 
is  shewn  by  1)  at  a  large  acute  angle^  and  the  ordinate  attains 
maximum  at  the  value  of  x  given  by  6 ;  whence  the  ordinate 
ecreases^  cutting  the  axis  of  y  at  a  distance  +  6  firom  the 

rigin,  and  being  concave  downwards  until  ;i?  =  ^,  at  which 

o 

oint^  as  shewn  by  7,  there  is  a  point  of  inflexion ;  and  the 
nrve  being  convex  downwards  cuts  the  axis  of  x,  when  ^  =  1, 
nd  decreases  until  x  is  equal  to  the  value  given  in  5,  at  which 
oint  there  is  a  minimum  ordinate;  after  which  the  ordinate 
gain  increases^  cuts  the  axis  of  x  when  :r  =  8,  and  goes  off  to 
n  infinite  distance  approaching  to  parallelism  with  the  axis  of 
,  and  being  convex  downwards.  The  curve  is  drawn  in  fig.  73, 
o  ,  a  2-^/I9  2^.^/i9 

A  =  2,    OB  =  1,    00  =  3;    OE  =  5 ,    OD  =  - 


3 


2 


RECTANGULAR  COORDINATES.  [ill. 

DiacusH  tbe  Curve  whose  Eqaatdoo  is 


..  ^,a8_^)*^ 


<'"'  ^  (o" -«»)•■ 
!  asymptote, 

y  =  —  ^  (1  — sj  I 

e  tiie  equation  to  the  asymptote  ia 


)• 


and  as  the  next  term  of  the  expansion  ia  positive,  the  curve  Uei 
above  the  as3nnptote. 


X 

V 

dx 

S 

1 

0 

b 

-,0,  - 

+.0,  - 

2 

a 

+.0,  - 

— ,  oo,  — 

-,».+ 

3 

+  » 

—  ao 

_  b 

+ 

4 

—  00 

+  00 

_  b 
a 

+ 

An  inspection  of  which  table,  together  with  the  equation  to 
the  asymptote,  shews  that  the  curve  is  auch  as  that  drawn  in 
fig.  74  (OA  =  Sj  oB  =  b),  with  points  of  inflexion  at  a  and  a. 
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Discuss  the  Curve  whose  Equation  is 


X 


dx  "  (l+a?»)«' 

d»y  _  2^(3?«-3) 
dx^  ""     (1  +  ^)* 


X 

y 

dx 

rf>y 
dx* 

1 

0 

-,o,  + 

1 

+,0,  - 

2 

+  1 

1 

2 

+,0,  - 

— 

8 

-  1 

1 
2 

-,o,  + 

+ 

4 

+    V'S 

+ 

— 

-0,  + 

5 

-  ^/8 

— 

— 

-.0,  + 

6 

+    00 

+  0 

0 

+ 

7 

—   00 

-0 

0 

— 

An  inspection  of  which  table  shews,  that  the  curve  is  such  as 
I  drawn  in  fig.  75.  For  when  a?=  — oo,y=  —  0,  that  is, 
be  curve  lies  immediately  below  the  axis  of  x,  which  is  an 
symptote  to  it ;  and  the  curve  recedes  further  from  it  on  the 
^ative  side,  and  when  x  =  —  \/3  =  ob',  there  is  a  point  of 
iflexion;  for  the  curve,  having  been  concave,  becomes  con- 
ex  downwards ;  and  when  x  =:  ^  1  =  o  a',  the  curve  is  at  its 
reatest  distance  below  the  axis  of  x,  and  there  is  a  minimum 
rdinate ;  after  which  the  curve  approaches  to  the  axis  of  x, 
nd  passes  through  the  origin,  cutting  the  axis  of  x  at  45^,  and 
oes  through  the  same  phases  as  on  the  negative  side,  except 
hat  it  is  above  instead  of  being  below  the  axis  of  x ;  and  as 
he  sign  of  y  changes  from  +  0  to  —  0,  when  x  changes  from 
h  00  to  —  00 ,  so  do  the  two  branches  which  are  asymptotic  to 
he  axis  of  x  unite,  and  the  curve  is  continuous  from  +  oo  to 
-  00 ;  see  Art.  159, 160. 


HBOTASOlTiAR  COOBDISATES. 
Discuss  the  Curve  whose  Equation  ia 


[ill.  ' 


,  =  »«Pa-»)*, 

'           *'■-'"'      ■    nlm* 

4iii-3i" 
3j«      ■ 

"       3x*(8o-i)»'           ''' 

d'y              -  8o' 

'I"'        9»»(2a-i)* 

the  equation  to  the  asymptote, 

»  =  --0-^°)'. 

-4'-K--- 

...}, 

.  jf  =—«  +  —  ,  ia  the  equation  to  the  asymptote,  and,  as 
iJie  neott  term  of  the  expansion  is  positive,  the  curve  lies  aboM 
the  asymptote. 

Also  since  a?  =  0,  it  v  =  0,  and  in  this  case  j-  =  ^ ,  it 
must  be  evahiated ; 


4gg— 8a:* 
4a— 6a: 


y,  whenx  =  y  = 


Therefore  there  are  at  the  origin  two  branches  of  the  curve 
touching  the  axis  of  y ;  and  the  value  of  -^  shews  that,  if  y  is 

negative,  -^  is  affected  with  +  -Z^,  apd  therefore  the  origin 
is  a  cusp  of  the  first  series. 
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The  existence  also  of  such  a  cusp  is  manifest  from  the 

explicit  value  of  -^ ;  hence  the  table  is  as  follows : 

ox 


X 

• 

y 

dy 

dx 

d*y 

dx* 

1 

0 

+ ,  0,  + 

0=     +00 

0      - 

— 

2 

2a 

+  ,0, - 

-,  00,    - 

->oo,  + 

3 

4a 
3 

+ 

+  ,0,  - 

— 

4 

+    00 

—   00 

- 1 

+,0,  - 

5 

—   00 

+    00 

-  1 

-,o,  + 

Hence^  and  from  the  asymptote^  the  curve  is  that  delineated 
in  fig.  76,  in  which  oa  =  2a,   ob  =  -^,   oc  =  -=- .    For  it  ap- 

O  o 

pears  from  1  that  the  curve  passes  through  the  origin,  which  is 
a  cusp  of  the  first  species,  the  two  branches  touching  the  axis  of 
y,  and  above  the  axis  of  a?,  both  branches  being  concave  down- 
wards ;  and  the  curve,  having  been  above  the  axis  of  x^  from 
X  =  0  to  X  =  2a,  at  this  last  point  cuts  the  axis  of  x  at  right 
angles,  and  changes  its  curvature:  for  having  been  concave, 
it  becomes  convex  downwards.     3  shews  that  the  curve  has 

attained  to  a  maximum  ordinate  when  j?  =  -^ ;  the  curve  ap- 

o 

2a 
preaches  to  the  asymptote  whose  equation  is  y  =  —  ^  +  -q-  > 

which,  as  is  shewn  by  4  and  5,  it  cuts  and  touches  when  j?  =  oo , 
where  is  a  point  of  inflexion,  and  thus  the  two  asymptotic 
branches  unite.  We  have  traced  the  curve  only  in  the  plane 
of  reference,  as  we  have  not  discussed  the  geometrical  meaning 
of  the  cube  roots  of  -f . 

Ex.  6.        Discuss  the  Cissoid  of  Diodes,  the  equation  to 
which  is 


y*  = 


^ 


2a-x' 

y  =  ± 


X 


(2  a -J?)* 


X  X 


RECTAKOl'LAB  COORDINATES. 


[j.i. 


feted  witli  + ,  the  curve  is  symmetrical  with  i 

■^  _-  nxis  of  X. 


So" 


'  **(2fl-ar)' 


|1' 


the  equations  to  the  asymptotes  as  found  in  Ex.  2, 
are  , — 

y  =  +    ■/-  (j:  +  o). 

nee  Ae  table  becomes 


X 

S 

in 

s 

0 

±y=.o,± 

+  ^/^,  0,  + 

±    v/=.",± 

1 

2a 

+,»,  +  y^ 

±.  =»)  ±  ^^ 

±,"=.  ±    ^^ 

3 

8o 

±  -^ 

+  y-0,+  ^/^ 

+    ^^- 

4 

o 

±  » 

±  2 

± 

6 

+  » 

±  y:r» 

±    ^^ 

±   ^^ 

6 

—    3C 

±    V-oc 

±  -y- 

±    ■^ 

Hence,  and  by  means  of  the .  asymptote,  the  curre  is  that 
delineated  in  fig.S4;  oc  =  ca  =  a;  ob  =  Sa,  ob  being  the 
abscissa  corresponding  to  the  maximum  and  minimom  cffdi- 
nates  of  the  cuire  out  of  the  plane  of  the  paper. 

Ex.  7.         Discuss  the  Witch  of  Agnesi,  the  equation  to 
which  is  n„ 

y*  =s  4a* , 


Thus  it  appears  that  the  curre  is  symmetrical  with  respect  t 
the  axis  of  ^; 
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^  X*  (2a  -  x)^ 


,      dy  4tf» 


^•y 


£f«y  _    .    2a>(3a-2a7) 


=  + 


^^*  x(2ax-x^)^' 

Also  the  equations  to  the  asymptotes  as  found  in  Ex.  3^ 
Art.  193,  are  z —  ^ 

y  =  ±  V^2«; 

that  is,  the  asymptotes  are  two  straight  lines  out  of  the  plane 
of  the  paper,  parallel  to  the  axis  of  a?,  and  at  distances  ±2a 
from  it. 

The  table  is  as  follows : 


X 

y 

dy 

dx 

d*y 
dx* 

1 

0 

±  ^/-,^,± 

±  >>/-,<», ± 

±  '^,^,± 

2 

2a 

±,  0,  ±  y^ 

±,00, +    -s/  — 

± 

8 

8a 
2 

± 

± 

±,0,  + 

4 

+  00 

+  \/-  2a 

±  y^o 

±   ^^ 

5 

—   00 

±  V-  2a 

±  >/^o 

±   ■/= 

An  examination  of  which  table  shews  that  the  curve  is  that 
drawn  in  fig. 35,  where  oc  =  ca  =  a;  ob  =  ob'  =  2a. 

Ex.  8.        Discuss  the  Curve  whose  Equation  is 

y*(^  —  a*)  =  x^', 

•••   y  =  ± 1- 

{x^  -  a«)* 

Since  the  given  equation  is  not  changed  when  we  write  —  x 
and  —  y  for  +  ^  and  +  y  respectively,  it  appears  that  the 
curve  is  situated  symmetrically  in  the  four  quadrants.  Differ- 
entiating, we  have 


dx"  -    (oTS-a*)*  ' 

=  + 


-      dy  __  20?^  — J7y* 
dx  "  yia^  —  a^)' 


d^y  _    .    a«(^  +  2a») 


dx* 


(a^-a«)* 

X  X  2 


RECTANOBLAR  C00RDISATE3. 
equatiouB  to  the  asymptote, 


=  ±  {'+li  + } 

I  tlie  equations  to  the  a         tol 


}■ 


i,  as  the  sign  of  the  nest  ten     is  positive,  the  curve  hes 
)ve  the  asymptote  in  the  first         Irant. 

When  X  =  0,  y  =  0 ;  theref        the  curve  passes  through 

le  origin,  at  whicli  point  -^  =        is  appears  from  its  second 

value  given  above,  and  has  therefore  to  be  evaluated. 


2«^- 

rf^-0     „j 

Hi'' 

-«")         0' 

6^- 

-"•-^"i 

(«■- 

">%+"!'' 

= 

0 

di 

V 

at  the 

origin 

(I)' 

which  implies  that  two  branches  of  the  curve  touch  the  axis 
of  X  at  the  origin,  both  of  which  are  out  of  the  plane  of  the 
paper. 
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1  0 

I 

2  +  a 

3  i      —  a 
a  \^ 


0 

6 


—  a  ^/2 

—  oo 


±,00,    ±     J^ 

±  2a 
±  2a 

±  ^ 


dy 
dx 


±     x/^,  00  ,    + 
±,00,  ±    ^/^ 

+  ,0,  ± 
±,0,  q: 

±  1 
+  1 


± 

± 

± 

± 
±.0,  + 
±,0,  + 


From  1  it  appears  that  the  curve  passes  through  the  origin, 
and  has  two  branches,  both  of  which  are  out  of  the  plane  of  the 
psper,  and  which  touch  the  axis  of  x ;  whence,  as  2  and  3  shew 
the  cunre  recedes  from  the  axis  of  x,  until  when  x  =  ±  a 
=  OA  =  oa',  y  =  ±  00 ,  and  there  are  two  asymptotes  parallel 
to  the  axis  of  y.  For  values  of  x  outside  of  these  lines,  the 
curve  is  in  the  plane  of  reference,  and  returns  towards  the  axis 
of  x,  until  the  ordinate  reaches  minimum  and  maximum  values 
when  X  =  a  \/2,  as  is  shewn  by  4  and  5,  whence  it  recedes 
again  towards  the  asymptotes  whose  equations  are  y  =  ±  ^, 
and  intersects  them  at  oo  in  a  point  of  inflexion,  as  shewn  by 
6  and  7,  the  curve  lying  above  the  asymptote  in  the  first 
quadrant,  and  being  symmetrically  situated  in  the  others.  Its 
course  is  traced  in  fig. 77,  where  oa  =  a^  ob  =  \/2a,  bc  =  2a, 
and  where  the  dotted  line  represents  the  curve  out  of  the  plane 
of  reference. 

If  the  equation  to  be  discussed  had  been 

y*(a*  — 07*)  =  x^, 

the  branches  of  the  curve  which  are  in  the  plane  of  reference 
would  have  been  out  of  it,  and  vice  versd.  The  continuity  of 
curve  is  remarkable  in  both  cases. 
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Ex.  9.        DiscuM  the  Cur¥e  whoae  Equttimi  it 

a  +  « 


y*  =  a?' 


a  —  d?' 


whence  it  appears  that  the  cmre  is  symmetrical  with  reject 
to  the  axis  o(w; 

^       ""  (a  +  a?)*(a-ar)*' 
rf'y  _  a*(2a-fjr) 

^**  "  "  (a  +  a?)*(a-ar)*' 
and  the  equations  to  the  asymptotes  are 

y  =  ±  ^/^(a?+a). 

Also  since  ^  =  0>  ^Jie»i  *  =  f  (1  ±  ^)»  a  careftd  in- 

spection  of  the  above  quantities  shews  that  the  form  of  the 
curve  is  that  drawn  in  fig.  78,  the  dotted  branches  being  thoie 
out  of  the  plane  of  the  paper ;  oa  =  ob  =  bc  s  a, 

OF  =  I  {1  +  v^},    OE  =  I  {1  -  >/5}. 

Ex.  10.        Examine  the  Folium  of  Des  Cartes,  the  Eqiis- 
tion  to  which  is  a      q  .   ^       /\ 

As  shewn  above  in  Ex.  3^  Art.  195^  the  equation  to  the  asymp- 
tote is 

y  =  —  a?  —  a, 

and  at  the  origin  there  is  a  double  point  as  shewn  in  Ex.8, 
Art.  204. 

Also  since  ,  . 

ay  __  ay  ^ar 

dx  ""  y^  —  ax^ 
^1  =  0,  if  ay  =  OT* ;  that  is,  if  a?  =  a  (2)*,  and  y  =  a  (4)^. 

Also^  =  oo,  if  flu?  =  y2;  that  is,  if  a?  =  a  (4)^,  andy  =  a(2)^, 

the  curve  does  not  extend  beyond  these  limits^  and  is  such  ss 
is  delineated  in  fig.  63. 
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Ex.  11.        Trace  the  Curve  y  s=  gin  a?. 


dy  ^  d^y 

dx  ""  '      dx^ 


=  —  sino?. 


In  tracmg  carves  of  this  kind  involving  circular  functions^ 
the  arc,  of  which  the  trigonometrical  function  is  given,  is  to  be 
measured  along  the  coordinate  axis ;  in  the  present  case  along 
axis  of  Xy  since  sin  ^  is  involved  in  the  equation,  and  the  ordi- 
nates  are  to  be  constructed  corresponding  to  the  arcs  or  ab- 
aqssae  thus  measured ;  it^  we  must  remember,  is  the  symbol  for 
the  arithmetical  number  8.14159 ;  and  we  must  give  to  x  such 
Talues  as  will  render  y  a  quantity  capable  of  construction. 
Thus,  in  the  equations  above,  let 


It 


^  =  ^  =  1.57079...; 

y  =  sin^=l,     1  =  0,      g=-l. 
Hence  we  may  form  the  following  table : 


X 

y 

dy 
dx 

d*y 
dx* 

1 

0 

-,o,  + 

1 

+,0,  - 

2 

■a 
2 

1 

+  ,0, - 

— 

3 

■w 

+,0,  - 

-  1 

-,o,  + 

4 

fht 
2 

- 1 

-,o,  + 

+ 

6 

• 

It 

-,o,  + 

1 

+  ,0,  - 

After  which  the  values  recur,  and  so  on  continually;  hence 
there  is  a  series  of  equal  curves,  such  as  are  delineated  in 
fig.  79,  and  extending  to  infinity  in  both  the  positive  and  nega- 
tive directions. 


Ex.  12.        Trace  the  Curve  whose  Equation  is  y  =  e 
e  beiDg  the  base  of  the  Napierian  logarithms. 

dy 

_£_  =  e^*  secx  tan  J7, 

(mX 

d^y 

— ^  =s  e^*  secx  { (sec  xy  -j-  2  (sec  x)^  —  sec  a?  —  1 }. 


secjr 
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Hence  the  table  of  critical  yaliiet  is  as  follows;  ik  is  a  nmU 
increment  of  •?. 


X 

9 

d» 

d*» 

1 

0 

e 

-,o,  + 

+ 

s 

- -A 

+  00 

+  00 

+ 

8 

2+* 

0 

0 

+ 

4 

V 

1 

« 

+,0, - 

1 

5 

2        * 

0 

0 

+ 

6 

2   +* 

+   00 

00 

+ 

7 

2* 

e 

~,o,  + 

+ 

Accordingly  the  curve  is  that  drawn  in  fig.  80,  where  oa  =  ai 

=  BC  =  CD  =  DE  =  TT,  OF  =  e,  BL  =  -:  the  curve  cuts  the 

2  e 

axis  of  y  at  a  point  where  the  ordinate  is  a  minimum^  and 

thence  the  ordinate  increases  until  ^  =  -  ^  at  which  it  is  infi- 

nite ;  and  immediately  afterwards  it  is  zero,  so  that  at  a  there 
is  a  point  of  abrupt  termination;  whence  the  ordinate  again 
increases  and  becomes  a  maximum  when  ^  =  7,  and  decreases 

until  ^  =  —  ^  at  which  value  there  is  another  point  of  abrupt 

termination ;  and  so  on^  as  in  the  figure^  the  curve  extends  to 
infinity  in  both  directions.  There  arc  also  two  points  of  in- 
flexion between  a  and  c. 
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CHAPTER  XL 

ON  PROPERTIES  OF  PLANE  CURVES,  AS  DEFINED  BY  EQUATIONS 

REFERRED  TO  POLAR  COORDINATES. 

Section  1. — On  the  Mode  of  Interpretation,  and  on  the  Equa- 
tions, of  Curves  referred  to  Polar  Coordinates, 

212.]  In  the  present  Chapter  we  shall  investigate,  for  polar 
curves,  formulse  somewhat  analogous  to  those  which  we  have  in 
the  last  Chapter  discussed  for  curves  referred  to  rectangular 
coordinates ;  but  previously  it  is  necessary  to  extend  the  usual 
mode  of  interpreting  polar  equations,  so  as  to  accommodate 
them  in  a  greater  degree  to  the  law  of  continuity. 

Let  r  =  f{d)  be  the  equation  to  the  curve.  Then,  taking  a 
fixed  point  s  as  origin,  which  is  called  the  pole,  and  a  fixed  line 
sx  passing  through  it  as  the  line  of  origination,  which  is  called 
the  prime  radius  (see  fig.  81),  it  is  manifest  that  the  moveable 
radius,  which  is  symbolized  by  r,  may  revolve  about  s  in  two 
directions;  and  thus,  if  the  only  datum  be  that  r  makes  an 
angle  0  with  the  prime  radius,  it  is  undetermined  whether  r  is 
above  or  below  sx :  that  is,  whether  r  revolves  up  from  sx  from 
right  to  left,  or  doum  from  left  to  right.  Hence  arises  the  ne- 
cessity of  some  symbol  of  the  direction  in  which  r  turns,  so  that 
angles  formed  in  one  direction  may  be  differently  symbolized 
to  those  formed  in  another.  This  indefiniteness  will  be  avoided 
if  we  call  angles  positive  when  measured  up  from  sx,  as  in 
fig.  81 :  that  is,  when  the  radius  vector  revolves  round  s  in  the 
direction  indicated  by  the  curved  arrow;  and  negative  when 
they  are  measured  doum  from  sx,  and  the  radius  vector  revolves 
in  the  direction  indicated  by  the  curved  arrow  in  fig.  82.  In 
this  case  then,  +  and  — ,  as  affecting  angles,  indicate  the  two 
different  directions  in  which  r  can  revolve  in  the  plane  of  the 
paper. 

Yy 
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Again^  suppose  that  for  a  given  Talue  otO^riM  affeeted  iriHi 
a  negative  ngn^  a  question  arises^  in  what  direction  is  the  nega- 
tive r  to  be  measured?  No  doubt^  if  r  is  affected  with  a  positiie 
sign^  the  length  of  it^  determined  by  the  equation  to  the  curre^ 
is  to  be  measured  from  the  pole  along  the  revoivixig  ridiiis 
vector  which  is  inclined  at  the  given  angle  to  the  prime  radios; 
as  e.  g.  if  a  polar  equation  between  r  and  $  is  such  that,  when 

$  =z  -J,  r  =  a,  then  a  length  =  a  is  to  be  measured  firom  the 

pole  along  the  revolving  radius,  which  is  inclined  at  46^  to  the 
prime  radius.  From  analogy  therefore  to  what  has  been  ssid 
in  Art.  162  on  the  signs  +  and  — ,  —  r  must  be  measured 
along  the  radius  vector  produced  backwards;  i.  e.  if,  when 

^  =  2;>  ^  =  —  a>  a  line  equal  to  a  must  be  measured  firmn  the 

pole  along  the  revolving  radius  produced  backwards:  that  i% 
in  a  direction  making  an  angle  of  225^  with  the  prime  ndxDS 
In  order  the  better  to  avoid  confusion  on  this  sulgectp  concave 
the  revolving  radius  to  be  an  arrow  of  variable  length,  such  as 
we  have  drawn  in  fig8.81  and  82,  the  pole  being  a  fixed  point 
in  it;  then,  if  0  be  the  angle  between  the  prime  radius  and  the 
part  of  the  arrow  towards  the  barbed  end,  lines  measured  from 
s  in  the  direction  sp  will  be  positive,  and  in  the  direction  sq 
negative.  If  therefore  r  is  affected  with  a  positive  sign,  it  is  to 
be  measured  towards  the  barbed  end,  but  if  with  a  negative 
sign,  towards  the  feathered  end  of  the  arrow.  In  the  figures 
different  positions  of  the  arrow  are  drawn,  to  indicate  different 
positive  and  negative  directions  of  r. 

In  the  following  Chapter  we  shall  omit  those  particular  values 
of  r  which  are  affected  with  +  v^--^>  as  no  satisfactory  inter- 
pretation of  such  symbols  in  such  a  relation  exists,  and  we  shall 
consider  those  only  which  are  affected  with  +  ;  being  careful 
however  to  make  r  revolve  in  both  the  positive  and  negative 
directions,  otherwise  at  certain  points  the  curve  will  appear  to 
be  discontinuous. 

And  for  the  purpose  of  illustration  in  the  sequel,  we  must 
here  insert  an  account  of  the  mode  of  description,  and  the  equa- 
tions of  some  polar  curves,  many  of  which,  having  been  treated 
of  at  length  by  old  geometricians,  possess  no  small  historical 
interest. 
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218.]    The  Spiral  of  Archimedes. 

Def. — If  the  length  of  the  radius  vector  of  a  spiral  is  pro- 
portional to  the  angle  through  which  it  has  moved  from  its 
originating  position^  the  locus  of  its  extremity  is  the  Spiral  of 
Archimedes. 

Let  a  =  the  length  of  the  radius^  when  the  angle  described 
is  equal  to  unity*;  and  let  r  be  its  length  after  describing  the 
angle  0;  therefore  the  equation  is 

r  =  ae;  (1) 

see  fig.  88. 

The  curve  therefore  starts  from  the  pole;  and  the  radius 
vector^  which  at  the  beginning  is  equal  to  zero^  =  ha  =z  a,  when 
it  has  revolved  through  the  angle  asx^  =  the  unit  angle; 
and  at  the  end  of  the  first  complete  revolution,  is  equal 
to  2ira;  and  this  is  the  distance  between  the  points  at  which 
any  radius  vector  is  cut  by  two  successive  convolutions  of  the 
curve.  The  dotted  curve  is  that  described  by  the  generating 
point,  as  the  radius  vector  revolves  in  the  negative  direction. 

214.]    The  Reciprocal  Spiral. 

The  reciprocal  or  hyperbolic  spiral  is  so  called  from  the  form 
of  its  equation,  which  is 

r  =  I  (2) 

the  form  of  the  curve  expressed  by  which  is  given  in  fig.  84. 
The  radius  vector  =  oc  when  ^  =  0,  and  the  curve  is  asymp- 
totic to  the  straight  line  b^ab,  as  will  be  shewn  in  the  sequel. 
Also,  when  ^  =  1  =  a'sx,  r  =  a  =  sa';  also  r  =  0  when 
^  =r  00 ;  therefore,  after  an  infinite  number  of  revolutions,  the 
curve  falls  into  the  pole.  The  curve  has  also  the  dotted  branch 
arising  from  the  revolution  of  r  in  the  negative  direction. 

215.]    TheLituus. 

This  spiral  is  so  called  from  its  form  as  delineated  in  fig.  85. 
Its  equation  is 

- = ^-  *" 

^  The  unit  angle  is  that  whose  subtending  arc  is  equal  to  the  radius,  and 
expressed  in  degrees  »  57*29578.    See  Ex.  5,  Art.  24. 

Yy  a 
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The  prime  radios  is  an  asymptote  to  the  cunre;  whidi  his  t 
point  of  inflexion  when  r  =:  sb  =  a  \/2,  as  will  be  shewn  hoe- 
after.  Also^  when  0  =  1=  asz,  r  =  sa  =  a;  there  is  an 
apparent  discontinuity  at  the  pole  and  at  the  extremity  of  tbe 
infinite  branchy  which  arises  from  onr  not  interpreting  r  when 
affected  with  +  */^y  as  such  it  will  be  if  the  radius  sector 
be  made  to  revolve  in  a  negative  directicm. 

216.]    The  Logarithmic  Spiral. 

Def. — ^The  logarithmic  spiral  is  that  whose  radius  vector  in- 
creases in  a  geometric,  as  its  angle  increases  in  an  arithmetic 
ratio. 

Hence  the  equation  is  r  s=  a'.  (4) 

Therefore  when  0  =  0,  r  =  1  =  sa;  when  0  =  1,  r  =  c; 
when  0  =  00,  r  =  oo;  when  0=  — oo,  r  =  0;  and  there- 
fore the  spiral  runs  into  its  pole  after  an  infinite  number  of 
revolutions  in  the  negative  direction;  the  spiral  is  also  called 
the  Equiangular  Spiral  from  a  property  which  will  subsequently 
be  proved,  viz.  that  it  cuts  all  its  radii  vectores  at  a  constant 
angle;  that  is,  the  angle  spt  is  constant,  at  whatever  point  p 
be.     Its  form  is  delineated  in  fig.  86. 

217.]    The  Involute  of  the  Circle ;  fig.  87. 

Def. — The  involute  of  the  circle  is  the  curve  formed  by  the 
extremity  of  an  inextensible  strings  as  it  is  wrapped  round  the 
circumference  of  a  circle. 

If  r  be  the  radius  vector  of  a  curve,  and  p  be  the  per- 
pendicular from  the  pole  on  the  tangent,  it  is  frequently  con- 
venient to  express  the  equation  to  the  curve  in  terms  of  r  and  />. 
Such  an  equation  is,  as  will  be  subsequently  seen,  a  differential 
one ;  but  expressing  as  it  does  an  essential  property  of  a  curve» 
it  is  sufficient  to  individualize  it,  and  thus  to  be  a  mathematical 
definition.  An  equation  for  the  involute  of  the  circle  can  be 
easily  obtained  in  this  form. 

Let  8 A  =  a,  the  radius  of  the  circle;  sp  =  r;  sy  =  />;  and 
let  A  be  the  point  at  which  p,  the  generating  point  of  the  invo- 
lute, is  in  contact  with  the  circle. 

Then  from  the  geometry  it  is  plain  that  qpy  is  a  right  angle, 
and  that  therefore  qp  is  parallel  to  sy;  whence  we  have 
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8P*  =  8Y*  -I-  PY*, 

=  8Y*  -f  8A*; 

.'.  r*  =  J9*  +  a*.  (5) 

218.]    To  find  the  equation  to  the  circle  in  term8  oi  p  and  r, 
any  point  bemg  the  pole;  fig.  88. 

Let  CA,  radius  of  circle,  =  a ;  8C  =  c,  8  being  pole ;  sp  =  r; 
SY  =  p. 

.-.       8C*  =  8P*  +  PC*  —  2.SP.PC.  CO8SPC, 
=   SP*  +  PC*  —  2.8P.PC.  COS  Y8P, 

i?  ^  7^  +  a^^2ra^l 

r 

r*  -f  g*  ~  c* 
•••    P^  Ta •  (^> 

Hence,  if  the  pole  be  on  the  circumference,  say  at  b,  c  =  a, 
and  the  equation  is  2 

219.]    To  find  the  equation  to  the  epicycloid,  in  terms  of 
r  and/?. 

From  Art.  177,  equation  (37), 

a?  =  (a  -I-  6)  cos  (?  —  A  cos  — ^  0, 

o 

y  =  (a  -f  6)  sm  ^  —  6  sm  — j—  B\ 

o 

,-.     a?*  +  y*  =  r*  =  (a  +  A)*  +  **-2A  (a  +  A)  cos|^, 

r*  =  a*  +  24 (a  +  A)  |l  -  cos|  ^| .     (8) 
Also  differentiating  and  reducing 

rfjj*  =  2(a  +  A)*  {1  -cos|^}  rf^*  =  ?L^(r*-a*)rf^*, 

ydx^xdy  =  (a  -f  A)  (a  +  2A)  |  cos  ^  ^  —  1  \  dO 

=  - -^^  (r*  -  a*)  rfd. 
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Alio  by  equation  (44),  Art.  186, 

pdt  =  ydx  —  xdy; 

■'    '^  =  44(a  +  4)  ^'^  -  "^-  ^^^ 


I 


Section  2. — 0»  Tangent$  and  NormdU  to  Polar  Omves. 

220.]  Let  r  =  f($)  be  the  general  type  of  the  explicit  equa- 
tion to  polar  carves,  and  let  ns  assume  the  figure  drawn  in 
fig.  89  to  be  the  normal  form  of  such  corves;  which  figure  the 
student  is  recommended  to  examine  carefully,  for  the  values 
of  the  lines  in  connexion  with  it  will  be  deduced  firom  the 
geometry  of  it. 

Let  s  be  the  pole,  sx  prime  radius,  apq  the  curve,  pbx  =  6, 
sp  =  r.  Let  xsp  be  increased  by  a  small  angle  qbp  =  d$, 
then  SQ  =  f{0  +  d$)  =  r  +  ^-  From  centre  s  with  radios 
SP  =  r  describe  the  small  arc  pb,  subtending  d$. 

.-.     PR  =  rd$,  (10) 

RQ  =  dr;  (11) 

Let  PQ^  the  element  of  the  arc  of  the  curve,  be  represented 

^         '  .'.       Pq2   r=   PR*  -f  Rq2, 

ds^  =  rfr2  +  r»  dOK  (12) 

Through  the  two  points,  p,  q,  on  the  curve,  let  a  straight  line 
be  drawn;  then,  when  the  two  points  become  infinitesimally 
near  to  each  other,  the  line  becomes  a  tangent,  in  accordance 
with  the  definition  of  a  tangent  given  in  the  last  Chapter;  and 
therefore,  if  q  and  p  are  infinitesimally  near,  qpt  is  a  tangent; 
through  p  draw  the  normal  pg,  and  through  s  draw  tsg  per- 
pendicular to  the  radius  vector  sp,  and  sy  perpendicular  to  the 
tangent  pt.  The  lengths  pt  and  po  are  respectively  called  the 
Polar  Tangent  and  Polar  Normal;  so  is  called  the  Polar  Sub- 
normal; sT  the  Polar  Subtangent;  and  sy,  the  perpendicular 
from  the  pole  on  the  tangent,  is  symbolized  by  p.  These  lines 
we  proceed  to  determine. 
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PR 

Since  tanPQB  =  — .we  have,  from  (10)  and  (11). 

RQ 

tan  PQR  =  -=—  .  (18) 

ar 

And  since  spt  =  sqt  -f  psq  =  pqr  +  dO;  therefore,  spt  and 
PQR  being  in  general  finite  angles,  and  dO  being  an  infini- 
tesimal angle,  we  must  neglect  dO  in  the  above  equation,  and 
write 

SPT  =  PQR, 

and  SPT  is  the  angle  contained  between  the  curve  and  the 
radius  vector; 

.•.    tan  SPT  =  -J—,  (14) 


dr  ' 
sin  SPT        cos  SPT         1 


(15) 


rde  dr  ds ' 

by  reason  of  Preliminary  Theorem  I  and  equation  (12)  above. 
Hence  also  the  following  values  result : 

ST  =  Polar  Subtangent  =  sp  tan  spt  =  --z — , 

uT 

SO  =  Polar  Subnormal  =  sp  tan  spo  =  sp  cot  spt  =  -7-:, 

d0' 


PT  =  Polar  Tangent  =  sp  sec  spt  =  -1— > 

po  =  Polar  Normal  =  sp  cosccspt  =  -n;, 

d0' 

r>  de  f^dO 

SY  =  /I  =  SP  smsPT  = 


(17) 


^*  (rfr»  +  r»rfa»)*  ' 


(18) 


PY  =  SP  COS  SPT  =  -^  =  (r* —/>*)*• 

Similarly  may  the  values  of  other  lines  be  determined. 

221.]    The  value  otp  may  be  put  under  another  form  which 
is  often  very  convenient.     Let  u  be  the  reciprocal  of  the  radius 

vector,  so  that  «  =  -,  then 
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tHTi 

1         dr*  +  r^de*         1         1    dr* 
'™'  p*             r*de*              r*  ^  r*  de* ' 

ting,  in  terms  of  u, 

du^ 

de*' 
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of  p  in  (18)  might  also  have  been  deduced  as 
I  the  expression  for  p  in  equation  (44),  Art.  186, 

dx 


p 

=  »d. 

-'T,- 

]  •■■ 

dx  = 

CO9  0  - 

r&inede 

dy  = 

dr  sin  fl  +  r  cos  0  d6 

ydx  — 

'dy  = 

-  r'de, 

dt 

{d^+ 

f^dffl]i: 

}■■ 


■■■  ""    -sr-  <"' 

222.]    It  is  frequently  necessary  to  express  the  geometrical 
quantities  of  Article  220  in  terms  ofp  and  r. 

By  similar  triangles  fqb,  spy 


(^_y.)t                P 

(22) 

■          d.-            "''■ 

(28) 

(r'-y»)f 

(24) 

223.]    Examples  illustrative  of  the  preceding  tlieoiy. 

Ex.  1 ,         Spiral  of  Archimedes. 

r  =  o9. 

dr  =  adS; 
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dr       rdO  ds 


a 


P  = 


r 


a 


(a>  -I-  r»)*  ' 


polar  normal  =  (a*  +  r*)*, 


polar  subnormal  =  ^  =  a. 

Ex.  2.        Circle^  Pole  being  at  extremity  of  a  diameter. 

r  =  2a  cos  ^, 
rfr  =  —  2a  sin  ^£^0, 
—  dr         rdO        ds 


2asin^  r  2a' 

j9  =  ^  =  r  cos  0  =  rectangular  abscissa. 


r« 


2a 
rd0 


=  —  cot^. 


cfr  2asin0 

Ex.8.         Logarithmic  Spiral;  see  fig. 86. 

r  =  a*, 

ilr  =  log^a.a^dO  =  log«a.r£f^, 

rfr         rdO  ds 

loga  ""     1     "  {H-(log,a)«}*' 

rde  1 

.-.     -J—  =  .; =  tansPT, 

dr         log«  a 

which  is  a  constant ;  and  therefore  the  curve  cuts  all  its  radii 
vectores  at  a  constant  angle,  and  accordingly  it  is  called  the 
Equiangular  Spiral. 

. ,                            r^de                  r 
Also  p  =  -^--  =  -, 

rf*  {(log.a)«  +  l}* 

which  may  be  written  in  the  form 

p  =  mr;  (25) 

and  this  is  the  equation  to  the  equiangular  spiral  in  terms  of  p 
and  r,  and  wherein  m  is  the  sine  of  the  constant  angle  con- 
tained between  the  radius  vector  and  the  curve. 

z  z 
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Ex.4. 

The  lituus. 

a 

j^            add            rde 
•                       2d*  ■"        2^  ' 

dr        —rde           +  da 

••      1    ~      2^      ~  (l+4(?)* 

r^de            2a«r 
.-.    />  -     ^.    = I.- 

[123. 


(26) 


Ex.5.        To  find  the  relation  between  p  and  r  in  the 
Conic  Sections^  the  focus  being  the  Pole. 

The  general  equation  in  terms  of  r  and  0  is 

""  1-fecosd' 

wherein  2  a  is  the  distance  from  the  focus  to  the  directrix. 
Taking  formula  (19), 

1  -h  c  cos  0 


u. 

2ae      ' 

du 

—  sintf 

de 

2a     ' 

,      du* 
"   +  d0* 

^ 

1               1 

1                          1 

cosd 
2a*c' 

4a*  e*        4a* 

-f 

ae  ^ 

2a«^ 

•     •     •     •     •       1 

1 

«         l-e* 

■     P* 

^^"^ 

ae        4a*c* ' 

1 

1           1-c* 

P* 

^^ 

• 

aer        4a*e* ' 

and  the  equation  represents  an  ellipse^  parabola,  or  hyperbola, 
according  as  e  is  less  than,  equal  to,  or  greater  than  unity. 

Hence  the  equation  to  the  parabola  becomes 


p2  =  ar. 
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Section  8. — On  Asymptotes  to  Polar  Curves. 

224.]   On  Rectilinear  Asymptotes. 

Curves  referred  to  polar  coordinates  of  course  admit  of  recti- 
linear and  curvilinear  asymptotes^  in  the  same  manner  as  those 
referred  to  rectangular  coordinates.  As  curvilinear  asymptotes 
however  are  of  little  use  in  determining  the  course  of  a  curve, 
we  shall  say  nothing  of  them  in  general,  but  only  describe  one 
remarkable  species,  viz.  the  asymptotic  circle. 

As  a  rectilinear  asymptote  is  a  tangent  to  a  curve  at  an  infi- 
nite distance,  the  formulae  of  Art.  220  enable  us  to  determine  it. 

If  for  Buy  finite  value  of  0,  say  ^  =  a,  r  is  infinite,  then  either 

the  radius  vector  itself,  or  a  Une  parallel  to  it,  is  an  asymptote 

to  the  curve ;  and  since  the  polar  subtangent,  which  is  equal  to 

do 
f*  -J-  y  becomes  in  this  case  the  perpendicular  distance  from  the 

r^dO 
pole  on  the  tangent,  if  the  value  of  —^ — ,  corresponding  to 

0  =z  a  and  r  =  oo ,  be  finite,  the  line  can  be  constructed ;  and 

r^dO 
if  --= —  =  0,  the  radius  vector  itself  is  the  asymptote ;  but  if  it 
ar 

be  equal  to  » ,  the  asymptote,  being  at  an  infinite  distance  from 

the  pole,  cannot  be  constructed.     An  inspection  of  fig.  90  will 

render  this  plain;  in  which  sp  is  the  infinite  radius  vector,  tl 

r^dO 
the  asymptote,  st  the  value  of  — -j — ,  when  ^  =  a,  and  r  =  x> . 

ar 

If  there  are  several  values  of  $  for  which  r  is  infinite,  there  may 

be  several  rectilinear  asymptotes.     Hence,  to  determine  them. 

Find  what  finite  values  of  0  render  r  =  oo .    If  the  polar 

subtangent,  corresponding  to  such  infinite  values  of  r  and  finite 

values  of  0,  be  finite,  then  there  are  rectilinear  asymptotes  which 

jnay  be  constructed  as  explained  above. 

r^dO  , 
It  is  to  be  borne  in  mind  that  when  —-z —  is  positive,  the 

asymptote  lies  below  the  radius  vector,  as  in  fig.  90 ;  and  if  it 
be  negative,  the  asymptote  lies  above  it,  as  in  fig.  91. 

Or  in  other  words,  according  as  r^  -p  is  positive  or  negative, 

80  is  the  perpendicular  on  the  asymptote  to  be  drawn  in  conse- 
quentia  or  m  antecedeniia. 

Z  Z  2 
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225.]    Examples  illustrative  of  the  preceding  theory. 

Ex.  1.        To  find  the  position  of  the  Asymptotes  of  the 
Hyperbola,  whose  polar  equation  is 

(cos  ^)»  _  (naO)^  _  J_ 

6 

.• .     r  =  00 ,  when  tan ^  =  +  - . 

a 

The  asymptotes  are  inclined  to  the  prime  radius  at 


b 
a 

Also 


tan-(±^). 


.de  _        flA{y(cos^)»-fl«(8in^)«}* 
dr  ~  -  (a*  +  i*)  sind  cos^ 

which  is  equal  to  0,  at  the  critical  angles;  both  asymptotes 
accordingly  pass  through  the  pole. 

Ex.  2.        To  determine  the  position  of  the  Asymptote  to 
the  Conchoid  of  Nicomedes;  see  Art.  169,  equation  (18). 

r  =z  a  sec 6  +  b; 

It 
,',     r  =  00,   when  $  =  ^,  the  asymptote  therefore  is  per- 
pendicular to  the  prime  radius. 


since 

1            cosd 

r  ~  a-^bcos6* 

I   dr                 a  sin  0 

H  d0  ~        (a-hbcohO)^' 

r^dO                  1.      .       ^ 
.*.     —; —  =  a,      when  0  =  -, 
dr                                    2 

The  asymptote  therefore  cuts  the  prime  radius  at  right  angles, 
and  at  a  distance  a  from  the  pole  in  the  positive  direction ;  see 
fig.  36. 
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Ex.  8.        To  determine  the  Asymptotes  to  the  Lituns. 

a 


r  = 


.•.     r  =  00^  when  ^  =  0; 
1        (^*  \  dr  1 


r  a   '      "  r^  de        2a(^)* ' 

...     ?!*?  =  -  2ad*  =  0,  when  ^  =  0. 
dr 

The  prime  radius  therefore  is  an  asymptote^  as  delineated  in 
fig.  85. 

Ex.  4.        To  determine  the  Asymptotes  of  the  Reciprocal 
Spiral. 


Also 


a 

a 
a      . 

r 

=  00 ,  when  0  = 

=  0. 

1 

r 

= 

e 

a' 

a 

1  dr 
r*  de 

r*de 

_  1 
~  a 

•  •       dr 

The  asymptote  therefore  is  a  line  parallel  to  the  prime  radius^ 
at  a  distance  a  from  it^  to  be  measured  in  antecedentia^  since 

—^ —  IS  negative ;  see  fig.  84. 

226.]    On  Asymptotic  Circles. 

Suppose  that  the  equation  to  a  polar  curve  is  such  that  r 
approaches  to  a  finite  limits  say  a,  as  0  is  infinitely  increased^ 
then  the  curve  approaches  more  and  more  nearly  to  a  circle 
whose  radius  is  a,  which  circle  is  said  to  be  asymptotic  to  the 
curve;  and  if  the  curve  approaches  to  it  from  the  outside^  the 
circle  is  called  an  interior  asymptotic  circle^  and  if  from  the 
inside,  an  exterior  asymptotic  circle. 

Ex.1.  r  =  a(l±^), 

which  may  be  written  under  the  form 

a 

»•  =  «  +  «• 
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First,  let  6  be  positiyey  then  r  is  alirays  greater  than  a;  and 

do 
when  (?  =  0,  r  is  00 ,  and  r*  -y-  =  —  a,  shewing  that  the  line 

parallel  to  the  prime  radius  at  a  distance  a  above  it  is  an 
asymptote  to  the  curve ;  and  when  0  =  00  ,  r  =  a ;  whence  we 
have  an  interior  asymptotic  circle,  such  as  is  drawn  in  fig.  91. 

Secondly,  let  0  be  negative^  then 

a 
r  =^  a  —  — . 

6' 

and  therefore  when  0  =  0,  r  =  —  00 ,  and  r  is  n^ative  as  6 
increases  until  ^  =  1^  in  which  case  r  =  0,  and  thence  r  is 
always  less  than  a  until  6  =  00 ,  when  r  =i  a.  Thus  we  have 
the  curve  dotted  in  the  figure^  and  with  an  exterior  asymptotic 
circle  of  radius  sa  =  a ;  the  continuity  of  the  two  branches  of 
the  curve  is  worth  remarking. 

Ex.  2.      To  determine  the  Asymptotic  Circle  to  the  Curve, 

d(2ar-r»)*  =  1; 

^  =  00 ,  when  r  =  2a,  and  when  r  =  0. 

Therefore  the  circle  whose  radius  is  2  a  is  an  asymptote  to  the 
curve;  and  as  r  must  be  always  less  than  2a,  otherwise  0  would 
be  affected  with  >/— ^,  the  asymptotic  circle  is  exterior  to  the 
spiral. 


Section  4. — On  Direction  of  Curvature,  and  Points  of 

Inflexion. 

227.]  On  an  inspection  of  the  figures  numbered  92  and  93  it 
is  manifest  that,  if  a  curve  referred  to  polar  coordinates  is  con- 
cave towards  the  pole,  as  r  increases,  p  increases  also,  and  there- 
fore -J-  is  positive ;  and  if  the  curve  is  convex  towards  the  pole, 

as  r  increases,  p  decreases,  and  vice  versd,  and  therefore  -7-  is 

negative.  If  therefore  the  equation  to  the  curve  is  given  in 
the  form  r  =  f(0),  in  order  to  determine  whether  the  curve  is 
concave  or  convex  towards  the  pole,  we  must  transform  the 
equation  into  one  between  r  and  p,  by  means  of  the  relations 
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given  in  (19)  or  (21)  of  Art.  221 ,  and  thence  find  ^;  and  for 

all  values  for  which 

dr 

-J-  is  positive^  the  curve  is  concave  towards  the  pole, 

dp 

-p  is  negative,  the  curve  is  convex  towards  the  pole ; 

dv 
and  therefore  if  at  any  point  -j-  changes  sign  by  passing  through 

0  or  00 ,  at  such  a  point  the  direction  of  curvature  changes,  and 

there  is  a  point  of  inflexion ;  hence,  to  determine  such  points, 

dv  dv 

equate  -j-  to  0  and  to  00 ,  and  examine  whether  --r-  changes 

sign ;  if  it  does,  there  is  a  point  of  inflexion. 

Ex.  1.       To  determine  the  point  of  Inflexion  of  the  Lituus. 

__   a 

and  by  equation  (26),  Art.  223, 

2a«r 


P  = 


{4a*  +  r*}*  ' 

dp  _  2fl^(4o*~r*) 
'  '    dr~    (4^  ^  ^)^ 

=  0,  if  r  =  a  \/2,  and  changes  sign  from  +  to  — ;  the  curve 
therefore  having  been  concave  towards  the  pole  for  values  of  r 
less  than  a  \/2,  changes  its  direction  of  curvature  at  that  point, 
and  becomes  convex  towards  the  pole ;  see  fig.  85,  sb  =  a  \/2. 

Ex.  2.        To  prove  that  the  Equiangular  Spiral  is  always 
concave  towards  the  Pole. 

r  =  a*; 

and  by  equation  (25),  Art.  223, 

p  =  mr\ 

dp 
•     dr"^' 

which  is  always  positive,  and  therefore  the  curve  is  always  con- 
cave towards  the  pole. 
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Section  5. — On  tracing  Polar  Curves  by  means  of 

their  Equations. 

228.]  Having  discussed  all  the  peculiarities  which  cunres 
referred  to  polar  coordinates  generally  admit  of,  we  are  now  in 
a  condition  ^to  analyze  the  equations,  and  to  give  general  rules 
for  tracing  the  curves  of  which  they  are  the  mathematical  ex- 
pressions and  definitions. 

1)  If  the  equation  is  of  the  form  r  =  f($)  ±  <t>(6),  so  that 
r  =  /{$)  is  diametral  to  the  curve  to  be  traced,  we  had  better 
trace  separately  the  two  curves  r  =  f{$)  and  r  =  <l>  ($),  and 
then  by  addition  and  subtraction  of  the  radii  vectores  trace  the 
required  curve.  Thus  suppose  we  have  to  draw  the  cur?e 
whose  equation  is  r  =  a(2  +  sin^),  the  circle  whose  radius  is 
2  a  is  diametral  to  the  required  curve,  and  its  radii  are  to  be 
increased  and  diminished  by  a  sin  ^  corresponding  to  the  several 
values  of  $ ;  see  fig.  94. 

2)  Investigate  the  several  values  of  0  which  make  r  =  0,  or 
=  00 ;  and  in  the  latter  case,  if  the  value  of  0  be  finite,  de- 
termine whether  the  polar  subtangent  is  finite  or  not,  as  this 
is  the  criterion  whether  the  rectilinear  asymptote  can  be  con- 
structed or  not.  Give  such  particular  values  to  ^  as  the  equa- 
tion suggests,  as  e.  g.  if  the  equation  involves  a  function  of  3^, 
put  6  =  15°,  30°,  45°,  &c. ;  or  if  the  equation  involves  a  function 

of  ^,  put  ^  =  60°,  90°,  120°,  180°,  and  so  on.    In  general  give 

to  6  such  values  that  r  may  be  constructed ;  and,  by  giving  to 
6  the  values  0  and  mr,  we  find  the  values  of  r  when  the  curve 
cuts  the  prime  radius,  or  the  prime  radius  produced  backwards ; 
and  make  r  revolve  in  both  directions. 

dr 

3)  It  is  convenient  to  find  -73 ,  as  it  is  the  ratio  of  the  cor- 

responding  increments  of  r  and  0 ;  and  therefore,  if  it  is  positive, 

as  0  increases,  r  increases ;  and,  if  it  is  negative,  r  decreases  as  6 

dr 
increases,  and  vice  versd.    And  if  -73  =  ^>  we  have  no  increase 

of  r  corresponding  to  an  increase  of  6 ;  that  is,  the  curve  is  at 
right  angles  to  the  radius  vector,  which  is  also  manifest  ixom 
equation  (14),  Art.  220,  because  at  such  a  point  tan  spt  =  00 . 
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dr 
And  if  3^  =  ^  ^^^  changes  its  sign,  we  have  a  maximum  or 

minimum  value  of  r,  the  point  corresponding  to  which  is  called 
an  ap9e ;  of  which  there  are  instances  in  the  ellipse^  if  the  focus 
be  the  pole,  at  the  extremities  of  the  major  axis :  and  of  the 
circle,  if  the  centre  be  the  pole,  every  point  is  an  apse. 

4)  Nothing  more  need  be  said  on  the  subject  of  rectilinear 
asymptotes  and  asymptotic  circles ;  or 

5)  On  the  direction  of  curvature  and  points  of  inflexion. 

229.]  Hence  then  to  trace  a  curve  referred  to  polar  coordi- 
nates, 

I.  Investigate,  arrange,  and  tabulate  with  their  proper  signs, 
all  the  particular  values  of  0  which  render  r  =  0,  and  =  oo  ; 
or  equal  to  a  value  that  may  be  constructed  without  difficulty. 

dv 

II.  Find  -T^ ;  examine  its  sign,  and  the  values  of  B  at  which 

it  is  equal  to  0,  and  to  oo ,  and  whether  it  changes  its  sign ;  if 
it  does,  at  such  points  there  are  maximum  and  minimum  radii 
vectores. 

III.  Determine  whether  any  finite  values  of  0  render  r  =  3o  ; 

do 
if  so,  find  the  value  of  r*  -j-  corresponding  to  this  value  of  0, 

and  construct  the  asymptote.  Examine  whether  there  is  an 
asymptotic  circle. 

IV.  Transform  the  equation  into  its  equivalent  between  r 

dv 
and  p ;  find  -j- ,  and  examine  its  sign,  for  the  purpose  of  de- 
termining whether  the  curve  is  convex  or  concave  towards  the 

dv 
pole;  also  examine  whether  ^  changes  its  sign  by  passing 

through  0  or  00  ,  for  a  point  at  which  such  a  change  takes  place 
will  be  a  point  of  inflexion. 

V.  Trace  the  curve  in  a  similar  manner,  by  making  r  to  re- 
volve in  a  negative  direction. 

230.]    Examples  illustrative  of  the  preceding  theory. 
Ex.  1.        Trace  the  Curve  r  =  a  sin  2$. 

dr 

-J-  =  2a  cos  2d. 

de 

3^ 
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[ajo^ 


The  curve  has  no  lectiliiie&r  aiymptotes,  for  no  Tiloe  of  0  ipakei 
r  s  00  ;  henoe  we  may  tabulate  as  follows : 


9 

r 

dr 
l9 

1 

0 

-,o,  + 

+ 

2 

4 

« 

+,0,  - 

8 

2 

+,0, - 

— 

4 

8« 
4 

—  a 

-,o,  + 

6 

ir 

-,o,  + 

+ 

which  values  are  sufficient  to  enable  us  to  draw  the  curve. 

We  have  thus  examined  the  course  of  the  curve  through  two 
right  angles;  and  as  sin 20  has  passed  through  all  its  values,  it 
is  unnecessary  to  tabulate  further,  as  the  tracing  point  will 
describe  equal  curves  in  the  other  two  quadrants. 

Also  the  revolution  of  the  radius  vector  in  a  negative  directioii 
produces  the  same  curve.     The  curve  is  delineated  in  fig.  95. 
It  begins,  as  shewn  by  1,  firom  the  pole  s,  and  as  0  increases 


ir 


r  increases  until  $  =z  -,  where  the  radius  vector  attains  to  a 

4 

maximum  value  a,  as  shewn  by  2 ;  afterwards  the  radius  vector 
decreases,  becomes  equal  to  zero^  when  0  =  - ,  and  passes  into 

the  fourth  quadrant,  because  for  all  values  of  $  between  ^  and  v 

r  is  negative,  and,  when  0  =  -r- ,  attains  to  a  minimum  value, 

viz.  —  a,  and  describing  a  loop  exactly  equal  to  that  in  the  first 
quadrant,  falls  into  the  pole  when  0  =  7;  afterwards  in  the 
third  quadrant  r  is  positive,  so  that  the  tracing  point  describes 

another  equal  loop  in  it,  reaching  a  maximum  when  0  =  — , 

Sir 
and  the  curve  falls  into  the  pole  when  0  =  -s- ;  after  which  the 

radius  vector  again  becomes  negative;  and  therefore,  passing 
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through  the  fourth  quadrant,  describes  the  loop  in  the  second 
quadrant,  which  is  exactly  equal  to  those  which  have  been 
already  traced  out  in  the  other  three  quadrants. 

Ex.  2.        Trace  the  Curve  r  =  a  sin8^. 

•yri  =  Sa  cos  3^. 
d$ 


e 

r 

dr 

de 

1 

It 
6 

a 

+,0,  - 

2 

■jr 
3 

+,0,  - 

— 

3 

2 

—  a 

-,o,  + 

4 

2m 
3 

-,o,  + 

+ 

5 

bit 
6 

—  a 

+,0,  - 

6 

* 

+,0, - 

— 

Whence  the  curve  is  manifestly  that  drawn  in  fig.  96.  If 
the  radius  vector  revolves  in  the  negative  direction,  the  same 
three  loops  will  be  traced  out. 

From  this  and  the  former  examples  it  appears  that  of  all 
curves  whose  equations  are  of  the  form 

r  =  a  sin  nO, 

the  curve  consists  of  n  loops  if  n  is  an  odd  number,  and  of  2n 
loops  if  n  is  an  even  number. 

Ex.  3.        Trace  the  Curve  whose  Equation  is 

.  e 

r  =  a  sm  ^, 

dr       a        e 
55  =  2«"'2' 

therefore  r  is  never  greater  than  a,  and  r  =  0,  when  0  =  0, 

=  2ir,  = =  2n». 

dr 
Also  35  =  0,  when  fl  =  ir,  =  Sir,  = =  {in  -f  1)  it. 

3k% 


IV9MRi 

^H 

^H 
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y  we  have  tbo  foUowiog  tabic : 

e 

r 

Si 

1 

0 

-.0,  + 

+ 

2 

» 

a 

+ 

,  0,  — 

3 

3l7 

+  ,0,  - 

- 

4 

3i. 

—  a 

- 

,0.  + 

5 

4. 

-,o,+ 

+ 

Hence  the  radius  vector  is  zero,  when  0  =  0,  and  attains  a 
maximum  value  a,  when  fl  =  tt  ;  whence  it  decreases,  becoming  0, 
when  6  =  2ir,  mitil  it  reaches  a  minimum  —  a,  when  6  =  3it; 
after  which  it  increases,  passing  through  zero,  when  9  =  it, 
and  becomes  a,  when  fl  =  Stt;  wherefore  the  curve  is  that 
drawn  in  fig.  97. 


Ex.  4.    Trace  the  Curve  whose  Equation  is 
r*  =  o»{<tanfl)»-l); 
■  ■•     r=±  (i{(tanfl)*-l}*; 
therefore  r  cannot  be  constmcted  whenever  (tantf)'  is  leMthan 
1.     Also  aa  T  ia  affected  with  +,  the  Tpaie.a  Jhe setiire odbt 


curve, 

Afid   as  r  =  90 ,   when   B  = 


?""'=¥■ 


[.  muat-find 


r'-j-  ia  order  to  determine  the  asymptote. 
1  +  1 


o{(tanfl)»-  1}*' 


I    dr  +  tan  8  (sec  fff* 

r*  de  ~  a{(tanfl)»-l}*' 


jrffl  ^      g{(tanfl)'-l}S 
dr       -    tan  fl  (sec  9)* 


=  +  a,  when  9  =  si  »nd  = 
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Hence  there  are  two  aqrmptotes  perpendicular  ta  the  prime 
radius,  at  distancea  ±m  from  the  pole. 


1 

1 

1 

1 

e 

1           IT 

1 

4 

ir 

2 

2 

Sir 

3 

4 

±  x/^,  0,  ± 


±,<^>± 


±,0,  ±  y::^ 


The  curve  therefore  ia  that  delineated  in  fig.  98. 
Ex.  5.        Trace  the  Curve  whose  Equation  is 


r  =z  a 


6^ 


^»-.l' 


dr  _    — 2a^ 

Also  r  =  30,  when   ^  =  ±  1;    therefore  we   must  find 

do 
r*  -y-  in  order  to  determine  the  asjrmptote. 


1 

r 


J_  dr 
r»  d$ 


aO^' 


.•.    r"  ^  = 5-  =  4-  -,  when  ^  =  ±  1 ;  the  asymptotes 

therefore  are  inclined  at  +  1  to  the  prime  radius^  and  the  per- 
pendicular distances  firom  the  pole  on  them  are  +  ^ . 

Also,  when  ^  =  00 ,  r  =  a,  and  therefore  the  circle  whose 
radius  is  a  is  asymptotic,  and  is  an  interior  asymptotic  circle, 
since  r  is  greater  than  a. 

As  the  radius  vector  revolves  in  the  positive  direction,  r  =  0, 
when  ^  =  0,  and  is  negative,  and  negatively  increasing^  until 
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11*=  —  <K ,  and  changea  to  +  x ,  approaching  ta  1 
1  t  Kt  asymptote,  receding  on  one  side  of  it,  and  le-  | 

lit       g  on   >he  other ;  after  which,  aa  0  increases,  r  ( 

D  t  att  as  its  least  value  a,  when  tf  =  oo  . 
Again,  as  r  revolres  in  a  negative  direction,  it  must  be  mea- 
■ed  ba(  ards  from  0  =  OtoS=  — 1,  at  which  latter  angle 
=  —  30 ,  and  then  changes  its  sign  to  +  °o  ;  that  is.  Die 
inches  of  the  curve  have  approached  the  rectilinear  asjmp- 
e,  and  cut  it  at  infinity;  and  as  6  increases,  r  continuallf 
creases  and  approaches  to  the  asymptotic  circle,  of  which  the 
.^ius  is  a.  See  (ig.  99,  in  which  *;he  dotted  hranches  indicate 
:  parts  due  to  the  negative  revol  tion  of  r. 

Es.  6.         Trace  the  Curve  w  ose  Equation  is 


if  0  be  positive,  r  is  positive,  since  the  arc  is  greater  than  its 
sine.  And  since  for  all  values  of  d  in  the  first  and  second 
quadrants  sin  0  is  positive,  and  for  values  in  the  third  and 
fourth  quadrants  sin  6  is  negative,  therefore  in  the  first  and 
second  quadrants  r  is  greater  than  a,  and  iu  the  third  and 
fourth  r  is  less  than  a. 

And  since,  when  0  =  0,  sin  fl  =  fl, 
when  9  =  0,  r  =  as ;  hence,  to  determine  t^e  comtpwd- 
ing  polar  subtuigent, 

dr       2  ^coBtf  — smtf       0'  * 

=  ag(fl  +  iinfl)(l+cosg)  ^  0    ^^^^^  q 
2  —Bsme  0'  ' 

(1+008^)'— ainflftf+sintf)  ,       -     « 

=  «  ^—5 — ^ — 5 '  =  «>  whentf  =  0; 

—  sin  fl  —  ff  cos  fl  ' 

,-,     the  rectilinear  asymptote  cannot  be  drawn. 
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When  ^  =  00 ,  r  ^  a,  therefore  there  is  an  asymptotic  circle 
whose  radius  is  a.    Hence  we  tabulate  as  follows : 


e 

r 

1 

0 

1 
0 

2 

V 

2 

V  +  2 
"ir-2 

3 

V 

a 

4 

Sir 
2 

^8ir  +  2 

5 

2ir 

a 

6 

Sir 
2 

57r+  2 
^5^-2 

7 

Sir 

a 

8 

00 

a 

It  appears  then  that  the  curve  starts  firom  infinity,  as  de- 
lineated in  fig.  100,  and  periodically,  when  0  =  ir,  =  2ir,  = 

passes  through  the  points  a  and  b,  which  are  the  extremities  of 
the  diameter  of  the  circle,  whose  centre  is  the  pole  and  whose 
radius  is  a ;  to  which  circle  the  curve  continually  approaches, 
being  outside  in  the  first  and  second  quadrants,  and  inside  in 
the  third  and  fourth.  There  is  then  this  peculiarity,  that  the 
curve  on  the  outside  is  gradually  becoming  nearer  and  nearer 
to  the  circle,  and  the  curve  on  the  inside  is  receding  from  the 
diameter  as  6  increases  and  approaching  to  coincidence  with 
the  circle. 
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CHAPTER  Xn. 

OK  CUBVATIJBS  OF  PLAKS  OUBVU. 

Section  1. — Cwrve$  referred  to  BeeUmg^alar  Coatdimmtu* 

281.]  CoNCBiva  a  tangent  to  be  drawn  at  a  point  on  a  phae 
cunre^  which  is  auch  that  the  curve  liea  entirdy  on  one  nde  of 
the  tangent ;  then  the  curve  is  said  to  be  emuoem  towards  tiaift 
side  of  space  on  which  the  tangent  lies,  and  eoneaoe  towards  tiv 
other  side;  such  is  our  definition  of  concavity  and  oonvezify; 
and  on  such  a  conception  were  investigated  in  Chapter  X,  As 
analytical  criteria  for  determining  the  direction  of  corfatue. 
Let  us  moreover  suppose  that  at  the  point  of  the  enire  under 
consideration  there  is  no  discontinuity,  or  indeterminataiess  of 
derived-functionSy  or  point  of  inflexion ;  then,  as  the  curve  devi- 
ates from  the  tangent  line,  such  a  deviation  may  be'  greater  or 
less,  and  the  curve  may  be  more  or  less  bent ;  herein  then  we 
have  a  new  affection,  viz.  amount  of  bending  or  of  curvatHre, 
as  it  is  called :  the  natiu*e  of  which  we  propose  to  examine  in 
the  present  Chapter. 

And  to  consider  it  in  another  point  of  view ;  an  infinitesimal 
element  of  the  curve  commencing  from  a  given  point  being 
straight,  it  is  in  its  length  coincident  with  the  tangent  line  at 
that  point;  and  the  next  element  being  inclined  at  an  angle 
to  the  former  one,  deviates  from  the  tangent.  Now  let  the  two 
consecutive  elements  be  of  equal  lengths,  and  frt>m  the  ex- 
tremity of  the  second  let  a  perpendicular  be  drawn  to  the 
tangent :  as  this  perpendicular  is  longer  or  shorter,  so  will  the 
deviation  be  greater  or  less,  and  the  curve  be  more  or  leas  bent. 

These  terms  however  are  but  relative ;  and  accordingly  it  ia 
necessary  to  fix  on  some  standard  with  which  to  compare  such 
amount  of  bending,  and  to  investigate  some  means  by  which 
the  comparison  may  be  made. 

The  circle  naturally  suggests  itself;  whatever  its  curvatuie 
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or  bending  be,  it  is  the  same  at  all  points  of  the  same  circle : 
ibis  is  evident  on  the  principle  of  sufficient  reason;  and  in 
different  circles,  as  the  radius  varies  so  does  the  curvature. 
Now  as  the  radius  increases,  the  deviation  firom  a  straight  line 
becomes  less  and  less ;  and  in  the  limit  vanishes  when  the  radius 
becomes  infinite,  (see  Art.  159) ;  and  as  the  radius  decreases, 
the  curvature  increases,  and  in  the  limit  when  the  radius  be- 
comes zero,  the  curvature  becomes  infinite,  for  the  circle  be- 
comes a  point,  and  the  curve  at  once  returns  into  itself;  the 
radius  of  the  circle  therefore,  and  its  curvature  or  deviation 
from  a  straight  line,  are  so  related  that  one  varies  inversely  as 
the  other.  If  then  r  be  the  radius  of  a  circle,  the  amount  of 
deviation  of  that  circle  from  a  straight  line  is  a  function  of 
the  reciprocal  of  r;  let  us  give  some  definite  name  to  this 
deviation,  and  in  order  that  we  may  have  a  measure  of  it,  let 
us  define  it.  Curvature  is  the  name  which  we  shall  adopt,  and 
our  mathematical  definition  of  it  is  the  simplest  function  of  the 
reciprocal  of  r,  viz. : 

Curvature  of  a  circle  =  - . 

r 

Now  when  an  arc  of  a  circle  is  given,  we  can  in  many  ways 
determine  the  radius  of  the  circle ;  but  when  the  arc  is  infini- 
tesimal, the  following  is  best  adapted  to  our  present  concep- 
tions. 

The  relation  between  an  arc,  the  radius,  and  the  angle  sub- 
tended at  the  centre  is 

arc  =  radius  x  angle. 

If  therefore  x,  y  be  the  coordinates  to  any  point  on  a  circle, 
X  -f  dxy  y  +  dy,  the  coordinates  to  the  point  infinitesimally 
near  to  it,  and  ds  be  the  arc  between  the  two  points;  and  if 
normals  be  drawn  to  the  circle  at  the  points  («r,  y)^  {x  +  dx, 
y  +  dy)y  and  dy^  be  the  angle  at  the  centre  contained  between 
these  normals,  and  if  r  be  the  radius,  then 

(1) 
(2) 

aiid  the  curvature  of  the  circle  =  -y-  . 

ds 


ds 

=  rdx/r, 

r 

d» 
~  dyff' 

1 
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283.]  Let  UB  now  consider  in  what  mmnner  tlieee  princqiki 
may  be  extended  to  any  plane  carve. 

Suppose  that  the  two  points  (jr^  y),  (jr  +  ilr,  y  +  dj^)  are  on 

any  plane  carve,  and  are  sach  that  aft  neitiher  ia  there  a  point 

of  discontinuity  or  of  inflexion;  then,  althoog^  die  ratio  given 

in  (2)  above  may  be  no  longer  constant  at  all  points  of  a  com^ 

but  may  vary  as  we  pass  from  one  point  to  another,  yet  when 

dyk 
the  distance  ds  is  infinitesimal,  ^  will  assume  some  detenni- 

nate  value,  which  we  may  call  the  emvature  ^  the  curve  at  flie 
point;  perhaps  it  may  be  said  that  it  is  a  measure  of  the  Mesa 
curvature  of  the  arc,  but  the  diflbrence  between  that  and  flie 
actual  curvature  at  the  point  {x,  y)  is  infinitesimal,  and  there- 
fore must  be  neglected,  so  that  the  two  become  identical. 

Conceive  then  two  normals  to  be  drawn  at  two  ocmaecotive 
points  of  the  curve,  these  will  generally  meet  at  a  finite  distance, 
and  let  dyjf  be  the  small  angle  included  between  them,  and  p 
be  the  distance  from  the  curve  of  the  point  at  which  ih^ 
intersect ;  then,  by  reason  of  (2),  and  introducing  ±  so  as  to 
make  p  in  all  cases  positive,  as  it  indicates  an  absolute  length 

ds  ,„, 

From  the  analogy  of  the  circle,  p  is  called  the  radius  of  cur- 
vature,  and  the  point  at  which  the  two  consecutive  normals 
intersect  is  called  the  centre  of  curvature;  and  therefore  we 
have  the  following  definition : 

Dep. — The  distance  from  the  curve  at  which  two  consecutive 
normals  of  a  plane  curve  intersect,  is  called  the  radius  of  curva- 
ture of  the  curve  at  that  point. 


233.]  To  determine  the  analytical  values  of  the  radius  of 
curvature. 

Let  the  equation  to  the  curve  be  y  ^  f(x),  (see  fig.  101), 
and  p,  Q  be  the  two  points  on  it  at  which  the  normals  pn,  qn 
are  drawn,  n  their  point  of  intersection,  which  is  therefore  the 
centre  of  curvature:  through  o  draw  a  line  kg  paraUel  to  Qo; 

then  PQ  =  ds,  poq  =  (/^  =  pgk  =  rf.tan-^  Kzt)  *  ^°  =  ^° 
=  f)  =  radius  of  curvature ; 
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.-.     ds  =  ±  prf.tan-i  [j-),  (4) 

__  d^xdy  —  d^ydx       dy^ 

-  -  ^  d^  rf^T^*' 

.-.   ds^  =  ±  p^d^xdy-d^ydx),  (5) 

_  ±d8^ 

-    P  -  d^xdy-'d^ydx'  ^^ 

which  expression  is  the  most  general  value  of  p,  as  in  it  neither 
Xf  y,  nor  «  is  an  equicrescent  variable. 

If  4f  be  made  equicrescent^  d*x  =  0,  and  we  have 

dx* 

whicb  is  the  value  of  the  radius  of  currature  most  commonly 
used. 
And,  if  y  be  an  equicrescent  variable,  d*y  =  0,  and 

(dx^\ 
=  ^^1^  =  -J-1jeL.         (8) 

d^xdy  d^x 

As  to  the  +  signs  with  which  the  above  values  of  p  are 
affected,  it  must  be  observed  that  they  entered  originally  in  (3) 

so  as  to  give  a  positive  sign  to  p,  and  therefore  that  ^  was  to 

be  affected  with  +  or  — ,  according  as  s  and  ^  simultaneously 
increased  and  decreased^  or  as  one  increased  when  the  other 
decreased.  Now  such  simultaneous  increase  and  decrease^  as 
is  plain  firom  figs.  53  and  54^  depends  on  the  curvature  of  the 
CQrve  being  convex  or  concave  downwards.  In  (7)  therefore, 
considering  the  numerator  to  be  positive,  of  curves  which  are 

concave  downwards,  ^~  is  negative,  and  therefore  for  p  to  be 

positive  in  such  a  case,  we  must  affect  (7)  with  the  negative 
sign;  and  then,  if  p  is  negative  at  last,  it  indicates  that  the 
radius  of  curvature  is  measured  up  from  the  curve. 

3Ba 


I 
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284,-2    Examplea  illustrative  of  the  preceding. 

Ei.  1.         To  determine  the  Radius  of  Curraturc  of  an 


^  +  ^  =  1: 

dx  ~        a*y'  rf**  ~         oV       ' 


iPj 4^ 

by  formula  (7)       p  = 


M 


radius  of  curvature  at  extremity  of  axis  major  =  -, 

.       .  o* 
aiia  moBor  =  t-  ; 

Cob. — Saditu  of  curvature  of  circle  =  a. 

Ex.  2.         In  all  Curves  of  the  second  d^^ee  of  the-  form 

y>  =  4mx  +  n*', 

the  radius  of  curvature  varies  as  the  cube  of  the  normal. 

'"'    dx^  ~       y*      ■ 
Now  by  equation  (42),  Art.  186,  normal  =  y  1 1  +  ^|    ; 
substituting  which,  we  have 

radim  of  curvature  _  1^ 1 

(normal)'  ~  -ffy  "  4m* ' 

dx*  q.  1. », 
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Ex.3.        Tofind  Radius  of  Currature  of  Cycloid,  starting 
point  being  origin. 

a?  =  a  versin-i  -  —  {2ay  —  y*}*, 

dx  __  y  rfy*  _  2a 

^y  "  {2ay-y>}*'         '       "*"  rfi*  "  Y' 

rf**  ■"       y>' 

.-.    p  =  2(2fly)*, 

Therefore,  and  from  Ex.  6,  Art.  190,  it  appears  that  the  radius 
of  curvature  is  equal  to  twice  the  normal. 

Ex.  4.  In  illustration  of  formula  (6),  let  it  be  required 
to  find  the  length  of  the  Radius  of  Curvature  of  the  Ellipse 
whose  Equations  are  (see  Art.  166), 

dx  =  —  asintfJd,  dy  =  bcosOdO, 

d*x  :^  —  acosdrfd",  rf*y  =  —  Asin^rftf"; 

.-.     ds^  =  {a»(sind)»  +  «»(cos^)»}  d$^, 

d^xdy-^d^ydx  =  ^abdO^] 

.  {a*y»  +  A«a^}* 

•  •    P-  ±  54fti  • 

235.3    ^  comparing  figures  47  and  101,  it  appears  that 

r  +   V^    =    |i 

.'.     dr  ^  dyjf  =  0, 

cfr,  which  is  equal  to  tlt',  fig.  101,  is  the  angle  between  two 
tangents  drawn  at  consecutive  points  on  the  curve ;  it  is  there- 
fore the  angle  at  which  two  successive  elements  are  inclined  to 
each  other,  and  is  called  the  angle  of  cantingence. 
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286.]  We  pacooBed  to  dBtmpinp  ofliar  vahw  of  p  irideh  t 
required  in  the  aeqad; 

rff  iP«  =  dxiPx  +  dyd^f.  (11) 

Also  by  (6),  ^^, 

±  —  =  dyd^x  —  dxd^ff. 


•  • 


•  • 


(W) 


Squaring  (11)  and  (12),  and  then  adding,  we  have 


rf#«(«P#)»  +  =-  =  (rf«»  +  rf^  {(d»#)«  +  (d»f)«}, 

««!#»{«'»*)■  +  («'»»)•};  (H) 


=  (rf»«)«  +  (d»y)«  -  («*•#)», 


(14) 


^  =  ^  {(rf»*)*  +  («Py)'  -  (rf»«)»}.  (15) 


Whence  we  have  the  following  valoes  fiir  (p) : 
(a)  Let «  be  equicreacent;  then  tP»  =:  0, 


1  _  /d'x\ 


dx 


(16) 


Also  by  virtue  of  (11),  since  d*y  =  —  -j-  d*x, 

d*x\'      /d*w\'ds* 


and 


1   _  /  rf**  \*_  id*w\ 


(17) 


(18) 


(/3)  Let  ^  be  equicreacent;  then  d*x  =  0,  and  therefore 
by  reason  of  (11)  . 

introducing  cf^^  into  the  denominator  to  shew  that  x  is  equi- 
creacent. 
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(y)    Let  y  be  equicrescent ;  then  d^y  =  0^  and  by  the 
same  process  as  above 


1  __  dy^  /rf"4?\* 


p*       ds^  ^dy' 

The  last  two  values  of  p  are  the  same  as  (7)  and  (8). 

Also  from  (14)^  multiplying  through  by  ds^,  and  replacing 
dsd^s  from  (11),  we  have 

=  (rf«;r)2  rf««  +  (rf«y)«  rf««  -f-  (rf**)*  (rfj?*  +  rfy*) 

—  2  rf«  rf**  (rfa?  rf*a?  +  dy  d^y), 

=  («Pa?  d8  -  rf2*  rfa:)»  -|-  (d*y  ds  -  d«*  rfy)^ 


=  ds* 


{(^•i)"M^-r}> 


rf»» 


which  is  identical  with  (16)  when  s  is  equicrescent. 

Hence  also,  and  from  (9),  we  have  the  following  value  for  the 
angle  of  contingence : 


^'=±{KS^('-r}'- 


(20) 


237.]  Also  we  have  the  following  values  for  cos  >/r  and  cos  r, 
which  are  the  cosines  of  the  angles  between  the  direction  of  the 
radius  of  curvature  and  the  coordinate  axes. 

From  (11)  and  (12),  eliminating  cP^,  we  have 

ds^ 
ds  dy  d^s  ±  dx  =  d^y  (dy^  +  dw^) ; 

P 

ds^ 
.• .     dx  =  ds^ €Py  —  d^s dy  ds, 

P  ' 

Similarly,  4  =  i  i(g)  =  oo.+.  (22) 


BECTANOULAR  COORDINATES.  [238. 

I,  if  «  be  equicrescent, 


rf»y 


(23) 


co9V=  p^-  (24) 

I    If  the  equation  to  the  curve  be  given  in  the  implicit 

r(.x,y)  =  c,  (25) 

titute  as  follows  in  the  general  value  of  p  given  in 


ng(25),  we  have 


\dx 


dx  + 


(iv.= 


[Si^-'^'-ip^^-C^)^' 


(27) 


■=-{©'^  +  ^(<&>^'+©^»'}-<^' 
Now  from  (26), 

dy     _   —dx  _        d*x dy  —  d*y dx  ^g 

the  last  following  by  reason  of  Preliminary  Theorem  I,  ope- 
rating upon  the  fractions  successively  by  the  factors  dl*x  and 
d*y,  and  adding  numerators  and  denominators ;  each  of  which 
fractions  is  again  equal  to  (by  reason  of  the  same  Preliminary 
Theorem)  _ 

(80) 


+  d. 


"Whence,  equating  (29)  and  (SO),  and  replacing  the  numerator 
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and  denominator  of  (29)  by  their  eqoiyalents  from  (28)  and 
(5),  we  have 

±  ds 1 rf£» 

and,  leplacing  dx,  dy,  dt  in  tenns  of  their  proportionala  given 
in  (29)  and  (80),  we  have  finally 


=  ±  v^    . — !! — : — : — I •  v^i) 

'rfp' 

For  an  example  of  this  formula,  take  the  equation  to  the 
hyperbda  ,(^,y)  ^  ,y  ^  ;p. 


P      "(^  +  y*)* 


Section  2. — On  Evohdes  of  Plane  Curves  referred  to 

Rectangular  Coordinates. 

239.]  We  have  thus  far  determined  the  length  of  the  radius 
of  curvature^  and  the  cosines  of  the  angles  at  which  its  direc- 
tion is  inclined  to  the  coordinate  axes;  our  object  now  is  to 
determine  the  coordinates  to  the  centre  of  curvature ;  and  since 
it  changes  position  as  the  point,  at  which  the  radius  of  curva- 
ture is  drawn^  moves  continuously  along  the  curve^  it  thereby 
describes  a  continuous  curve^  which  it  is  our  object  now  to 
determine,  and  which  curve  is/ for  a  reason  which  will  shortly 
appear,  called  its  evohUe. 

Let  the  equation  to  the  curve  be  y  =  /(j?),  and  x,  y  the  co- 
ordinates to  the  point  on  it  at  which  the  radius  of  curvature 

3C 


/ 
/ 


, 

W8 
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^  dnwn;  (,ti  the  coordinates  to  the  centre  of  ourratare,  30 
that,  in  Ag.  102,  we  have 

ox  = 

J,                   ON   =  f,                  PTN    =   r, 

MP  s 

y,              nn  =  T),              pnii=  ,^, 

'"  =  Pi 

ind  -flWifr 


geometry  of  tiie  figoie 


■J 


!} 


we  bm.-floit  tbt 


<») 


vhidi  fiirnralie  detennine  the  position  of  the  centre  of  curra- 
tnie  cwreqxHidiDg  to  any  point  of  the  cur\-e  j  and  &om  elind- 
natdng  «  and  y,  between  the^e  equations  and  the  equation  to 
the  corre,  vis.  y  s=  /(»),  there  n-ill  result  an  equation  involving 
f  and  II,  which  will  repreeent  the  locus  of  the  centre  of  cun-a- 


f  =  r- 


(33) 


The  equations  (82)  aasnme  various  forms,  according  to  the 
value  given  to  p;  i.  e.  -whether  we  express  p  .hy  one  or  other 
of  its  values  (6),  (7),  (8),  (16).  Thus  applying  the  value  of 
the  radius  of  curvature  given  in  (7),  when  x  is  equicresc^it, 
we  have 

__dx>dy 

dx' 

dy^ 
'  dx' 
"d'y     ' 
dx* 

If  the  equation  to  the  curve  be  given  in  the  implicit  form, 
the  equations  (82)  must  be  modified  according  to  the  eqaation 
(SI)  and  those  by  means  of  which  (81)  has  been  determined; 
but  as  the  expressions  are  long,  not  often  employed,  and  easily 
found,  it  is  not  worth  while  to  enlarge  our  book  by  inaerting 
them  at  length, 


1  +  - 


-■y  +  ■ 
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240.]    Examples  on  Evolutes. 
Ex.  1.        To  determine  the  Evolute  to  the  Parabola  whose 
Equation  is  a  —  4 

dy  _  2a 

dx^  "         y^ 
Substituting  which  in  (33)^ 

y*  +  4a*    y*    2a 


f  =  ^  + 


=  a?  + 


y2       4a*  y  ' 


X  = 


2a 

=  8a?  +  2a; 
^-2a' 


n  =  y  - 


3      ' 

y*  +  4a*   y^ 


y*        4a*' 


=  4jf  >     •••   y  =  (-4a*^)*. 
Substituting  which  in  the  equation  to  the  parabola^  we  have 

The  equation  to  a  semi-cubical  parabola,  whose  cusp  is  on  the 
axis  of  a?  at  a  distance  2a  from  the  vertex  of  the  parabola;  see 
fig.  103. 

Ex.  2.        To  find  the  Equation  to  the  Evolute  of  a  Circle. 

a?*  -f  y*  =  a*, 

dy  ^       X  dy^  __  a?*  +  y*  _  a* 

dx~  "  y'      •*•"*"  rf^  ■"       y*       ■"  y*' 

rf*y  __        a* 
di*  ■"  "  ^^ 

...     f  =  .-?;?!?  =  0, 

y2  a*  y 

^        ya  a« 

. ' .     the  centre  itself  is  the  evolute. 

3c  a 


880 

Ex.  8. 

Ellipw. 
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To  find  tiie  Equitum  to  flie  Eroln^  of  the 

«*        V* 

—  4-  —  =  1 

o«  +  j»  -  *» 


<Py 4^^ 


•      • 


£  =  »- 


a'y'  4*    o»y 


»«i' 


o»-4*   . 
_  a*y»  +  4*<*  <;^y» 

a^-4» 


A* 


rS. 


whence,  by  addition, 

the  curve  represented  by  which  is  delineated  in  fig.  10^1>. 

Ex.  4.      To  find  the  Equation  to  the  Evolute  of  the  Cycloid. 
Let  the  starting  point  be  the  origin ;  then 

w  =  a  versin-^  -  —  (Hay  —  y*)* ,  \ 


dx 

y 

• 
• 

* 
• 

1  + 

dy* 

dx*  ~ 

2a 

dy- 

(2ay- 

y«)*' 

y 

d*y 

a 

.:.   »?  = 

=  y  - 

2a 

y 

yl 

a 

**^^          * 

-  y> 

y  =  - »?; 
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t  =  J?  -f- , 

y  «        y 

=  a?  +  2(2ay-y»)*, 

substituting  which  values  in  the  equation  to  the  cydoid^  we 
have 

f  -  2(-2ai|-i;«)*  =  aversin-i^^  -  (-2ay-^)*, 

a 

i  =  aversin-*^^  +  (  —  2ai|  — ?;*)*, 

a 

which  is  the  equation  to  a  cycloid^  when  highest  point  is  origin^ 
equal  to  the  original  cycloid:  $  being  parallel  to  the  base,  17 
measured  along  the  axis  in  a  negative  direction,  as  is  manifest 
on  a  comparison  of  the  last  equation  with  (31)  in  Art.  174,  and 
of  figs.  60  and  105 ;  which  last  represents  the  positions  of  the 
original  cycloid  and  its  evolute. 

Since  i|  =  —  y,  no  =  mp,  and  therefore  pn  =  2po,  or  the 
radius  of  curvature  is  equal  to  twice  the  normal ;  see  Ex.  8, 
Art.  234.  Also  the  radius  of  curvature  at  b  =r  bc  =  2b a  =  4a ; 
also  it  is  manifest  that  the  radius  of  curvature  at  o  =  0. 

Ex.5.        To  determine  the  Equation  to  the  Evolute  of 
the  Equitangential  Curve. 

The  equation  to  the  curve  is,  see  equation  (27),  Art  178, 

.  =  „  log  {^±S^]  _  («._y.)i. 


^y  _         y     . 

.    1     rfy« 

dx            (a«  _  y2)4  ' 

•  •         '  rf»«  ~  «»  -  y» 

d*y          a}y 

dx»  ~  (a»-y»)»' 

•••    1  =  V  + 

a»       (o»-y«)« 
a*  -  y»      a*y     ' 

a* 

~  y' 

382  SBCTANOULAB  OOOBDINAnS.  [t/^ 

=  *+(«*-  ^)  ' 

.-.     *  =  f-^(,,»-«i»)*; 

1 

whence,  substitatmg  in  equation  above, 

«-»  W-^t  .  .log  {l±<2^} -?  tf -*■)», 

•  •  5         ""*  ' 

the  equation  to  the  catenary,  as  is  plain  on  comparing  it  with 
equation  (25),  Art.  172. 

The  relative  position  of  the  two  curves  is  delineated  in 
fig.  106;  OM  =  a?,  MP  =  y;  on  =  f,  nh  =  ly;  and  since 
f  =  a?  +  (a*— y^)*,  and  np  =  a,  it  follows  that  the  ordinate 
through  N  (the  foot  of  the  tangent)  passes  through  n,  the 
centre  of  curvature.  Also  since  pn  is  the  radius  of  curvature 
and  PG  is  the  normal  of  the  equitangential  curve,  pn  x  po 

=  Np2  =  a*;  also  pn*  =:7;2  — a^s-—  —  a«  =  -5  (a*  — y*). 

Ex.6.        To  determine  the  Equation  to  the  Evolute  of 

the  Hypocycloid,  a         »         * 

^*  +  y*  =  o% 

rf2y  _     q* 

^^*  "  3^*y*' 
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a*  3a?'  y*  y* 


f  =  ^-f 


a?*      a*      a?* 


=  a?  +  3a?*  y*. 
Similarly^  rj  =  y  -^  3a?*  y*; 

.-.     f  +  »y  =  a?  +  3a?*y*  4-  3a?*y*  +  y, 

=  (0?*  +  y  V, 
(f  +  ri)^  =  a?*  +  y*. 

Similarly,     (f  —  ty)*  =  a?*  —  y*, 

.-.     {(f  +  »?)*+tf-»7)*P+{(f  +  »?)*-(f-i7)*P  =  4{a?*  +  y*}, 
Let  the  coordinate  axes  be  turned  through  45^,  so  that 

1  =  1^,  ^d  ,  =  £J-/,    ■ 
.-.  f  4-  T,  =  r  x/2, 

...     f'»  +  T,'*=  (2a)». 

A6cordingly  the  evolute  is  another  hypocycloid,  the  radius  of 
whose  base-circle  is  twice  that  of  the  original  circle,  and  whose 
cusps  are  on  lines  bisecting  the  lines  joining  the  cusps  of  the 
original  curve;  see  fig.  107.  Similarly  may  the  evolute  of  this 
new  hypocycloid  be  found,  which  will  be  another  hypocycloid, 
the  radius  of  whose  base-<;ircle  will  be  4a. 

Theoretically,  the  equations  to  the  evolutes  of  all  curves  may 
be  found  by  means  of  equations  (33),  but  the  difficulty  of  elimi- 
nation is  in  all  cases,  save  in  two  or  three  besides  the  above, 
so  great  as  to  be  beyond  the  present  powers  of  analysis. 


sas^' 


o  Jf 


241J  We  pxodeed  nay  tc>  diieoit  gnoi^ 
curve  whoee  eammt  cdoxdmiies  are  {  9mA  i|. 

From  equations  (82),  we  have 

wheneei  sqnaring  and  addb^ 

Mnltip^wg  the  former  hj  dm,  and  die  kttar  h^r  ily,  ni 
«^ding  tf-*)rfr  +  (i,-.f)i%  =  a  m 

andaddmg 

«-*)  iP*  +  (n-y)  d»if  =  £(rf»4vi%r— rf»f  *r), 

=  rf#«,  (87) 

since  1>7  (S)>  p(d^mdy^d^pdg)  =  if#*. 

Now  the  relation  between  (w),  (86),  an^  (87)  k  wmy  re- 
markable ;  for  (86)  is  the  differential  of  (85)^  and  (87)  is  the 
differential  of  (36),  the  differentiations  being  calculated  on  the 
supposition  that  x  and  y  vaiy,  while  $,  ri,  and  p  do  not  change. 
And  what  geometrical  fact  is  hereby  implied?  The  following: 
(35)  is  the  equation  td  a  circle  of  which  p  is  the  radius,  and  the 
coordinates  to  whose  centre  are  (  and  rj,  and  of  which  x  and  y 
are  the  current  coordinates.  Hence  the  radius  and  coordinates 
to  the  centre  of  this  circle  remain  the  same,  when  for  x  and  y 
we  have  successively  x  +  dx,  y  +  dy,  and  x  -y2dx  -^  d^x, 
y  +  2(fy  +  d^y ;  this  circle  therefore  passes  through  three  con- 
secutive points  on  the  curve,  and  therefore  there  are  three 
points,  and  (what  is  the  same  thing)  two  consecutive  elements, 
common  to  the  circle  and  the  curve.  The  circle  is  foi*  idi  ob- 
vious reason  called  t/ie  circle  of  curvature.  HIm  rei(Ut  is  in 
accordance  with  the  principle  of  Art.  232 ;  for  although  iiMhing 
was  said  as  to  a  circle  having  points  common  with  the  curve, 
yet  since  (  and  fj  refer  to  the  point  of  meeting  bt  two  Con- 
secutive normals,  and  each  normal  implies  a  tangent  passing 
through  two  points,  there  must  be  three  consecutive  points  in 
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the  curve  for  which  (,  rj,  and  p  do  not  vary.  It  is  also  to  be 
observed^  that  (36)  is  the  equation  to  the  normal  if  (  and  77  are 
its  current  coordinates^  and  therefore  that  the  centre  of  curva- 
ture is  on  the  normal. 

242.]  Again^  since  the  new  curve  is  the  locus  of  the  point 
of  intersection  of  any  two  consecutive  normals  of  the  original 
one,  if  the  new  curve  be  continuous,  each  normal  must  pass 
through  two  points  in  the  new  curve  which  are  infinitesimally 
near  to  one  another.  Hence,  in  the  expressions  (34),  (,  tj, 
p,  0?,  y  may  all  vary  simultaneously,  and  we  have 

and  substituting  for  p  and  d^s  &om  (5)  and  (11),  we  have 
and  similarly,  drj  =  —  -z-  dp. 

OS 

Whence  it  appears  that  we  may  differentiate  (34)  on  the  sup- 
position that  p,  $,  and  rj  vary  independently  of  3p  and  y ;  that  is, 
the  normal  passing  through  (a?,  y)  passes  through  ((,  rj)  and 
(i  +  ^(9  ^  +  dfi)y  though  of  course,  as  is  plain  from  the  figure 
102,  the  length  of  p  varies. 

248.]    Squaring  and  adding  the  two  equations  of  (38)  we 

^*^®  rff «  -h  df)^  =  dp*.  (39) 

Let  0-  be  the  length  of  the  arc  of  the  new  curve,  and  da  an 
element  of  it,  then       ^^,  ^  ^^,  ^  ^^, . 

do-  =  ±  dp.  (40) 

And  taking  the  positive  sign,  in  order  to  accommodate  the 
analytical  expression  to  the  curve  in  fig.  102,  where  An  =  o-, 
and  the  element  of  the  arc  at  n  =  da,  and  therefore  a  and  p 
are  increasing  simultaneously,  we  have 

d<r  —  dp  =  0; 

.•.     (T  —  p  =  a  constant  =  c : 

3» 
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)  tile  difference  in  length  between  the  radiua  of 
e  of  the  original  curve,  and  the  length  of  the  arc  of  the 
amrttmrTe  ia.tiie  snme,  at  whatever  point  of  the  old  curve  the 
zadina  of  cnirkturc  is  drawn.  Imagine  then  (see  fig.  102)  a 
perfectly  flexible  md  inesteDubte  string  to  be  fixed  at  a  pmnt 
((,  i)  of  the  new  earn,  k^  at  n,  anJd  ttf  length  equal  to  tie 
zadiu  of  onmtnre  of  tfae  old  curve  which  abuts  there,  say 
tKjxud  to  pn;  then,  if  the  itriiig  be  wrapped  round  the  curve, 
WBj  towards  a,  just  >o  nmeh  will  be  taken  off  from  the  string 
by  the  wr^ipng  tiiat  the  remainder  will  be  equal  to  the  radius 
<^  the  old  corr^  oorrespondiiig  to  the  point  in  the  new  curve 
at  irtiioh  the  mapjong  ends}  and  therefore  if  an  inextensible 
string  be  onwnqqMd  £rom  tfae  new  curve,  as  e.  g.  from  au,  the 
length  of  iriudi  is  exactly  eqoal  to  the  Imgth  of  the  new  cmre 
+  Ao,  whieh  is  ctmatant,  and  is  the  radius  of  eurrature  of  or 
at  o,  the  extremi^  of  it  will  generate  the  old  cnm^  vis.  or. 
It  ia  for  this  reason  that  Qie  new  com  is  oaSed  the  evokUt*, 
as  being  that  from  which  the  atring  is  nnwra^nd,  and  &t 
original  carve  is  called  the  mtwUe  with  mpect  to  it. 

244.]  It  is  manifest  that  the  lengths  of  all  enilntea  can  be 
determined ;  that  is,  the  lengths  can  be  compared  with  straight 
lines,  whence  they  are  said  to  be  reciiftable ;  for,  &om  what  hu 
preceded,  the  length  of  the  evolute  is  equal  to  the  difference 
of  the  radii  of  curvature  of  the  involute  corresponding  to  iti 
two  extremities. 

Of  this  we  subjoin  some  examples : 

Ex.  1.        To  find  the  length  of  the  Evolute  of  the  Para- 
bola, in  terms  of  the  CoordinateB  of  its  extremities. 

OH  =  X,  MT  =  y;   ON  =  f,  Nn  =  ij;   see  fig.  103. 
Let  the  equation  to  the  parabola  be  y*  =  4ax. 

Then  by  equation{7),        p  =  -^ — r-^J  therefore  by  what 
a* 
has  preceded, 

*  By  French  writen  the  Evolute  is  named  dAebtppA,  and  the  lovolute 
dfeeloppante. 
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Length  of  An  =  rad.  of  curv.  at  p  —  rad.  of  curv.  at  o ; 


a* 


-2a, 


a*  ^    3    /         ^"' 

f-2a 


since  by  Ex.  1,  Art.  240,        x  == 


3 


Ex.  2.        To  determine  the  length  of  the  fourth  part  of 
the  Evolute  of  the  EUipse ;  see  fig.  104. 

Length  of  bc  =  rad.  of  curv.  at  b'  —  rad.  of  curv.  at  a, 

=  ^  _  *!,    by  Ex.  1,  Art.  234, 

"     ab    ' 
.  • .     length  of  whole  evolute  =  4  — ^ . 

Ex.  3.        To  determine  length  of  arc  on  of  Cycloid;  see 
fig.  105. 

Length  of  on  =  pn, 

=  2(2ay)*,    by  Ex.  3,  Art.  234, 

=  2(-'2arj)\    by  Ex.4,  Art.240; 
.-.     if  ly  =  —  2a,  length  of  oc  =  4a  =  rad.  of  curv.  at  b, 
.".     whole  length  of  cycloid  =  8a. 

Ex.4.        To  establish  a  relation  between  o-,  77,  and  $  in 
the  Catenary. 

Jn  fig.  106,  let  An  =  <r; 

.'.      AH*  =   HP*, 

.•.     An*  =  nN*  —  NP*, 
(r«  =  T,a  -  a^. 


=  4r    +'     /"^' 


-i^« 


3D1Z 
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Every  plane  curve  manifestly  hm  an  evolute,  and  has  onljr 
one;  but  it  has  an  infinite  number  of  involutes,  because  in 
the  unwrapping  of  tbc  string  which  haa  been  wound  round 
the  curve,  every  point  of  the  stretched  string  describea  a  cnn-e 
which  is  the  involute  corresponding  to  that  point. 

345.]  Again,  multiplying  the  former  of  (38)  by  otr,  and  tiie 
Utter  by  di/,  and  adding,  we  have 

(Isfii  +  dydr,  =  0;  (41> 

rfij  _         dr 
■  ■     df-  ~Ty- 

And  since  -7^  is  the  tangent  of  the  angle  made  with  the  axis  of 
«  by  the  tangent  to  the  evolute,  and  ^  is  the  tangent  of  the 

■Dgle  between  the  axis  of  x  and  the  tangent  to  the  involute, 
it  follows  that  the  tangent  to  the  evolute  is  perpendicular  to 
tile  tangent  to  the  involute,  or  that  the  normal  to  the  involute 
il  a  tangent  to  the  evolute.  This  result  might  have  been  anti- 
cit)ated  from  what  is  said  in  Art.  341. 

24fi.]  The  following  geometrical  considerations  will  enable 
us  better  to  understand  some  of  the  results  we  have  arriTcd  at 
in  the  preceding  ArticIeB  on  curvature. 

The  equations  (35),  (36),  (37),  connecting  x,  y,  p,  £  and  n, 
shew  that  the  centre  of  curvature  ia  the  centre  of  a  circle 
passing  through  three  consecutive  points  in  the  curve.  These 
three  points  are  necessary  to  render  the  circle  definite.  If  it 
passes  through  only  two  points,  its  centre  may  be  any  whert 
on  the  normal  which  is  perpendicular  to  the  tangent  pasaug 
through  the  two  points,  and  thus  there  may  be  an  infinite 
number  of  circles  satisfying  the  condition :  but  if  the  circle  i> 
to  pass  through  three  points,  its  centre  must  be  on  the  normal 
perpendicular  to  the  tangent  passing  through  the  seoond  and 
third  points,  as  well  as  on  the  normal  corresponding  to  the 
first  and  second  points ;  and  as  these  two  normals  will  interaea 
in  OTIC  point,  this  point  must  be  the  centre  of  the  circle,  and 
the  circle  becomes  definite ;  in  other  words,  the  two  consecutive 
elements  of  the  curve  which  are  delineated  in  fig.  108,  viz.  ro 
and  QB,  will  form  two  sides  of  a  triangle,  and  by  joining  fr 
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the  triangle  will  be  completed,  and  the  circle  described  about 
this  triangle  wiU  be  a  definite  circle,  and  pass  through  the 
points  p,  Q,  B,  which  are  three  consecutive  points  on  the  curve. 
We  may  on  this  conception  determine  the  radius  of  curvature 
as  follows : 

The  angle  of  contingence,  or  dr,  is  the  angle  between  the 
two  consecutive  elements  pq  and  qe,  whence  by  equation  (9), 

Art.  285,  j^ 

dr  =  +  —.  (42) 

"   P 

Complete  the  parallelogram,  of  which  pq,  qb  are  two  ad- 
joining sides,  and  draw  the  diagonal  sq,  and  the  other  lines  as 
in  the  fig.  108 ;  then 

PQ  =  ds,    Qn  =z  ds  -{■  rf**, 

PK  =  ds,      QT  =  rfa?  -h  d*s  =  PB,       •.•   sp  is  parallel  to  bq, 

.•.   BK  =  —  rf*a?, 

QK  =  dy,      ET  =  dy  -f-  d*y  =  sb,       •.•   sp  is  parallel  to  bq, 

.-.   SY  =  d*y. 

Therefore  d^x  and  d*y  are  the  projections  of  sq  on  the  co- 
ordinate axes. 

Now  area  of  parallelogram  pqbs, 

=  PQ  X  QE  X  sinpQR, 

=  ds  {ds  -f-  d^s)  sin  rfr, 

d8^ 

=  ±  ^,  (43) 

P 

omitting  d'^s  when  added  to  da,  and  replacing  sin  dr  by  dr 

in  terms  of  equation  (42). 

Again,  area  of  parallelogram  pqbs, 
=  area  of  pquv, 

=  PK  X  UQ  =  PK  X  RW  =  PK  (RT  —  WT), 

=  rfa?  I  dy  -h  d*y  —  {dx  +  ^*^)  ^}  > 

=  dxd^y  —  dy  d^x,  (44) 

Hence  equating  (48)  and  (44),  we  have 

1  _       d'x  dy  -  d'y  dx 

o  -  ±  d«»  •  ^^^ 
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247.]    And  again,  mahing  s  eqtucresccnt,  bo  that  in  fig.  109 

PQ  =  QK  =  rf»,    DM  =  X,    MP  =  y,    MN  =  ds!,    HI.  =  (tx  +  tPx, 

WQ  =r  y  +  dy,  LH  =  y  +  2rfy  +  rf^y;  let  us  complete  as  before 
e  parallelogram  fqrs,  which  is  in  this  case  equilateral;  and 
lereforc  the  radius  of  curvature  lies  along  the  line  nsQ,  which 

is  coincident  in  direction  with  the  diagonal  sq.  Join  pr,  which 
I  as  is  plain  from  the  geometry,  perpendicular  to  sq  ;  then,  if 

fi  be  the  radius  of  curvature,  by  the  property  of  the  circle, 
2/)  :   aq  ::  B()   :  vq; 

■■■'  =  r>'^- 

Draw  ay,  vq,  as  in  the  figure;    hen  it  may  be  proved,  as  in 
the  laat  Article,  that 

BY  =  d^y    and     yq  =  —  d^x; 
.-.      BQ»  =  (d^y)*  +  ((/»jr)*, 

■■■hO'-O'- 

Hence  also  we  have  a  geometrical  proof  of  the  valuea  of  coa  t 
and  coBi/'  determined  in  Art.  237,  equations  (23)  and  (24). 
Ab  bq  is  coinddent  in  direction  with  the  radiua  of  corvatnre, 

'dp- 


COS^   =  : 


8Y  ePy 

sq       '^  ds' 

248.]  An  inspection  of  the  ralue  <^  Ae  radiiu  of  curvature, 
(7)  in  Art.  233,  shews  that  the  radius  of  curvature  becomeB  in- 
finite, or  the  curvature  vanishes,  whenever  -r^  =  0;  that  ii, 
the  curve  degenerates  into  a  straight  line.  Such  is  the  case  at 
a  point  of  inflexion,  at  which  also,  as  the  s^  of  -j—  changes, 

the  direction  in  which  the  radius  of  curvature  is  to  be  drawn 
changes  also,  and  the  evolute  passes  off  into  an  infinite  branch 
asymptotic  to  the  normal  at  the  point  of  inflexion,  and  passes 
round  the  sphere  of  which  the  plane  in  which  the  curve  lies  is 
the  superior  limit,  as  in  figs.  24  or  25,  whereby  the  evolute  has 
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no  point  of  discontinuity.     If  ^-^  =  0^  and  does  not  change 

its  sign^  then  the  branches  of  the  evolute  are  related  to  the 
normal  asymptote  in  the  manner  indicated  in  fig.  26 ;  and  if  at 

any  point  on  the  curve  -^  and  ^-^  are  both  infinite^  then  the 

value  of  the  radius  of  curvature  must  be  determined  by  the 
methods  explained  in  Chapter  V. 


Section  8. — On  Curvature  of  Plane  Curves  referred  to 

Polar  Coordinates, 

249.]    To  determine  the  length  of  the  Radius  of  Curvature. 

Let  r  =fiO)  be  the  equation  to  the  curve  (see  fig.  110); 
then  by  equation  (9),  Art.  235, 

ds 

but  T  =  angle  pkx  =  psx  +  spk, 

=  ^  +  tan-i  -=—  ; 

dr 

.'.    dr  =:  d6  -i 


1  + 


_  r^d0^  +  rdrd^0  +  2df^de-rdedH' 
~"  dr^-\-r^dB^ 

And  since  from  equation  (12)^  Art.  220, 

ds  =  (rfr«  +  r»rf^2)*, 

{dr^  +  f^dB^)^  ^ 

P  "  ^  7^de^^rdrdH-\-2dr^de'-rdBd^r'  ^     ^ 

whence,  if  ^  be  equicrescent,  d^O  =  0,  and  we  have 

_    .  (dr'  +  r'rfg')* 

f  -  ^  r*d09  +  2dr*d0-rded*r'  ^    ' 

and  if  r  be  equicrescent,  d^r  ■=■  0,  and  ve  have 

C  -  '^  T*de»+rdrd*$-^2dr*d0'  ^    ' 
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al  value  (48)  may  also  be  deduced  from  thai  of 

Art.  233,  by  subatituting 

X  =  rcxise. 

y  =  rsinfl, 

^  csl 

1  ng  the  Bucceaaive  differentials  of  x  and  y,  as  is 

eiu 

i,  Art.  71. 

Ab  an 

example  of  the  above  formula  (49)  let  us  take  tbe 

-wing 

Ei.l 

To  find 1 

=   6(1 

)f  the  Radius  of  Curvature 

=  a  sin  fl,                 =  -  : 

»)B0; 

■  ■.    p" 

-..,, 

o*(l-co8e)=}^ 
Qfl)»-a»coafl(l-co8tf)}»' 

i«'(i-co( 

(2fl»-2a*c( 

{3a»(l-co..„    ' 

Ex.  2.        To  find  the  lei^th  of  tbe  Radias  of  Cumtoie 
of  tbe  Spiral  of  Archimedes. 

r  =  aO, 
dr 


d'r 

=  0; 

(o■^ 

.-)» 

2a> 

+  r»  ■ 

250.]   Tbe  expression  for  the  radius  of  curvatore  may  also  be 
put  imder  a  very  elegant  and  simple  form,  as  follovs : 

Let  the  equation  to  the  curve  be  changed  into  its  equivalent 
in  terms  of  r  and;;,  by  means  of  dtber  (19)  or  (21)  of  Art.  221, 
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Then,  since  t  =  ^  +  spy, 

=  ^  +  sin-^ -; 

r 


and  since  by  equations  (23)  and  (24),  Art.  222, 

- 

dO^        ^^'    ,, 

nnil 

,             rrfr 

cuiu 

U8   —                               , 

• 

dr-         '^^ 

•       • 

• 

n    —     4-             —     -4- 

(51) 


251.]    Which  expression  may  also  thus  be  obtained  (see 
fig. 110): 

SP   ^s  V    ^ 

'   >     po  =  p,  the  radius  of  curvature, 

o  being  the  point  at  which  two  consecutive  normals  intersect. 
Draw  sz  from  s  perpendicular  to  op,  then  p^r  =  sy  =  p;  there- 
fore from  the  geometry, 

so*  =  SP*  +  PO*  —  2sp.po.  sinspy, 

=  r*  +  p*-2rp^, 

r 

^  r^  ^  p^-.  2pp.  (53) 

Then,  since  o  and  p  remain  the  same  for  the  next  consecutive 
point  in  the  curve,  and  r  and  p  vary,  we  may  differentiate  on 
these  conditions,  and  we  have 

0  =  irdr  —  ^pdp; 

...  p  =  ^^  (54, 

The  geometrical  meaning  of  which  expression  is  evident  from 
fig.  112. 

Let  vy,  vff'  be  two  tangents  drawn  at  consecutive  points  on 

3« 
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the  curvej  ty^  nj^  the  corresponding  perpendionlars  ficom  the 
pole^  then  yt^  is  the  angle  of  contingence,  and  therefore 

d$  ^  p  X  angle  yif^ ; 
bnt  the  angle  ypy'  is  subtended  by  tiie  small  arc  «j^  =  dp^  aft 
the  distance  py',  which  is  equal  to  (r*  —f^)^,  therefore  the 
angle  ypy"  may  be  replaced  by 

_JP_. 

and  replacing  if^  by  its  value  dted  above,  there  results 

rdr 
dp 
262.]  A  comparison  of  the  results  we  have  arrived  at  with 
what  has  been  said  in  Art.  241,  shews  that  o  is  the  centre 
of  a  circle  which  passes  through  three  consecutive  points  on 
the  curve.  Let  this  circle  be  drawn  as  in  fig.  Ill ;  then  pv, 
the  part  of  the  radius  vector  sp  which  is  intercepted  by  the 
circle,  is  called  the  chord  qf  the  cirek  qf  curvature.  Its  value 
is  thus  determined : 

pv  =  2pu  =  2p  cos  OPS, 

=  2psinspy  =  2p^, 

dr 
=  2p^.  (55) 

253.]    Examples  illustrative  of  the  preceding  Articles. 
Ex.  1.         To  find  the  lengths  of  the  Radius  and  of  the 
Chord  of  Curvature  of  the  Logarithmic  Spiral,  whose  Equation 
between  r  and  p  is 

p  =  mr,        see  equation  (25),  Art.  223, 
dp 

dr       ^' 

r  1 

.'.     p  =  — ;       chord  =  2mr—  =  2r, 

,'.      PV  =  2P8. 

Ex.  2.         The  Involute  of  the  Circle. 

/>*  =  r*  —  a*, 
dp 

.'.     p  =  p,        chord  of  curvature  =  -^  . 

r 
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Ex.  3.        The  Lemniscata  of  Bernoulli. 
The  polar  equation  is 

r*  =  a^  cos  2d; 
.- .     in  accordance  with  the  notation  of  Art.  221, 

fl*tt*  =  sec  2d; 

.-.    2a«t«:j;:  =  28ec2dtan2d, 

do  ' 

=  2a«tt«tan2d, 

du 

-yz  =  tttan2d; 

dB  ' 

.-.     «*  +  ^  =  «Ml  +  (tan2d)*}, 

=  tt«(8ec2d)2, 
=  a*tt®; 

i  -  ?! 

rfjp  _  8r« 

.'.     p  =  =~,         chord  of  curvature  =   ^  ^  =  o  ''• 
or  or*         <5 


Section  4. — On  Evolutes  of  Curves  referred  to 

Polar  Coordinates. 

254.3    The  following  is  the  most  convenient  method  of  de- 
termining the  equation  to  the  Evolute  of  a  polar  Cuiye. 

Let  the  original  equation  be  transformed  into  its  equivalent 
between  r  and  p^  so  that 

r  =  f(p) ;  (56) 

then^  bearing  in  mind  what  has  been  said  in  Section  2  of  the 
present  Chapter  on  the  properties  of  evolutes,  which  are  general 
and  independent  of  the  particular  system  of  deteimining  position, 

3B  a 


306  POLAR  COORDINATES. 

tite  line  po  in  fig.  Ill,  which  in  a  norm&l  to  the  involute,  » 
a  tangent  to  the  evoiutc ;  therefore,  referring  the  evolute  to 
polar  coordinates,  f'  and^',  if  we  take  s  to  be  the  pole  of  the 
erolute,  ire  hare 

,    t  coordinates  to  the  evolute, 
tx  =  p  ) 

sod  the  following  equations : 

and  firom  the  geometry, 

/)'  =  (r^-p*)*,  ^ 

and  tnm  equation  (&3),  Art.  351, 

r"  =  r»  +  p«-3flp; 
•'from  vhidi  fbor  eqoationa  «e>caa  (theoMtiealljr  at  leut)  elimi- 
nate r,  p,  and  p,  and  obtain  a  final  equation  ioTolnng  only  r' 
anAff,  which  will  be  the  polar  equation  to  the  erolnte. 

The  uveral  properties  of  erolntea,  and  the  relaticm  tbej  bear 
to  thedr  respective  involDtes,  might  be  deduced  from  a  dJaoos- 
non  of  them  referred  to  polar  coordinates ;  bat  as  Aey  have 
been  fnlly  explained  in  the  former  part  of  this  Chqiter,  it  is 
not  necessary  to  repeat  them. 

Ex.1.         To  find  the  Equation   to  the  Evolute  (^  the 
Logarithmic  SpiraL  _ 


'  '     dr  ' 

r 

.-.    p'  =  (l-i?i")*r, 

r''  =  r'  +  — ,  -  ir', 

,  _  (1 ->»■)* 

m  ' 

.■,    p   =  mr', 
which  represents  another  equal  logaiithmic  spiral. 
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The  same  result  also  follows  from  Ex.  1,  Art.  253;  for  since 
pv  =  2fs^  the  perpendicular  to  sp  from  s  meets  the  normal  in 
the  centre  of  curvature^  or  according  to  the  type-figure,  a  is  the 
centre  of  curvature;  therefore  the  angle  sgp>  which  is  equal  to 
SPT^  is  constant;  and  therefore  as  p a  is  a  tangent  to  the  e vo- 
lute^ the  locus  of  o  is  a  logarithmic  spiral^  the  angle  between 
the  radius-vector  and  tangent  of  which  is  equal  to  the  cor- 
responding angle  of  the  original  curve ;  and  therefore  the  two 
curves  are  equal. 

Ex.  2.         To  determine  the  Evolute  of  the  Involute  of  the 
Circle. 


r^  =:  p^  -\-  fl*, 

dr      p 
dp       r' 

P  = 

P'  =  o. 

r'*  =  r*  +p*  - 

2p\ 

=  r»-p*, 

=  a«j 

r'  =p'  =  a. 

Hence  the  evolute  is  a  circle  whose  radius  is  a,  as  is  manifest 
from  the  figure  87. 
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CHAPTER  Xm. 

ON  CONTACT  OF  CURVES  AND  ON  ENVELOPES. 

Section  1. — On  the  Theory  of  Contact  of  Plane  Curves, 

255.3  ^^  Art.  182  we  defined  a  tangent  line  to  be  that  which 
passes  through  two  consecutive  points  on  a  curve,  and  therefore 
it  follows  that  there  are  two  points  common  to  the  tangent  and 
to  the  curve ;  and  in  Art.  241,  we  shewed  that  there  were  three 
points  common  to  the  curve  and  to  the  circle  of  curvature. 
This  property  of  curves  having  consecutive  points  in  common, 
or^  as  it  is  caUed,  having  contact,  it  is  our  object  to  generalize, 
and  with  reference  to  it  we  define  as  follows : 

Def. — Curves  which  have  two  consecutive  points  in  common 
are  said  to  have  contact  of  the  first  order :  those  which  have 
three  consecutive  points  in  common  are  said  to  have  contact 
of  the  second  order ;  and  similarly  two  curves  have  contact  of 
the  nth  order,  when  they  have  (w  -|- 1)  consecutive  points  in 
common. 

Thus  ordinarily,  a  tangent  line  has  contact  of  the  first  order 
with  a  curve ;  and  the  circle  of  curvature  has  contact  of  the 
second  order. 

Curves  which  possess  these  relative  properties  are  also  called 
osculating  curves,  and  curves  are  said  to  osculate  to  each  other. 

Nothing  is  said  as  to  curves  having  only  one  point  in  common, 
because  such  a  condition  implies  no  more  than  that  they  inter- 
sect, and  does  not  enable  us  to  determine  the  relative  direction 
of  the  curves. 

256.]  Hence  then  it  appears  that  if  for  two  curves  whose 
equations  are  /.,  .  ....  ,,, 

we  have  the  series  of  common  points  indicated  in  the  following 
table,  viz. : 
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\/    i  r '  the  two  curves  intersect ; 


(x,  y),  {x  +  dXy  y  -f  dy)  ">  the  two  curves  have  contact  of  the 
(f>  'n)y  (f  H-  di,  rj-^drj))'  first  order ; 

(^, y ),  (^  +  rfj?,  y  +  «^y ),  {x-\-2dx  +  rf^a?,  y  +  2 rfy  +  rf*y) ^    there 

contact  of  the  second  order ; 

and  similarly  as  to  contact  of  the  nth  order^  for  which  it  is  ne- 
cessary that  the  successive  differentials  of  the  variables  up  to 
the  nth  should  be  equal  in  both  curves. 

These  conditions  become  greatly  simplified  if  we  consider 
X  and  (  to  be  equicrescent^  and  each  to  increase  by  the  same 
augment,  in  which  case  the  several  differentials  of  x  and  (, 
after  the  firsts  vanish^  and  we  have,  if 


[  >  intersection  of  the  curves : 
=  yJ 

""      [    and  -J?  =  -r^ ,  contact  of  the  first  order : 
=  yj  Of      dx 

=:  x")    dn      dy        1  d^ri      rf*v  -  ,  -      , 

_      \  ^-jj  —  -;f-f  ^^^  37i  =  j^  >  contact  of  the  second  order; 


(  =  x 

f  = 


and  if,  besides,  all  the  several  successive  differential  coefficients, 
up  to  the  nth  inclusively,  are  equal  in  both  curves,  there  is 
contact  of  the  nth  order. 

Hence,  if  two  curves  have  contact  of  the  first  order,  they 
have  a  point  in  common,  and  the  same  tangent  at  the  point; 
and  therefore  the  tangent  has  contact  of  the  first  order.  And 
if  two  curves  have  contact  of  the  second  order,  they  have  not 
only  a  common  tangent  at  the  common  point,  but  the  curva- 
ture is  the  same,  and  is  turned  in  the  same  direction ;  that  is, 
they  have  the  same  circle  of  curvature. 

257.]  Hereby  then  the  criterion  of  the  order  of  contact 
assumes  a  new  form;  it  depends  on  the  number  of  the  suc- 
cessively-derived functions  of  the  equations  to  the  curves 
which  are  equal;  hence  we  are  led  to  the  following  mode  of 
viewing  the  subject,  from  which  many  important  properties 
may  be  deduced. 
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be  the  eqmtioM  to  the  two  curves,  which  have  a  common  point, 
#  ^  {,  jr  E  q;  Wtl  let  y'  aud  >/  be  the  ordinatcs  correspondiug 
to  the  abaciBM  #  4  A  j  then 

if  =  /(»)  +  */(•)  +  ^/"O + -  +  ixbi.'"<'+  **'•  ^ 
-,♦(•)+ o* 

nuMAfe  tf  4e  ooBtMt  -be  of  the  first  order, 

/(#)  =  ♦(#),    /(:r)  =  *'(.r),     Rnd 

r*  -  V  =  ^  {iTt*  4  flA)  -  f '(a;  +  flA)} ;  (5| 

thit  is,  if  A  be  iiifimteniBal,.the  difference  between  the  ordi- 
nates  oomtponding  to  2  +  A  is  an  infinitesimal  of  the  second 
(wder. 

And  no  otlier  line  ean  paw  between  these  two  curves,  unless 
it  liu  with  each  of  them  a  contact  of  at  least  the  first  order ; 
for  soppoM  it  were  powible  &tnt  the  ordinate  ^,  corresponding 
to  the  abaciaia  «  +  A  of  the  cnrve  y  =  ¥l.e)  should  be  such  that 
y(x)  is  not  eqoal  tof(x),  then 

y'  -  yi  =  y  {/(^  +  flA)  -  r^iT  +  eh)] ;  {6) 

which  difference  is  obviously  greater  than  that  given  in  (5),  if 
A  is  infimteaimalj  and  therefore  the  curve  y  =  t(x)  does  not 
come  between  the  curves  y  =  f{x)  and  y  =  4>(x). 

If  the  contact  be  of  the  second  order,  then,  besides  the 
former  conditions,  we  have 

f"(x)  =  4>"(x), 
and  Bubtracting  (4)  from  (8),  we  have 

y'  -  V  =  1^  i/"'(^  4  0h)  -  ,p"'(x  +  0h)]  i  (7) 

that  is,  the  difference  between  the  ordinates  corresponding  to 
the  abscissa  j:  +  A  is  an  infinitesimal  of  the  third  order. 

*  tf  is  u«ed  as  the  general  ejrmbol  of  a  proper  fnction,  aod  does  not  neces- 
nrily  rapresetit  the  Bame  quantity  in  (3)  and  (4),  or  in  the  Bubaequcnt  cqot- 
tioDs :  this  is  manifest  from  the  argument  of  Chapter  IV. 
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And  if  there  is  another  corve^  y  =  r(w)y  such  that  f^'(^)  is 
not  equal  to  /"(x),  although  f^{x)  =  f'(x) ;  then,  if  yi  be  the 
ordinate  of  this  third  curve  corresponding  to  the  abscissa  x-\-h, 

y'  -  yi  =  ^  {/" (^  +  Oh)  -  f"(«  +  Oh)};  (8) 

which  difference,  being  an  infinitesimal  of  the  second  order,  is 
obviously  greater  than  that  given  by  equation  (7) ;  and  there- 
fore this  third  curve  does  not  come  between  the  first  two  curves. 
Similarly,  if  the  contact  between  two  curves  be  of  the  nth 
order,  the  difference  of  the  ordinates  corresponding  to  of  +  A, 
when  h  is  infinitesimal,  is  an  infinitesimal  of  the  (»+ l)th  order. 
Hence  we  have  the  following  theorems : 

^^Two  curves  which  have  contact  of  the  nth  order  are  infi- 
nitely nearer  to  one  another  than  two  curves  which  have  con- 
tact of  an  order  lower  than  the  nth/' 

"  A  curve  which  has  contact  of  the  nth  order  cannot  come 
between  two  curves  which  have  contact  of  an  order  higher 
than  the  nth/* 

^'  Two  curves  which  have  contact  of  the  nth  order  with  a  third 
curve,  have  contact  of  at  least  that  order  with  each  other/' 

258.]  An  inspection  of  the  equations  (5)  and  (7)  above,  and 
of  other  equations  formed  in  a  similar  manner,  and  giving  the 
difference  between  the  ordinates  t/'  and  rf,  corresponding  to  the 
several  orders  of  contact,  leads  to  the  following  theorem : 

'^  If  two  curves  have  contact  of  an  odd  order,  they  touch  and 
do  not  intersect ;  and  if  the  contact  be  of  an  even  order,  the 
curves  touch  and  intersect/' 

For  suppose  the  contact  to  be  of  the  nth  order, 

Then,  if  n  be  even,  t/  —  rf  changes  its  sign  as  A  changes  sign ; 
and  therefore /(;r  — A)  — 4> (a?— A)  and /(d?-f  A)— ^(Jf+A)  have 
different  signs,  and  therefore  the  curves  intersect  at  the  point 
of  contact.  But  if  the  contact  be  of  an  odd  order,  n  is  odd 
and  n  +  1  is  even,  and  f/—rf  does  not  change  sign  with  A;  that 
is,  the  curve  which  was  nearer  to  the  axis  of  x  before  contact  is 
nearer  to  it  afterwards,  and  the  curves  do  not  intersect. 

3^ 
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259,]  Suppose  that  there  are  two  curves,  of  one  of  which 
the  equation  is  given,  and  contains  certain  fixed  coostauts  so 
that  its  form  and  position  are  completely  determined,  but  that 
the  equation  to  the  other  involves  several  arbitrary  constants, 
in  the  determination  of  which  we  may  make  the  curve  fulfil 
certain  conditions ;  we  are  going  to  shew  that  these  latter  may 
be  satisfied  by  making  the  curve  have  with  the  former  cun-e 
a  contact,  the  order  of  which  depends  on  the  number  of  un- 
ermined  constants. 

ijet  »(jr,y)=0  (10) 

be  the  Qqaation  to  the  fanner  eoire}  and 

f{i,T,,CuCi C„)  =   0;  (II) 

that  to  the  latter,  in  which  Ci,  c^ c„  are  n  arbitrary  cou- 

■tanta,  and  to  be  determined.  From  the  theory  of  algebraical 
elhnhiatHai  it  ia  plain^  that  there  must  be  n  independent  cqua- 
tiona  to  determine  the  n  uukuown  quantities ;  let  then  n  equa- 
tiooa  be  fmrmed  by  making  the  curve  pass  through  n  givea 
foiaiM,  that  ii,  by  eubstitutiug  successively  the  coordinates  to 
the  giTCn  pointi  for  the  current  coordinates  to  the  curve  in  its 
eqtiation;  and  let  us  suppose  these  »  points  to  be  ou  the  curve 
(10),  and  (which  ia  allowable)  to  be  infinitesimally  consecutive 
points ;  then  making  ;r  and  (  eqnicreacent,  and  variables  with  the 
same  augments,  in  the  two  curves,  by  the  latter  part  of  Art.256, 
all  the  snccessively-derived  functions  up  to  the  (n— l)th  of  the 
equations  of  the  two  curves  must  be  equal;  up  to  the  (n— l)th, 
I  say,  for  thereby  will  n  consecutive  points  be  common,  and 
sufficient  conditiona  will  have  been  introduced  for  the  determi- 
nation of  all  the  constants. 

And  if  the  latter  curve  have  with  the  former  a  contact  of  an 
order  lower  than  the  (n— l)th,  there  will  not  be  sufficient  con- 
ditions to  determine  all  the  n  constants,  and  therefore  the  form 
and  positioQ  of  the  latter  curve  may  vary,  and  there  may  be 
any  number  of  curves  satisfying  the  conditions. 

260.]  Suppose  that  the  equation  to  the  latter  curve  contains 
but  two  arbitrary  constants,  being  of  the  form 

/(f, 'J,ci,c,)  =  0;  (12) 

then,  differentiating 
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by  means  of  which  equations^  when  x  and  y  are  substituted  for 
i  and  r]y  in  combination  with  i^ix^y)  =  0,  we  may  determine 
C\  and  c%y  and  find  a  curve  which  will  have  contact  of  the  first 
order  with  the  latter  curve. 

Ex.  1.        To  determine  the  values  of  the  constants  a  and  b^ 
that  the  straight  line  whose  equation  is 

i  +  J  =  1  (14) 

a        0 

may  have  contact  of  the  first  order  with  the  curve 

Y{x,y)  =0.  (15) 

Since  (14)  is  to  pass  through  a  point  on  (15)^  we  have 

i=f  +  ^  =  0.  '        •  (16) 

a  o 

Also  differentiating  (14)^ 

^  +  ^  =  0,  (17) 

a  0 

andfipom(15),  ,  , 

and  since  drf  and  d^  are  to  be  equal  to  dy  and  dx,  we  have 
from  the  last  equations 

»(£)  =  '  {%)  ■■ 

and  multiplying  (16)  by  the  terms  of  this  equality,  there  results 

S  +  ^^-y)!^' 

which  is  the  equation  to  the  tangent  to  the  curve  at  the  point, 
and  which  has  therefore  contact  of  the  first  order. 

d^-n 

Also  since  from  (17)  --r^  =  0,  if  at  any  point  on  the  curve 

^-^  =  0,  the  tangent  will  have  contact  of  the  second  order; 

hence  at  a  point  of  inflexion  such  is  the  case.  Similarly  if  the 
several  derived-functions  of  the  equation  to  a  curve  up  to  the 
«th  inclusive  vanish  at  a  certain  point,  the  tangent  at  the 
point  will  have  contact  of  the  nth  order  with  the  curve. 

3P2 


(18) 


<f-')(S)+C-y)(S)=0. 
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Hence  it  appears  that  a  straig!it  line  can  generally  have 
contact  of  only  the  first  ordex  with  a  curve,  but  may  have  con- 
tact of  any  order  if  the  differential  coefiicienta  of  the  equation 
to  the  curve  vanish  at  the  point. 

261-3    ^^  ^^^  equation  to  the  latter  curve  involve  three  con- 
I,  being  of  the  form 

Ai,  1.  ci.  *?!.  <^!t)  =  0, 

en,  iff  be  equicrescent,  we  have 

!<''/)  ''I'll  i'f\  A   ,    l''f\  ^  I''/]  •''l  _  0 

By  means  of  which  equations,  wl  :n  x  and  y  have  been  sub- 
stituted for  f  and  rj,  in  addition  vo  r(a:,y)=  0,  may  the  con- 
stants be  eliminated,  and  the  curve  be  determined  which  has 
contact  of  the  second  order  with  the  given  cur\e. 

Ex.  1.       To  determine  the  conditioDS  of  contact  of  a  Circle 
with  a  given  Cnrve, 

For  the  sake  of  simplicity  let  the  equation  to  the  given  curve 
be  in  the  explicit  form  _  ...  .  ,,g, 

and  let  the  equation  to  the  circle  be 

(f-a)»-j-{T-;3)*  =  p»,  (20) 

in  which  three  arbitrary  constants  are  involved;  hence  ordi- 
narily the  circle  may  have  contact  of  the  second  order  with  a 
given  curve.  Accordingly,  differentiating  twice,  and  taking 
neither  variable  to  be  equicrescent,  we  have 

(£~a)d£  +  (v-p)d,,  =  Q.  {21) 

i£-a)  d'£  +  (r,-p)  d»,  +  rff»  +  df,*  =  0;  (22) 

whence,  by  elimination 

_   -dr,{d£'  +  dn') 
^-''-    rf»,d»f-dfrf»,  '  ^' 

„     o  _     d£[d(*  +  dfi*) 
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and  therefore  p.  =  ^J^^±iW_;  (25) 

and  replacing  rj,  f ,  and  their  differentials  by  y,  x,  and  their 
differentials^  and  putting  rfo?*  -f-  dy^  =  ds\  we  have 

^  "^  (dyd^x-dxdhf)^'  ^^^ 

which  are  severally  the  coordinates  to  the  centre^  and  the  radius 
of  the  circle  which  has  contact  of  the  second  order  with  the 
curve. 

If  J?  be  taken  as  an  equicrescent  variable^  and  the  above  ex- 
pressions be  modified  accordingly^  it  will  be  seen  on  comparing 
them  with  the  expressions  marked  (7)  and  (33)  in  the  last 
Chapter,  that  they  are  the  same  as  those  determined  for  the 
coordinates  of  the  centre  of,  and  for  the  radius  of  curvature ; 
and  therefore  the  osculating  circle,  or  that  circle  which  has 
contact  of  the  second  order  with  a  curve,  is  identical  with  the 
circle  of  curvature ;  and  therefore  all  the  properties  which  were 
in  the  last  Chapter  proved  to  belong  to  the  circle  of  curvature, 
are  also  equally  true  of  the  dsculating  circle. 

Hence,  and  from  Art.  258,  it  appears  that  a  circle,  which  has 
contact  of  the  second  order  with  a  curve  at  a  given  point,  cuts 
the  curve  as  well  as  touches  it ;  that  is,  as  at  such  a  point  the 
curvature  continuously  varies  without  a  singular  value,  the  oscu- 
lating circle  is  wholly  within  the  curve  on  the  side  towards 
which  the  curvature  decreases,  and  is  without  it  on  that  towards 
which  the  curvature  increases. 

262.]  Let  us  consider  whether  under  any,  and  if  so,  under 
what  circumstances  the  osculating  circle  determined  as  above 
has  contact  of  the  third  order  with  a  given  curve. 

In  (21)  and  (22),  replacing  i  and  r^hy  x  and  y,  we  have 

(d?-a)  dx  +  (y-jS)  dy  =  0,  (29) 

{x^a)  d^x  +  (y-/3)  d^y  +  rfy»  +  dx^  =  0;         (30) 
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fore,  differentiating  again,  since  the  contact  ii 


(x-a)  dfix  +  (y-3)  rf^y  +  3  (rfrrf**  +  dy  <Py)  =  0,     (31) 
hence,  by  cross-multiplication,  from  (29),  (30)  and  (31),  «b 
bare 

Ixd'x  +  dyd*y)  (dxd*y  —  dyd^x) 

+  {d^xdy  -  d^ydx)  (dx*  +  rfy»)  =0;  (32) 
since  ,  ,        j  a   .   j  s 

.■ .     dsd^s  =  dxd^x  +  dyd*y  : 
.-,     (32)  becomes 

^d^s(dxd*y~dyd*x)-\^d)i\    ^xdy -d^ydx)  =  0,     (33) 
which  condition  must  be  snt         ,  that  the  circle  may  ha»i' 
contact  of  the  third  order. 
Also  since  i  ^^^ 

''  "^  di  dyd^x'  ^H 

.         3rfs*rf»«((f3rd^''  \-dg^{dxd^y--dyd^x)    „,^ 

■■-    '^c  = -d^\^^ —  '^^ 

the  numerator  =  0,  by  virtue  of  equation  (33) ;  therefore  dp  =  0, 
and  p  is  a  maximum  or  a  minimum,  or  a  constant.  Therefore  if 
at  any  point  of  a  curve  the  radius  of  curvature  is  a  maximum 
or  a  minimnm,  or  constant,  the  oscuhiting  circle  at  that  point 
has  contact  of  the  third  order  at  least. 

And  if  at  any  point  on  a  curve  the  ciuratore  is  a  maximam 
or  a  minimum,  so  that  the  contact  is  of  an  odd  order,  the  oscu- 
lating circle  touches  but  does  not  intersect  the  curve:  falling 
entirely  within  it  when  the  curvature  is  a  maximum,  and  en- 
tirely without  it  when  the  curvature  is  a  minimum.  In  gene- 
ral too,  in  a  closed  curve  which  has  no  points  of  inflexion  or 
cusps,  such  as  an  ellipse,  the  curvature  has  at  least  one  maxi- 
mum and  one  minimum  value,  and  necessarily  has  the  same 
number  of  minima  as  of  n 


263.]    Hence  also  it  appears  that,  as  the  complete  equation 
of  the  second  degree  of  two  variables  is 

AT,*  +  Bf.)  +  cf»  +  n^  +  Ef  +  F  =  0, 
which  involves  apparently  six  constants,  but  of  which  only  jive 
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are  arbitrary^  as  one  fixes  the  standard  of  comparison^  a  central 
curve  of  the  second  degree^  with  all  its  terms  complete,  may 
have  contact  of  the  fourth  order  with  a  given  curve ;  but  as  in 
the  case  of  the  parabola  a  relation  is  given  amongst  the  con- 
stants^ and  therefore  only  four  are  arbitrary^  a  parabola  can 
have  contact  of  only  the  third  order.  Similarly  with  regard 
to  the  ellipse^  if  certain  conditions  are  given^  the  number  of 
disposable  constants  becomes  diminished^  and  the  order  of  con- 
tact is  lowered ;  as  for  instance^  an  ellipse  with  its  major  axis 
parallel  to  the  axis  of  x  has  for  its  equation 

with  four  arbitrary  constants^  a>  p,  a,  b;  and  therefore  there 
can  be  contact  of  only  the  third  order.  Similarly,  if  in  addition 
the  ellipse  is  to  be  of  a  given  eccentricity^  then  a  relation  is 
given  between  a  and  A,  and  we  have  only  three  arbitrary  con- 
stants^  and  there  can  be  contact  of  only  the  second  order. 

Thus  again  suppose  the  problem  to  be^  to  determine  the  co- 
ordinates to  the  vertex  and  the  latus  rectum  of  a  parabola^ 
whose  principal  axis  is  parallel  to  the  axis  of  x,  and  which  has 
contact  of  the  second  order  with  the  curve  whose  equation  is 

Let  a  and  p  be  the  coordinates  to  the  vertex  of  the  parabola^ 
and  4m  the  latus  rectum^  then 

(r,-i8)»  =  4m(f-a), 

whence^  replacing  (,  tf,  and  their  differentials  by  x,  y,  and  their 
differentials^  we  have 


408  ON  ENVELOPES.  [264, 

4,„  =  _  4^,  (86) 


dy_ 
dx 

dx^ 


(37) 


means  of  (35)  and  (37),  in  combination  with  the  equation 
me  curve  y  =  f(x),  we  may  find  the  locug  of  the  vertex  of 
parabola,  as  the  point  of  contact  moves  along  the  ^vca 
curve. 


Section  2. — On  the  Theory  of  Envelopes. 

264.]  In  the  discussion  of  the  relative  properties  of  evolutei 
and  involutes,  in  Chapter  XII,  Aj  :a.245  and  242,  it  is  proved 
that  the  normal  to  the  ir  is  a  tangent  to  the  erolutBj 

or  in  other  words,  that  as  ormal  to  the  involute  passes 

through  two  consecutive  points  of  the  evolute,  the  latter  curre 
may  be  conceived  to  be  made  up  of  an  infinite  number  of  in- 
finitesimal straight  lines,  each  of  which  is  a  part  of  a  normal 
to  the  involute;  thus  we  say  that  the  evolute  is  fwmed  by  the 
intersection  of  consecutive  normals.  Similarly,  if  a  system  of 
straight  lines  infinite  in  number,  and  varying  in  position  inr 
finitesimally  from  each  other,  is  drawn,  so  that  the  perpendicolar 
from  a  given  point  on  each  of  them  is  the  same,  then  the  curve 
formed  by  the  intersection  of  all  such  is  a  drde.  Or  agun, 
suppose  that  an  infinite  number  of  equal  circles  have  their 
centres  along  a  straight  line,  and  infinitesimally  near  to  eadt 
other,  then  they  all  intersect  in,  and  by  their  intersections  form, 
two  straight  lines  parallel  to  the  given  line.  Cnrvea  formed  in 
this  manner,  by  the  ultimate  intersection  of  straight  lines  or 
curves  drawn  according  to  some  given  law,  are  called  emekpa, 
and  are  said  to  envelope  the  family  of  curves.  The  genenl 
theory  of  them  we  proceed  to  discuss. 

It  is  plain  from  algebraical  as  well  as  geometrical  reasoning, 
that  if  an  equation  to  a  curve  be  given,  involving  one  or  mon 
constants,  as  well  as  the  current  coordinates,  the  position  and 
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dimensions  of  the  curve  wiU  be  changed  by  a  change  in  the 
constants^  and  yet  the  class  may  remain  the  same;  that  is^  a 
variation  of  a  constant  may  involve  a  specific  though  not  a 
generic  change  of  curve.  A  constant  that  enters  into  an  equa- 
tion^ and  varies  in  the  way  above  explained^  is  called  a  variable 
parameter.  Thus  in  the  equation  to  a  parabola^  y*  =  4mx,  as 
m  varies^  the  form  of  the  parabola  will  vary^  though  its  vertex 
and  principal  axis  are  unaltered.    In  the  equation  of  the  ellipse 

?  ■*"  A"*  -  ^^ 

a  and  b  may  be  variable  parameters ;  in  which  case,  changes  of 
them  will  involve  a  change  of  an  individual  ellipse^  though  the 
class  or  family  represented  by  the  equation  will  remain  that  of 
ellipses  still. 

265.^    Let  the  equation  to  the  family  of  curves,  of  which  it 
is  our  object  to  determine  the  envelope,  involve  only  one  para- 
meter, and  be  /  %       n  /qq\ 
'                              p(a?,  y,  a)  =  0,                                   (38) 

in  which  a  is  the  variable  parameter^  so  that  for  every  value  of 
a  we  have  some  particular  curve ;  but  so  that,  if  we  make  a  to 
vary  infinitesimally  and  continuously,  we  shall  have  a  seDries  of 
curves,  the  position  of  each  one  diflRering  infinitesimally  from 
that  of  the  next.  Suppose  that  a  receives  a  variation  da,  then 
the  two  curves  whose  equations  are  (38)  and 

F(a?,y,a-hrfo)  =  0,  (39) 

are  in  position  infinitesimally  near  to  another ;  but  owing  to 
the  variation  of  a  they  will  in  general  intersect  in  some  point, 
which  will  be  determined  by  x  and  y  being  the  same  in  both 
(38)  and  (39),  and  which  will  be  a  point  on  the  envelope.  If 
therefore  we  eliminate  a  between  (38)  and  (39),  the  resulting 
equation  will  involve  only  a:  and  y,  and  will  be  the  equation  to 
the  epvelope. 

Before  however  we  proceed  to  apply  the  method,  we  may 
put  (39)  under  a  more  convenient  form.  By  equation  (21), 
Art.  101, 

F(a?,  y,  o  -f  da)  =  r(w, y,  a)  -f  daT^(a:,  y,  a  +  Odd)  =  0, 

and  therefore  by  reason  of  equation  (38), 

p'  (47,  y,  o  -f  Odd)  =s  0, 

3<» 
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■Bd  thmftm  in  As  Kant,  whtn  da  w  infiaitesimal, 

V(«,|f,«)=0.  (40) 

To  dfltarmiiw  thevrilne  the  Mmilcqie  oi  tlw  fiuB^  cif  Mmt 

vhow  generRl  eqnatioa  it  f(«,  jr,  «)  is  0,  and  of  vUeh  Oe 

■ennd  indhidokk  «re  fonned  bjr  m^jng  a  to  ntj,  We  mmt 

_  «  ._j  *'  __  « 


'  Tlie  geometrical  oonoeption  (rf  seeh  envekqw*  endodt^  »- 
q^dres  that  the  paitieolar  ettrra  and  Um  envelope  AonU  have 
the  ume  tangent  at  their  common  point.  And  thia  tniUi  n 
'vlao  pio*ed  aa  ftDowa : 

Differentiale  (8^,  maldag  w,  y  and  a  to  vaiji^  Aen 

but  ainoe  by  reason  (tf  (40) -^  =  Oj  tbeieAn,i^iidEher'evviea 
ernot,  we  hare  the  lame  eiiBation,  Tit.  itl  .>,   ^  ^r.: . 


©*+©*—• 


whereby  to  determine  -^ ;   and  therefore  the  tangaat  is  tin 
same  to  the  envelope  and  to  each  corre  at  thdr  common  point. 

266.]     Ex.  1.      To  determine  the  Equation  to  the  Curve 
formed  by  the  intersection  of  the  straight  lines  whoae  Equa- 
tion is  ^ 
y  —  ax  +-, 
where  a  varies. 

Differentiate  with  respect  to  a,  :r  and  y  being  constant, 


(?) 


=  +  2  •J{mx), 
.  ■•  y*  =  Amx, 
which  is  the  equation  to  a  parabola. 
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Ex.2.        To  determine  the  Envelope  of  the  series  of 
straight  lines^  of  which  the  general  Equation  is 

y  =  ajp  +  (a»a»  +  4«)*, 
wherein  a  varies. 

Differentiate  with  respect  to  a, 


0  =  X  + 


a*o 


(a»a»-hA«)** 


b         X 
o  = 


subftituting  which  in  the  general  given  equation^  and  reducing 
and  squaring^  we  have     ^  s 

—   4-^-1 

a*  ^  i*  "  ^' 

On  examination  of  these  two  examples  it  will  be  seen^  that 
the  determination  of  envelopes  produced  by  straight  lines  is  the 
inverse  one  to  that  of  finding  the  equation  to  a  tangent  to  a 
curve;  for  the  two  equations  to  the  straight  lines  are  those 
severally  known  by  the  name  of  the  ''  magical^'  equations  to 
the  tangents  of  the  parabola  and  the  ellipse.  In  this  case  then 
we  have  the  equation  to  the  tangent  given,  and  the  problem  is, 
to  determine  the  curve ;  in  the  other  case  the  equation  to  the 
curve  is  given,  and  we  have  to  determine  that  to  the  tangent. 
Hence  the  method  of  envelopes  has  been  sometimes  called 
''  the  inverse  method  of  tangents.^' 

The  geometrical  property  involved  in  Ex.  1  is,  "  Prom  a  point 
in  the  axis  of  x^  at  a  distance  m  from  the  origin,  lines  are  drawn 
cutting  the  axis  oi  y\  at  the  points  of  intersection  other  lines 
are  drawn  perpendicular  to  these ;  to  find  the  envelope  of  these 
latter  lines.'^  And  that  involved  in  Ex.2  is,  ^'To  find  the 
envelope  of  a  series  of  straight  lines  drawn,  so  that  the  product 
of  the  two  ordinates  at  distances  +  a  from  the  origin  may  be 
equal  to  A*.^^ 

Ex.  3.         To  determine  the  Envelope  of  all  Farabolse  ex- 
pressed by  the  Equation 

wherein  a  varies. 

30a 
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Difierentiste  with  respect  to  a, 

J, 

0w  ODTdope  tkereton  is  anoUiK'  panlxdi,  hanng  its  fiiBu  it 


Bz.  4.       It  i«  tetpmai  to  find  tiw  Awdope  of  Nomdi 
dnim  to  a  gimi  Cum. 
Xiet  the  eqnatum  to  the  co^'be 

t^tor'flitJr'Miiudli-''" 


'<'''^»>*;+  f-»^o- 


DiffiBiciitiKflj  conndeting  if  md  f,  wnich  an  toe'  cuiimt  M' 
ordmates  to  the  normal,  to  be  constant, 


,  <<•» 


d£ 


From  which,  and  from  (42),  we  have 


^  di'dy 
d*y  (to 
33 


(«) 


which  are  the  same  expressions  as  thote  of  eqtmtioiis  (88), 
Art.  289,  and  therefore  the  erolute  is  the  envelope  of  the  nor- 
mals. The  method  pursued  above  is  manifestly  the  same  aa 
that  of  Chapter  XII,  but  expressed  in  different  langoaga 
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267.]  If  the  equation  representrnj^  the  fiunilj  of  curves  in^ 
volTe  many^  say  n,  variable  parametecra,  and  these  panuneten 
are  related  by  (n  —  1)  other  and  independent  equations,  which 
conditions  are  equivalent  to  there  being  only,  ofttf  variable  para- 
meter, instead  of  eliminating  (n  — 1)  parameters^  and  then 
differentiating  with  respect  to  the  remaining  one,  and  proceed- 
ing  as  in  the  last  Article,  the  following  method  is  more  elegant. 

Let  the  equation  to  the  family  of  curves  be 

»(^.  y,  ai,  02,  08 On)  =  0,  (45) 

and  let  the  (n  —  1)  equations  of  condition  be 

fti^i,  <H ««)  =  0,     ^^  ^ 


/(ii-i)(ai>a2 On)  =  0. 

Conceive  ai,  a^,  as On  to  vary  by  infinitesimal  variations, 

whereby  we  have 


(48) 


Then,  if  x  and  y  be  the  same  in  (45)  and  (47),  they  refer  to 
the  point  in  the  envelope  where  the  two  particular  curves  of  the 
family  intersect;  and  therefore  if  the  several  variable  para- 
meters and  their  differentials  can  be  eliminated,  the  resulting 
equation  between  x  and  y  will  represent  the  locus  of  the  points 
of  intersection,  which  will  be  the  envelope  required. 

By  equations  (45) (48)  we  have   2n   different   rela* 

tions,  from  which  (2n  — 1)  quantities,  viz.  ai,  c^,  03 On^ 

-j-i ,**"^ ,  are  to  be  eliminated;  which  is,  of  course,  a 

dan  aan 

possible  problem.     To  solve  it,  multiply  the  (n  — 1)  equations 
in  (48)  by  (n— 1)  indeterminate  multipliers  Xi,  Aj,  As, An.i, 
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and  I  ad  {47)  together;  by  which  means  there  wiO  be  n 
condiuuas  involved  in  one  equation ;  and  therefore  we  are  at 
liberty  to  make  n  nev  conditions.  Let  these  be  that  the  co- 
efficients of  the  differentials,  viz.  dai,  da^, da^,  be  equal 

to  zero;  whence  we  have 

(^)-*.(^^)-*'(.^)---(^)  =  ». 


(J^)+».©+^-(©--+*-(^ 


and  between  the  equations  (45),  (-16),  and  (49),  which  are  2n 

in  number,  we  may  eliminate  the  (2n  — I)  quantities,  ai,  oj 

Or,  a,,  Xa A/1-1)  Rud  ultimately  arrive  at  an  equation  be- 
tween s  and  y  only,  which  will  be  the  required  envelope  to  the 
family  of  curves. 

In  the  particular  case  in  which  the  general  equation  contains 
only  two  variable  parameters,  and  one  equation  is  given  con- 
necting them,  the  result  aasumes  a  form  identical  with  thtt 
considered  in  Art.  143 ;  and  therefore,  as  is  thereiQ  shewn,  tlie 
ratio  of  the  coefficients  of  the  above  differentials  in  the  two 
differential  equations  is  constant. 

2683  ^'-  ^-  '^°  fi°^  ^^^  Envelope  of  a  series  of  straight 
lines,  such  that  the  perpendicular  from  the  origin  ou  them  ii 
equal  to  a  given  straight  line  c. 

Let  a  be  the  angle  which  the  perpendicular  on  any  one  of 
the  lines  makes  with  the  axis  of  iv;  then  the  equation  to  the 

'""*"  jTCosa -l-ysino  =  c;  (60) 

whence,  differentiating  with  respect  to  a,  and  bearing  in  mind 
the  condition  ^^^^,  ^  ^^^^j,  ^  j^ 

jr  cos  a  7- ^  sin  a  =  Oj  (51) 

whence,  squaring  and  adding  (50)  and  (^1),  we  have 

a^  -J-  y»  =  c», 
the  equation  to  a  circle,  which  is  manifestly  correct. 
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Ex.  2.  A  straight  line  of  given  length  slides  down  be- 
tween two  rectangular  axes ;  to  find  the  Envelope  of  the  line  in 
all  positions. 

Let  c  be  the  length  of  the  line ;  a  and  b  the  intercepts  of  the 
axes  of  X  and  y  by  the  line :  then  the  equation  to  the  line  is 

1  +  1=1;  (52) 

wherein  a  and  b  are  connected  by  the  equation 

a«  +  4*  =  c».  (58) 

Differentiating  therefore  (52)  and  (58)  by  making  a  and  b  to 
vary,  we  have 

^da  +  ^db  =  0, 

ada  +  bdb  =  0, 

and  therefore,  by  reason  of  the  remark  at  the  end  of  the  last 
Article, 


X         y         X         y 
<fi        l^         a         b 
a~b~'t?~^~ 

1 

.-.    a  =  x^  c*. 

b  =  y*c*; 
.-.     a«  4-  4*  =  {X*  +  y*)  c^, 

Which  curve  is  drawn  in  fig.  45,  and  of  which  therefore  the 
length  of  the  tangent  intercepted  between  the  two  rectangular 
axes  is  constant. 

Ex.  8.        To  find  the  Envelope  of  a  series  of  Concentric 
and  Coaxal  Ellipses,  of  which  the  area  is  constant. 


x» 

+ 

= 

1, 

ab 

^ 

c>; 

da  + 

db 

^ 

0, 

da 
a 

.+ 

db 
b 

s= 

Oj 

us 


ibe  wpaiiaii  to  u  hyperbok  referred  to  its  asymptotes  as  axes. 
Ex.4.        To  find  the  Envekipe  of  a  agrateni  of  ittaagbt 

-  +  t~i,  ■       ■•■-'  •■••W 

a        0 
m  and  b  bcang  relsted  by  the  eqaatam 

|  +  i  =  a^,:^-i  ^'.oHijaii« 


X 

? 

i      T      i 

T  = 

T 

=T=T=T- 
»      T      m 

•■•    ""W*)', 

J  =  («»)', 

(!)'+(!)-'■ 

(56) 


The  equation  to  a  parabc^  refemd  to  two  tangenta  u  oo- 
ordioate  axes,  the  intercepts  of  which  by  the  curve  are  /  and  m. 
The  geometry  of  the  problem  ia  represented  in  fig.  112: 
OA  =  o,  OB  =  b,  OL  =  /,  on  =  mi  therefore  hl  is  the  fixed 
line  whose  equation  is  (65),  and  of  which  a  and  b  are  cuncnt 
coordinates ;  and  ab  is  the  vaorying  line  whose  equation  is  (64). 
The  formation  of  the  curve  is  maidfest  from  the  figure. 
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Ex.5.  A  series  of  equal  Circles  have  their  Centres 
placed  along  a  given  straight  line;  it  is  required  to  find  the 
Envelope. 

Let  the  equation  to  the  given  straight  line  be 

X  cos  a  +  y  sin  a  =  j9^ 

and  Xy  y  being  the  coordinates  to  the  centre  of^  and  f^  r)  the 
current  coordinates  to^  the  circles  of  radius  c,  their  equation  is 

whence,  differentiating,  we  have 

cos adx  -\-  mi.ady  =  0, 

(i  —  x)dX'{-(ri  —  y)dy  =  0; 

f  — ^  __  r)—y  _  _  fcosa -f  »jsina  — (a^cosa -f  ysina) 

cos  a  ~  sin  a  ""  ~      ""  (cos  a)*  -f  (sin  of 

=  f  cos  a  +  77  sin  a  — /? ; 

.• .     f  cos  a  -f  »?  sin  a  =  /?  +  c, 

the  equation  to  two  straight  lines  parallel  to  the  given  line,  and 
at  distances  +  c  from  it. 

Ex.  6.  From  a  given  point  on  the  circumference  of  a 
Circle  chords  are  drawn,  and  on  these,  as  diameters,  circles  are 
described ;  it  is  required  to  find  their  Envelope. 

In  fig.  124  let  s  be  the  given  point  in  the  circumference  of 
the  circle:  from  which  let  the  chord  sq  be  drawn;  and  on  sq^ 
as  a  diameter,  let  the  circle  sfq  be  described;  it  is  required  to 
find  the  envelope  of  all  circles  described  similarly  to  sfq. 

Let  sp  =  r,     PSA  =  d,    sa  =  2a,    qsa  =  ff  -, 

.-.     SQ  =  2a  cos  ^, 

and  since  sp  =  sqcospsq, 

r  =  2acosd'cos(d-^);  (57) 

differentiating  which  with  respect  to  ff,  since  sp  remains  the 
same  when  ff  varies,  we  have 

0  =  2a{cos^sin(d-a')  -sind'cos(d-^)}; 

.-.     sin(d-2^)  =  0,  • 


■  t«M-  j 


41 H  ON  INTILOnS. 

vherdiy  (67)  becomei 

=  a(l  +  oottf), 

which  is  the  eqattion  to  the  eaidiojd,  tnd  u  tiie  enm  drm 
in  fig.  44. 

Ex.  7.  Again,  mppow  that  on  the  radii  rectores  of  tbe 
cardidd,  u  diameten,  cbelea  am  described  &9  in  the  Ust 
Example ;  utd  again,  on  the  nutii  vectorea  of  the  envelope,  as 
.  diameters,  drclei  are  deaeribed,  and  so  on  continuallj';  it  is  re- 
quired to  prore  that  the  Enndope  ultimately  is  &  circle  whose 
ndins  =  2a. 

Suppose  in  fig.  124  bqa  to  be  a  cardioid,  and  the  drcle  arq 
to  be  deacribed  on  sq  as  a  diameter;  then,  if  sp  =  r,  psa  =  6, 
«"  =  (f,  ^  , 

r  =  2«(oOB5-)  coa(fl-e'). 

Differentiating  which  with  reaped  to  8', 

0  =  2b  cos  I  {  sin  (fl  -  fl')  cos  I -cos  («-«*)  sin  ^l; 

)  =  o, 

and  the  equation  to  the  envelope  is 

And  if  a  similar  process  be  contiuued  n  times, 
r  =  2o((»8?)" 

an^if  n  =  oo,     r  =  2a; 

that  is,  the  ultimate  envelope  is  a  circle  whose  centre  is  s  and 
radius  is  2  a,  and  which  is  dotted  in  the  figure. 
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Section  3. — On  Caustics, 

269.]  A  particular  class  of  envelopes  formed  by  straight 
lines  exists  in  optics  which  is  of  too  great  importance  to  be 
passed  over  in  silence  in  the  present  Chapter ;  we  will  therefore 
first  give  some  general  notions  of  the  formation  of  such  en- 
velopes which  are  called  Caustics,  and  then  consider  some 
particular  examples  and  general  properties  of  them. 

In  fig.  118  suppose  s  to  be  a  source  of  light  from  which  rays 
proceed  and  fall  on  a  highly  polished  surface,  which  is  per- 
pendicular to  the  plane  of  the  paper,  and  of  which  ap  is  a 
section  made  by  the  paper;  and  let  sp  be  a  type-ray  of  such 
a  system  incident  on  the  surface  at  p.  Now  it  is  a  physical 
property  of  a  ray  that  it  is  reflected  or  turned  back  in  the 
direction  pr,  such  that,  if  po  be  the  normal  to  the  curve  at  p, 
the  angle  of  incidence  (as  it  is  called)  spo  is  equal  to  the  angle 
of  reflexion  rpo.  The  envelope  of  the  lines  of  which  pr  is  the 
type,  is  called  the  caustic  by  reflexion  of  the  surface. 

And  again  in  fig.  122,  suppose  s  to  be  the  source  of  a  system 
of  rays,  of  which  let  sp  be  the  type;  and  suppose  the  rays  to 
fall  on  a  medium  different  to  that  in  which  s  is,  of  which  the 
bounding  surface  is  perpendicular  to  the  plane  of  the  paper :  and 
of  which  let  ap  be  the  section  made  by  the  paper ;  then  by  a 
physical  law  of  optics,  called  the  law  of  refraction,  the  ray  sp 
does  not  proceed  in  the  same  straight  line,  but  at  p  is  bent  or 
refracted  into  the  direction  pr,  which  is  so  related  to  sp  that, 
if  nPN  be  the  normal  to  the  surface  at  p,  sin  spn  =  /i  sinrpn, 
where  fi  is  constant  for  the  same  media,  but  varies  for  different 
media;  that  is,  the  sine  of  the  angle  of  incidence  bears  a  con- 
stant ratio  to  the  sine  of  the  angle  of  refraction.  The  envelope 
of  all  the  refracted  rays  is  called  the  caustic  by  refraction  of 
the  given  sur&ce*. 

270.]  To  determine  the  Caustic  by  Reflexion  of  a  system  of 
Parallel  Bays  falling  on  a  plane  curve. 

Suppose  the  source  of  light  to  be  at  an  infinite  distance,  such 
as  the  sun  is,  and  therefore  all  the  incident  rays  to  be  parallel ; 
and  first  let  us  suppose  them  to  be  parallel  to  the  axis  of  x. 

*  In  the  figure  the  line  a  p  is  straight,  but  the  matter  of  the  text  is  ex- 
pressed as  though  it  were  a  curve. 

3H  2 
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In  fig.  114  let  qp  be  the  incident  type-ray,  and  pr  the  reflected 

type-ray:  ps  being  the  reflecting  cmre,  and  pg  its  normal  at 

the  point  p. 

Let  y  =  /(x)  bo  the  equation  to  the  reflecting  curve,  and  i) 

and  f  the  current  coordinates  of  the  reflected  ray ;  then  the 

equation  to  pk  is  i  ,f        \ 

'  T  — y  =  tanPRO(f  —  j:), 

of  which  straight  line  we  have  to  find  the  envelope. 

Since   the   angles    of  incidence    and    reflexion    are    equal, 
QPQ  =  KPG,  and  therefore  their  complements  are  eqaal,  vii. 


qpl  =  bft;  but  qpl  : 


ax 

fV.0   =   KPT  +  RTP, 
=  2.BTF, 

=  2tan-$!; 


and  therefore  the  equation  to  the  reflected  ray  is 

'-»  = 3J5«-»);  (58) 

•■■  f-^  =  i{|-s}"-»>-         <='»> 

Differentiating  with  respect  to  x, 

'  -  2  Uj>  dx'  +  d,>j  "-'>  +  2 1^  -  s;  s' 

dy> 
dx' 

dx' 


1  rfi»        dx'l 


d'y 
dx' 
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By  means  of  which  equations^  and  that  to  the  reflecting  curve^ 
we  may  eliminate  x  and  y,  and  thereby  obtain  a  relation  be- 
tween f  and  77,  which  will  be  the  equation  to  the  caustic. 

Ex.  1.        Let  the  Reflecting  Curve  be  the  Parabola. 

y^  =  4mx, 

dy  _  2m  d^y  4w»* 

dx  "^    y  *        dx^  ~  y*  ' 

4  III*    y' 

.-.  »?  =  0, 

_        1  2m  y*— 4fii*    y^ 


2    y         y^        4fii*' 

_^        4m^  —  4fii* 
■"  4^i         ' 

=  —  a?  4-  III, 

.-.     f  =  m; 

all  the  reflected  rays  therefore  pass  through  the  focus^  which  is 
their  envelope ;  the  caustic  therefore  is  a  point. 

Ex.  2.        Let  the  Reflecting  Curve  be  a  Circle. 

a?*  +  y*  =  a*, 
dy  X  d^y  a^ 


dx  y^        dx^  y®' 

__       a?*  2^  _        x^y 
y^  a^  "         a*  ' 


=  *(!-?.)  =g. 


y  =  o*»j* 


_l  X  1^       af*\  y* 


2fl« 


2o*f 

X  3S  * 

a*  4.  2»7*' 


I 


the  equation  to  an  epicycloid,  the  radius  of  whose  fixed  dide 
is  ^,  and  of  whose  generating  circle  is  7,  as  wjU  appear  on  eK- 
nunatiiig  6  between  the  two  equations  (37),  Art.  177,  hating 
first  replaced  *  by  ^  and  «  by  5  ■     See  fig.  1 19  and  Art.  273, 

where  the  problem  is   solved  in  a  more  simple  though  1 
general  manner. 

The  above  esamplea  are  suEBcient  for  illustration,  but  the 
difficulties  of  elimination  are  in  most  cases  insurmountable; 
the  semi-cubical  parabola  is  however  another  curve  admitting 
of  solution. 

271.^  Again,  suppose  the  incident  rays  to  be  parallel  to  tEic 
axis  of  y,  (see  fig.  115,}  of  which  let  mf  be  the  incident  tji^e- 
ray,  and  pk  the  reflected  type-ray;  let  y  =  f{x)  be  the  equa- 
tion to  the  reflecting  curve,  and  f,  t;  be  the  current  coordinates 
of  the  reflected  ray ;  then  the  equation  to  fr  is 

of  which  line  we  have  to  determine  the  envelope. 

Differentiating,  and  proceeding  as  in  the  last  Article,  tt  will 
be  found  that  j 

'  '^'  (63) 
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By  means  of  which,  and  the  equation  to  the  curve,  we  may 
eliminate  x  and  y,  and  determine  a  relation  between  £  and  1, 
which  will  be  the  equation  to  the  caustic. 


271.] 

CAUSTICS  BY  REFLEXION. 

Ex.1. 

y*  =  ismx, 

dy       2m 

dx~    y  ' 

d^y            4m* 

423 


y    4ifn^        2m 

_        1  y*  — 4m*    y^    _  m  — a? 
^''"^  ■"  ""2        ^        4m»  ~  "2m"  ^' 

__     6m»y 

27m 

which  represents  a  curve  STmmetrical  with  respect  to  the  axis 
of  Xf  passing  through  the  origin  where  it  touches  the  axis  of  y ; 
with  a  double  point  on  the  axis  of  ^  at  a  distance  9m  from  the 
origin^  and  a  loop  between  the  origin  and  that  point ;  and  ap- 
proaching to  the  semi-cubical  parabola  as  an  asymptotic  curve. 

Ex.  2.        Find  the  Equation  to  the  Caustic  of  the  Cycloid^ 
the  incident  rays  being  perpendicular  to  the  base  of  the  Curve. 

Take  the  starting  point  o  for  the  origin^  as  in  fig.  117^  then 
the  equation  to  the  curve  is 

a?  =  aversin-^-  —  (2oy— y*)*, 

dy  ^  (2ay-y*)*  d^y  ^        a 

'  '     dx  y  '        dx^  y*' 

1  2y*-2ay  y* 


_  gy  — y 
a 


y 


[271. 


r 


&4  OAuanoB  by  HBFLExrorr. 

.-.     y  =  «-(o'-at,)t, 

■  ■•    f-(o,)*+ (ini-a*  =  »i'er>m-'[l-(5^)    }  -  («i7lt, 
^  +  (Brj-ij')*  =  I  ver8in-i  J, 
.-.     (  =  |vemn-'^  -(«,-,.)»; 

which  equation  is  that  to  a  cj'cloid,  of  which  the  startiag  point 
is  the  origin,  and  the  raduis  of  whose  generating  circle  is  one- 
half  of  that  of  the  generating  circle  of  the  original  cycloid, 

Ex.  3.         The  Logarithmic  Curve, 

?/  =  >■'• 


da>*' 


f- 


-  1, 


=  i(''* 


-  e-tt-^1'}. 


The  equation  to  the  cateuarj,  the  coordiaates  to  the  lowest 
point  of  which  are,  abacissa  =  —  1,  ordinate  =  1. 

273.]  The  following  general  properties  of  Caastics  hf  Re- 
flexiou,  formed  by  a  system  of  Parallel  Bays,  deserve  consider' 
atioD. 

(I)  The  distance  from  the  incident  point  in  the  reflecting 
curve  to  the  point  of  intersection  of  two  consecntire  reflected 
rays,  is  eqoal  to  one-fourth  of  the  chord  of  the  circle  of  cnrra- 
ture  at  the  point  of  incidence  which  is  parallel  to  the  incident 
ray. 
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Let  PQ^  fig.  116^  be  an  incident  ray  and  fr  be  the  reflected 
ray,  p'  being  the  point  where  the  next  consecutive  ray  cuts  it, 
and  which  is  therefore  a  point  in  the  caustic;  let  the  circle 
drawn  in  the  figure,  and  of  which  n  is  the  centre  and  pn  is  the 
radius,  be  the  circle  of  curvature  at  the  point  p ;  then  pf  and 
PE  are  the  chords  of  the  circle  through  p  which  are  parallel  to 
the  axes  of  x  and  y  respectively,  and  let  l  and  k  be  the  bisect- 
ing points  of  PF  and  of  pe. 

Now  according  to  the  notation  of  Art.  239  pl  is  equal  to 
i  —  x,  and  pk  to  y  —  r;  of  that  Article, 


PL  =    — 


PK  =    — 


^  "^  dx^  dy 
d^y  dx 
dx^ 

^  dx^ 

d'y 


(64) 


dx^ 
But  from  the  formulae  (60)  and  (61),  Art.  270, 

(PP')2=  (y-,,)a  +  (^-f)2, 

dy^ 

-12       rf«y      dx)  "  V2  /  ' 
dx^ 
.       1 

.-.       PF     =  ^  PL. 

Similarly,  if  the  incident  rays  be  parallel  to  the  axis  of  y, 
and  q'  be  the  point  of  the  caustic  on  the  reflected  ray,  it  may 
be  shewn  by  means  of  equations  (62)  and  (63),  that 

,       1 

PQ    =   ^  PK. 

The  expressions  throughout  would  have  assumed  a  more  sym- 
metrical though  less  simple  form  if  we  had  not  considered  x  to 
be  equicrescent. 

(2)  If  the  radiating  point  be  such  that  a  normal  to  the  re- 
flecting curve  can  be  drawn  through  it,  the  caustic  correspond- 
ing to  the  point  where  the  normal  meets  the  curve  ultimately 
becomes  a  semi-cubical  parabola. 

31 
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For  if  the  part  o(  the  reflecting  curve  which  receiTei  the 
rays  parallel  or  nearly  parallel  to  the  normal  through  the 
source  of  light  be  taken  very  small  compared  to  the  distance 
of  the  origin  of  light  from  the  curve^  the  system  may  be 
supposed  to  be  one  of  parallel  rays;  and  also  whatever  the 
reflecting  curve  be^  we  may  consider  it  to  be  identical  with  its 
circle  of  curvature  at  the  point,  so  that  the  problem  ultimately 
becomes^  for  the  small  distance,  that  solved  in  Ex.  2,  Art.  270, 
wherein  we  may  consider  1;  to  be  small  compared  with  a. 

.-.     2f  =  (o»  +  2i;*){a»-.7»}*, 
= a* 


3    X    ^ 

=  a  4-  ^  « ^     +  •  •  •  • 

and  neglecting  terms  involving  powers  of  rj  higher  than  those 
retained,  we  have 

The  equation  to  a  semi-cubical  parabola,  the  vertex  of  which  is 

at  a  distance  -  from  the  origin.     An  examination  of  figs.  117 

120  at  the  point  c,  renders  plain  the  geometrical  form  of 

the  problem. 

273.]  The  general  form  of  the  Equation  to  a  Caustic  of  a 
Circle  by  Reflexion  may  be  most  conveniently  determined  as 
follows : 

In  fig.  118  let  s  be  the  source  of  light,  and  sp  the  incident 
type-ray,  and  pr  the  reflected  type-ray,  o  being  the  centre  of 
the  circle.  Let  oa  =  a,  os  =  b,  spo  =  rpo  =  </>,  poa  =  6; 
then  taking  o  as  the  origin,  and  os  as  the  axis  of  jt,  the  equa- 
tion to  the  reflected  ray  pr  is 

a:  sin  (^  4-  </>)  —  y  cos  ($  -\-  (f))  =  a  sin  <^, 
or         JT (sin  6  cot  (f>  4-  cos 6)  —  y  (cos  6  cot  <^  —  sin d)  =  a;     (65) 
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and  from  the  geometry  of  the  figure 

b  sm{0  —  <!))  =  a  sin  <^, 

.-.     ootA  =    T  .    ^    ;  (66) 

whence  (65)  becomes 
a:{a  sind  +  6  8in2(?)  — y(a  cos$-\-b  cos2(?)  =  ab  siaO.      (67) 
Differentiating  with  respect  to  0,  we  have 
a:{a  cos  $  ^^  2b  cos2e)  ^-y (a  sme  + 2b  sin^O)  =  ab  cos  6;  (68) 
whence,  eliminating  from  (67)  and  (68),  we  have 

_  a6(2a-f  36co8^  — icosS^) 

^  ""      2(a>  +  3a6cos^  +  26») 

y-,  (69) 

_     0^(3  sing- sin  3^) 

^  ~  2(a2-f  3aicosg  +  2A2) 

which  are  the  equations  to  the  caustic  in  terms  of  a  subsidiary 
angle  0.  In  two  cases  they  reduce  themselves  to  the  equations 
of  an  epicycloid. 

(1)  Let  6  =  00 ,  so  that  the  source  of  light  is  at  an  infinite 
distance,  and  we  have  a  system  of  parallel  rays  incident  parallel 
to  the  axis  of  x.    Then 


d?  =  -y  (3  cos  (9  — 008  30) 
y  =  |(38in0-sin3g) 


(70) 


which  are  the  equations  to  an  epicycloid ;  see  equations  (37), 
Art.  177,  the  radii  of  the  fixed  and  rolling  circles  being  respect- 
ively ^  and  J .     See  fig.  119. 

(2)  Let  6  =  a ;  in  which  case  the  source  of  light  is  at  the 
extremity  of  the  diameter  of  the  circle  (see  fig.  120),  and  the 
equations  (69)  become 


^  =  ^  (2cosg  — CO8  20) 
o 

y  =  ^(2 sing -sin 2d) 
3  I  a 


(71) 


I 
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which  are  the  equBtions  to  a  cardioid  (see  Art.  I78j,  the  radini 
of  the  fised  and  generating  circles  being  each  -  , 

274.]  Caiiatics  by  reflexion  from  eun-es  expressed  in  terns 
of  polar  coordinates,  and  which  have  the  origin  of  light  at  the 
pole,  may  he  determined  in  the  following  manner ;  but  as  the 
general  formula;  are  complicated,  we  will  illustrate  the  method 
by  the  particular  case  of  the  logarithmic  spiral. 

In  fig.  121  let  s  be  the  pole  of  the  spiral  and  the  source  of 
light,  Bp  the  incident,  pk  the  re6ected  ray.  Let  a  be  the  point 
in  which  two  successive  rays  intersect,  wherefore  a  is  a  [loiat 
on  the  caustic ;  and  it  is  also  to  be  observed  that  p  a  is  a  tan^t 
to  the  caustic.  Let  3P  =  /',  sy  =;*,■  sE  =  r',8B=^';  F8x=d^ 
Bsx  =  ff }  let  the  equation  to  the  reflecting  carve  be 

and  for  convenience  of  writing,  let  log,  a  =  4;    .-.by  Art.  223, 

and  r  =  (\  +A*)*p.  (73) 

From  the  geometry  —  =  sinspz, 

=  ainSsFN, 

=  Bin  (2  tan-' A), 


Also  since  hep  +  eps  +  P8E  =  180°, 

.-.    8in-i^  +  2tan-»A  +  tf'-?  =  180°; 

differentiating  which,  p'  and  $  varying,  but  /  and  6^  being 
constant,  .  . 

— ^  -  <(»  =  0; 
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.-.     from  (72)  and  (74), 

2Arfr  1  dr  2dr 

.-.       /   =    (l-hAV, 

which  is  the  equation  to  a  logarithmic  spiral,  equal  to  the 
original  one. 

275.]  We  proceed  now  to  consider  some  of  the  more  general 
properties  of  Caustics  by  Re&action. 

Let  a,  b  be  the  coordinates  to  the  source  of  light ;  a;,  y  those 
to  the  point  on  the  surface  at  which  the  ray  is  incident ;  f ,  ?; 
those  to  the  refracted  ray,  and  therefore  to  a  point  on  the 
caustic ;  /m  =  the  refractive  index,  that  is,  the  ratio  of  the  sine 
of  the  angle  of  incidence  to  that  of  the  angle  of  re&action.  Let 
y  z=z  f(x)  be  the  equation  to  the  section  by  the  paper  of  the 
bounding  surface  of  the  refractive  medium,  the  surface  being 
perpendicular  to  the  paper ;  let  r  and  /  be  the  distances  of  the 
point  of  incidence  from  the  source  of  light,  and  from  the  point 

of  the  caustic :  then  -y- ,  -r-  are  the  cosines  of  the  angles  be- 

ds    as  ° 

tween  the  tangent  to  the   curve  and   the  coordinate  axes: 

, those  of  the  angles  between  the  incident  ray  and 

r  T 

the  coordinate  axes;       ,    ,      .^  those  of  the  angles  between 

T  T 

the  refracted  ray  and  the  coordinate  axes ;  therefore 

(a?  -  a)  da?  -f  (y  -  6)  dy 


rds 


=  sine  of  angle  of  incidence. 


r^r^ — ?lZ-Jl  =  sine  of  angle  of  refraction : 

rds 

therefore  by  law  of  refraction, 

(ar  -  fl)  fltr  +  (y  -  ft)  dy  _      (f-ay)fltr  +  (^-y)rfy,   .^^. 
7Ts  "  ^  Tdi  '  ^^^^ 

which  is  the  equation  to  the  refracted  ray,  and  of  which  (  and  t; 
are  the  current  coordinates;  the  envelope  therefore  may  be 
found  by  eliminating  x  and  y  between  the  equation  to  the  re- 
fracting curve,  the  equation  (75),  and  its  differential  formed 
by  making  x  and  y  to  vary. 


(76)  ».«»»>  *  +  p*/  =  0, 

therefore  r  +  nr'  is  a  constant,  or  a  maximum, 
bnt  it  canoot  be  a  maximuni,  for  such  a  value  would  be  io- 
ooanstent  vitli  the  geometrical  possibility  of  the  problem: 
tiierefore  it  u  in  general  a  minimum,  and  maj  in  certain  axa 
be  conatuit. 

Henoe  alto  we  may  prove  that  all  caustics  hy  re&sction  itre 
nct^iaile  (we  Art.  244). 

Let  £,  ij.'be  tbe  current  coonlinatea  and  da  the  length  of  tk 
etemoit  of  the  curve  of  the  caustic,  so  that  dir'  =  di)*  +  rff*; 

therefore  ~,  -^  are  the   cosines  of  the  angles  made  bv  it> 
dtr'  du  ^ 

t  with  the  coordinate  asea ; 

dy^  _  >]—y  dl  _  j  —  x 

d(T  ~      /    '        d<r  ~     r^    ' 

dfdx  +  dndy  -t 

*  =  " — X, — ■ 

and  differentiating  the  latter  of  (76), 

/  rf/  =  (£-x)  (d£-dx)  +  (v-y)  (rff-rfy). 


from  (75) 


d/  : 


da' 


=  d<T 


d£dx  +  dt)dy 
di        "' 
dr 


(79) 


.-.  fidiT  =  rfr  +  /irf/, 
tj.<T  =  r  +  nr'  +  c. 
An  expression  exactly  analogous  to  that  of  Art.  £43,  and  to 
which  therefore  a  similar  mode  of  explanation  is  applicable ;  and 
therefore  the  length  of  the  caustic  curve  is  equal  to  that  of  two 
straight  lines  increased  by  a  constant  which  is  to  be  determined 
by  the  data  of  the  particular  problem;  but  in  all  caaea,  if 
•'I  ^i  '"i',  va  ra  n',  represent  two  sets  of  corresponding  values, 
then 

ft(<T,  —  <Ti)  =  ra  —  ri  +  fi(rt  —  i-,  ). 
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The  law  of  refraction  becomes  that  of  reflexion,  if  fx  =  —  1 ; 
and  therefore  the  properties  of  caustics  by  refraction  proved 
above  are  likewise  true  of  caustics  by  reflexion ;  attention  must 
however  be  paid  to  an  ambiguity  of  sign,  of  which  no  notice  has 
been  taken  in  the  preceding  investigation. 

276.]  To  determine  the  Caustic  by  Refraction  of  Rays  re- 
fracted at  a  plane  surface ;  see  fig.  122. 

Let  s  be  the  source  of  light;  sp  the  incident  ray;  Rpr  the 
refracted  ray;  as  =  a,  ap  =  y ;  therefore  the  equation  to  the 

refracted  ray  is  ^,  *„«««,.   e 

1;  — y  =  —  tanPTA.f, 

T  being  the  point  where  pb  intersects  asc. 
And  since  sin  spn  =  fi  sin  rvn, 

sin  PSA  =  fi  sinPTA, 


A  _j_  •A\k 


=  fi  Sm  PTA, 


.'.     tan  PTA  = 


.  * .     the  equation  to  pr  is 

{fiV+(fi*~l)y2}* 
Diflerentiating  which  with  respect  to  y,  and  reducing 

fi>a2-h(fi^-l)y»  =  f*fi*a', 

I    I 

y  =  ±  -v4t  {f*-M*a¥;  (81) 

(fi^-l)* 

whence,  by  elimination  and  from  (80), 

f  *  -  iij^  - 1)*  7;*  =  iJL*  a*.  (82) 

Which  is  the  equation  to  the  evolute  of  the  hyperbola  if  fi  be 
greater  than  unity ;  and  is  that  to  the  evolute  of  the  ellipse  if 
II  be  less  than  unity. 
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CHAPTER  XIV. 

APPLICATION  OF  THE  DIFFERENTIAL  CALCULUS  TO  PROPERTIK 

OF  CURVED  SURFACES. 

277.]  An  explanation  of  the  mode  of  generation  and  of  the 
equations  of  such  curved  surfaces  and  curves  in  space  as  are 
needed  for  illustration  in  this  and  the  following  Chapters^  re- 
quires more  room  than  we  can  afford  to  give;  but  it  is  the 
less  necessary  to  introduce  it,  as  the  ordinary  text-books  con- 
tain sufficient  information.  It  is  however  desirable  to  explain 
the  equations  to  the  straight  line  and  the  plane^  in  the  forms 
which  we  shall  employ,  as  a  familiar  knowledge  of  them  is 
requisite  to  a  due  understanding  of  our  processes. 

(1)    To  find  the  Equations  to  a  straight  line  in  space. 

Let  f ,  rj,  (  be  the  current  coordinates  to  the  straight  Une  ; 
.V,  y,  z  the  coordinates  to  a  point  through  which  the  line  passes ; 
A,  fx,  2'  the  direction-angles  of  the  line ;  that  is,  the  angles  be- 
tween a  parallel  line  through  the  origin  and  the  coordinate  axes. 
And  let  r  be  the  distance  between  (Xy  y,  z)  and  (f,  7],  C) ;  then 
the  equations  to  the  line  are 

f  — a?         ri  —  y        C  —  z 
cos  A         cos  /x        cos  V 

the  last  of  the  equalities  following  by  reason  of  Preliminary 
Theorem  I. 

If  therefore  the  equations  to  a  straight  line  are  given  imder 
the  form  .  ^ 

L  M  N  ^ 

each  of  these  equalities  is  by  reason  of  the  same  Preliminary 
Theorem  equal  to 

(l2  +  m2  +  n2)* 
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and  therefore  comparing  (1)  with  (2)  and  (8)/ 


438 


cosX  = 


f-o? 


COS  fi  = 


C08V  = 


i-y 


C-z 


(L>  -f  M>  -f  N»)* 


M 


(L*  +  M*  +  N^)* 


N 


>> 


(4) 


and  therefore  l^  h^  n  in  (2)  are  proportional  to  the  directum- 
cosines  of  the  line^  that  is,  to  the  cosines  of  the  angles  between 
the  line  and  the  coordinate  axes. 

(2)    To  find  the  Equation  to  a  Plane. 

Def. — A  plane  is  a  surface  generated  by  a  straight  line  re- 
volving round  another  straight  line  which  is  at  right  angles 
to  it. 

Let  the  origin  be  at  the  point  o  in  the  straight  line  oq 
(fig.  123),  round  which  the  perpendicular  and  generating  line 
QP  turns,  and  let  A,  iiy  v  be  the  direction -angles  of  oq;  let 
i,  rj,  C  be  the  current  coordinates  to  any  point  p  in  the  line  qp 
which  is  in  any  position,  and  let  op  =  />,  oq  =  d;  then  the 
direction-cosines  of  op  are 

L      1       i. 

P  P  P 

and  since  oqp  is  a  right  angle, 
oq  =  op  cos  poq, 

J  =  p  4  -  cos  X  +  -  cos  fx  -h  -  COS  V  y  : 
t/>.  P  pi 

.-.     f  cosX -h  ?;  COS  fi -h  f  cos  V  =  8,  (5) 

and  as  this  relation  is  true  for  every  point  in  qp,  and  in  every 
position  of  qp,  it  is,  according  to  our  definition,  the  equation 
to  a  plane ;  K  P-fV  being  the  direction-angles  of  the  normal  to 
the  plane,  and  h  the  length  of  the  perpendicular  from  the 
origin  on  the  plane. 

Equation  (5)  immediately  follows  from  the  theory  of  projec- 
tions, the  left-hand  side  of  the  equation  being  the  sum  of  the 
projections  of  the  broken  line  omnpq  on  the  line  oq. 
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If  tberflfi»«  the  equtiOD  to  a  plane  be  gmtt  m  dw  fam 

if  +  Bl,  +  cf  =  »,  (fl) 

on  compering  Uiu  iriA  (5),  -we  him 

-^•  =  -! i-  =  J-(^  +  i^  +  rf)», 

omX       ooifi       eoai'       t 

wheuoe  it  a^wan  that,  a,  b,  Cj  o  an  pwygtional  Ttrnpedrnij 
to  the  direetion-ooauiea  of  the  nonnal  to  tbe  plane^  and  to  the 
l«ngth  of  the  peipoulicnlar  on  tite  plane  frun'ttlB  OB^i  and 
vehave 

ooaA  =  - 


278.3  '^°  ^°^  *^^  Equation  to  a  Tangent  Plane  to  s  corred 
Surface  at  a  given  point. 

Let  the  equation  to  the  surface  be 

r(ic,y,z)  =  0.  (8) 

Oar  present  object  is  to  shew  that  if  a  straight  line  be  drawn 
through  a  point  on  the  surface  (x,  y,  z),  and  through  a  second 
point  (x  +  dx,  y  +  dy,  z  +  dz)  infimtesimally  near  to  it,  the 
locus  of  such  tangent  lines  is  in  general  a  plane,  and  is  what  is 
called  the  tangent  plane.  Of  course  it  is  manifest  that  there 
is  in  general  an  infinity  of  points  (x  +  dx,  y  +  dy,  z  +  dz) 
contiguous  to  the  first  point,  and  therefore  there  is  an  infinity 
of  tangent  lines. 

Let  f,  7j,  C  be  the  current  coordinates  to  one  of  the  tangent 
lines,  and  x,  y,  z  the  coordinates  to  the  point  of  contact  on  the 
surface,  then  the  equations  to  the  line  are 
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as  tbe  Une  passes  through  the  point  {x -\-  dx,  y  +  dyj  r  +  dz), 

we  have  j         j         j 

ax       dv       dz  ,^ 

_  =  !^  =  !!1.  (10) 

L  M  N 

and  therefore  by  division^ 

dx    "    dy    "    dz    ^  ds'  ^  ^ 

r  being  the  distance  of  (x^  y,  z)  from  any  point  (i,  ri^  ()  on  the 

line,  and  . 

A  =  {dip>  +  rfy«  +  d[r»}*;  (12) 

that  is^  ds  is  the  distance  between  the  two  points  on  the  sur- 
face through  which  the  line  passes;  (11)  therefore  are  the  equa- 
tions to  any  straight  line  touching  a  surface  at  a  given  point. 

But  the  second  point  through  which  the  line  passes  must  be 
on  the  surface^  though  it  may  have  any  position  infinitesimally 
near  to  {x,  y,  z) ;  therefore  dx,  dy,  dz  must  be  consistent  with 
the  equation  to  the  surface.     If  therefore  at  the  point  under 

consideration  (^) ,  y-j-) ,  y-j-j  do  not  aU  vanish,  then 

Multiplying  the  several  terms  of  which  by  the  terms  of  the 
equalities  (11)^  we  have 

Now  X,  y,  z,  being  the  coordinates  to  the  point  of  contact,  are 

constant  for  a  given  point,  and  so  are  y-r-) ,  (-y-j  ,  (^)  which 

are  functions  of  x,  y,  z,  and  (,  ri,  {  being  the  current  coordinates 
of  the  locus,  it  follows  that  (14)  is  of  the  same  form  as  (6),  and 
therefore  represents  a  plane;  and  being  the  locus  of  the  tan- 
gent lines  to  the  surface,  represents  the  tangent  plane. 

279.]  On  comparing  (14)  with  (6),  and  with  equations  (7), 
if  a,  /3,  y  be  the  direction-angles  of  the  normal  to  the  plane, 
and  p  be  the  perpendicular  on  the  plane  from  the  origin,  we 
have 

3  K  a 
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O          ] 

1 

{©'-0"+©'}'' 

'S' 

(15) 

■  {o:- ©'-©■}*■ 

(& 

((£)■- (r-©"}*'J 

whence  it  appears  that  (^) ,  (t^)  ,  (^)  are  proportional  to 

the  direction-cosines  of  the  oormal  to  the  tangent  p 

ane. 

280.]    If  the  equation  to  the  surface  be  put  in  the  explicit 
'°™  ^  =/<«,»).  (17) 

then  T{x,s,2)  =f(x,i/)  — z  =1  0; 

•  •      \dse'       ^dx'        \(te' ' 
in  which  case  the  equation  to  the  tangent  plane  becomes 

f— «-«)(£) +('-v){|).         m 

and  (15)  and  (16)  must  be  modified  accordingly. 
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281.]    If  the  equation  to  the  surface  be  an  homogeneous 
function  of  n  dimensions  of  the  form 

then,  since  by  the  property  of  such  functions  proved  in  Art.  76, 

'dv\  /dr\  idT 

the  equation  to  the  tangent  plane  becomes 

dr\  /dr\        ^  /dr' 

HI  +  "  i^)  +  ^  \Tz 

and  (16)  becomes 


'(t)*y  (i)  +  M£)  =  -.         •«» 


« (£)  ^ ' (I)  *<(t)-  "■         <»» 


P  = r-  (22) 


{(£)'- (£)'-0"}' 


^(S)  -^  y  (S  +  ^  (S)  =  '^^'^  +  (*»-!)  "-1  -f  +  til, 


Also  if  the  surface  be  expressed  by  an  algebraical  equation 
of  the  form 

r{x,y,z)  =  t«„  -h  t«„_i  +  +  t«i  -f  tto  =  0,        (23) 

where  n^,  u^^i Ui,  iio  are  homogeneous  functions  of  n, 

(91—1) 1,  0  dimensions,  then  by  a  process  exactly  similar 

to  that  of  Art.  188,  except  that  in  this  case  there  are  three 
variables,  it  may  be  shewn  that  ^ 

dr\         /rfp\  /dr 

=  —  {Un-i  +  2u„^i  H-  +  (n— l)Mi  4  nuo}, 

and  is  therefore  of  only  (n  — 1)  dimensions. 

Hence  the  equation  to  the  tangent  plane  becomes 

=  -  {Un-i  -f  2t«n_2  -f  +  («-l)  t*i  +  nuo},   (24) 

and  is  therefore  an  equation  of  only  (n— 1)  dimensions. 

In  the  equation  to  the  tangent  plane,  considering  (,  r},  ( to  be 
constant,  and  the  coordinates  of  a  given  point  through  which 
a  series  of  tangent  planes  is  drawn,  w,  y,  z  refer  to  the  points  of 
contact  on  the  surface ;  hence  we  have  the  following  theorems : 
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If  through  a  given  point  planes  Rre  drawn,  touching  a  given 
surface  of  the  nth  order,  the  points  of  contact  lie  on  a  surface 
of  the  (n— l)th  order;  and  therefore 

If  through  a  given  point  planes  are  drawn  touching  a  sur- 
face of  the  second  order,  all  the  points  of  contact  lie  in  one 
plane. 

282.]    To  find  the  Equation  to  a  Normal  of  a  Curved  Surfnce. 

Def. — A  normal  is  a  straight  line  drawn  through  any  point 
of  a  curved  surface,  and  at  right  angles  to  the  tangent  plane  at 
that  point. 

Let  (,  >),  £*  be  the  current  coordinates  of  the  normal,  and 
X,  y,  z  the  coordinates  to  the  point  where  it  meets  the  surface ; 
then,  by  Art.  279,  the  direction -cosines  of  the  normal  being 

proportional  to  [-^) ,  (  j-) ,  (^) ,  its  equations  are 

{^\         {?!)  1^) 

^dx'  Uy>  ^dz' 

Also  the  form  of  the  equations  to  the  normal  shews  that  it  i) 
the  longest  or  the  shortest  line  which  can  be  drawn  from  any 
point  to  the  surface. 

'  If  the  equation  to  the  surface  be  ^ven  in  the  explicit  fonn, 
these  equations,  by  means  of  Art.  280,  become 


In  these  equations,  if  f ,  >;,  f  be  constant,  x,  y,  z  refer  to  the 
points  on  a  surface  where  normals  drawn  through  a  given  point 
meet  it,  and  the  equations  (25)  or  (26)  are  those  to  a  curve 
in  space  which  is  the  locus  of  such  points  of  contact. 

283.]  From  (25)  it  follows,  that  the  equations  to  a  line 
passing  through  the  origin,  and  at  right  angles  to  the  tangent 
plane,  are  ,  . 

-|_  =  -^  =  -^.  (27) 

's'     \w     Is' 
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By  means  of  which  equations^  combined' with  those  to  the 
tangent  plane  and  to  the  surface^  may  be  determined  the  equa- 
tion to  the  surface^  which  is  the  locus  of  the  point  of  inter- 
section of  a  tangent  plane^  with  the  perpendicular  drawn  to  it 
from  the  origin. 

284.]    Examples  illustrative  of  the  preceding  Articles. 
Ex.  1.        The  Ellipsoid  whose  equation  is 

-fl?*      f/*      ^ 
P(a:,y,z)  =  ^  +  g  +  -,  =  1,  (28) 


/dr\  _  2* 


idt\  _  2y  /dt\  _  2z 

^d^'  ~  ^'         \dz'  ~  ^' 


.'.     by  equation  (14)  the  equation  to  the  tangent  plane  is 

which  also  is  plainly  the  equation  from  (20)^  since  the  equation 
to  the  surface  is  an  homogeneous  function  of  two  dimensions. 

Also  if  a,  p,  y  are  the  coordinates  to  a  point  through  which 
tangent  planes  are  drawn  to  an  ellipsoid,  the  equation  to  the 
plane  of  contact  is 

^  +  f  -^  ^  =  1-  (30) 


Hence  also  we  have  by  (22), 
and  the  equations  to  the  normal  are 


(31) 


^(f-^)  =  ^(T;-y)  =  ^(C--?).  (32) 

The  equations  therefore  to  a  line  through  the  origin,  and  per- 
pendicular to  the  tangent  plane,  are 

tl  =  *J!?  =  £LC  (33) 

X  y  z 

Whence  may  be  found  the  equation  to  the  surface,  which  is 
the  locus  of  the  point  of  intersection  of  these  lines  with  the 
tangent  planes ; 


i 
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For  f,  <,,  C  being  the  same  ia  (29)  and  (33),  we  have 

o"         4"         c" 
■  ■.     {(' +  •!'+<')•  =  ••'['  + i'll' +  c't';         (Ml 
which  is  the  equation  to  the  surface  required, 

Ex.  2.         The  Elliptic  Paraholoid  whose  equation  is 


4a        4A 

V  ('''\ '  . 

24' 


(^\  -  1  (^)  =    _  X  (^1  = 

therefore  the  equation  to  the  tangent  plane  is 

and  the  equations  to  the  line  through  the  origin,  and  per- 
pendicular to  the  tangent  plane,  are 

y  ^ 

The  equation  therefore  to  the  locna  of  the  point  of  intenectioo 
of  (36)  with  (35)  is 

at,'  +  At»  +  f  (f  +  -?*  +  C)  =  0.  (37) 

Ex.  3.        If  the  equation  to  the  surface  be 
xyz  =  i', 

(^)=,^  =  i',        (Pi^*-,        &="-:    (38) 
and  therefore  the  equation  to  the  tangent  plane  is 
(f-x)- 

*  y 
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therefore  the  intercepts  of  the  coordinate  axes  by  the  tangent 
planes  are  (according  to  the  notation  of  Art  186), 

that  is^  the  volume  of  the  pyramid  contained  betweai  the  tan- 
gent plane  and  the  coordinate  i^nee  is  constant. 

The  equations  to  the  line  through  the  origin^  and  per- 
pendicular to  the  tangent  plane^  are 

fa?  =  w  =  fz  =  fniifiO^;  (40) 

.'.  the  equation  to  the  locus  of  the  point  of  intersection  of 
(40)  With  (89)  is 

f«  H- 1?*  +  f*  =  3m(f lyO*.  (41) 

285.]    If  at  the  point  on  the  sur&ce  at  which  the  tangent 

lines  of  equation  (11)  are  drawn^  (^) ,  y^j ,  and  \-pj  all 

vanish^  equation  (13)  is  satisfied  independently  of  any  connexion 
between  dx,  dy  and  dz^  and  therefore  does  not  give  a  relation 
whereby  to  eliminate  them ;  in  fact  the  direction-cosines  of  the 
normal  at  the  point  are  indeterminate^  and  the  tangent  plane 
has  no  definite  position.  At  such  a  point  therefore  there  will 
be  a  locus  of  tangent  planes^  to  determine  which  we  must  seek 
for  some  other  relation  between  dx,  dy  and  dz,  arising  out  of 
the  equation  to  the  surface.  Such  we  have^  if  all  the  differ- 
ential-coefficients of  the  second  order  do  not  vanish  at  the  point 
in  question^  in  the  differential  of  (13)^  and  which  is  also  the 
third  term  of  the  expaiMion  of  w(x  '\-  dx,  y  -j-  dy,  z  -\-  dz)  in 
Art.  128,  viz. : 

and  mnlti]^ying  through  by  ocNrresponding  terms  of  equality 


/■•t\ 1 
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+  ^(^„)  «-""->"  =  »■'*" 
an  equation  of  the  secoad  degree,  showing  therefore  that  the 
locus  of  the  tangent  lines  is  not  a  pl&ne,  but  a  surface  of  the 
second  order. 

Changing  the  origin  to  the  point  under  consideration,  the 
equation  asaumca  the  form 

Afi'  +  B^3-l-cC»  +  2mf  +  2i!ff  +  2Ff^  =  0,  (M) 
which  represents  a  cone  of  the  second  degree,  the  vertex  being 
at  the  point  of  contact ;  and  it  may  happen  that  the  coefficients 
have  such  relations  that  the  equation  is  decomposable  into  two 
factors  of  the  first  degree,  in  which  case  it  will  represent  two 
plane  s- 

Ex,  1.         Determine  the  nature  of  the  point  at  the  origin 
of  the  surfacCj  whose  equation  ia  [see  equation  (37)] 
ay*  +  bg'  +  af(«»  +  y»  +  je»)  =  Oj 


(g)=8«.  +  ,^  +  ^  =  0' 

{%)  =  ^'1  +  **»       =  ° 

■  at  the  origin, 

(g)  =  2fe  +  2„       =0 

©=«'=»■  ©=»°+»-=^(S)=^+» 

&">■  o  =  -=«. 

(£i)  =  ^' 

.'.     equation  (43)  becomes 

ay*  +  bz*  =  0,  (M) 

which  is  satisfied  only  hj  y  =  0,  z  =  0;  therefore  (44)  repre- 
sents the  axis  of  x,  or  the  surface  at  the  origin  d^eaerates  into 
a  cuspal  point  iormed  round  the  axis  of  x. 


a860  ILLUSTRATIVE  EXAMPLES.  443 

Ex.  2.  A  8ur&ce  is  formed  by  the  revolution  of  a  para- 
bola about  an  ordinate  through  its  focus ;  it  is  required  to  find 
the  nature  of  the  points  where  it  meets  the  axis  of  z. 

The  equation  to  the  surface  is 

16m*  (a?»  +  y«)  -  (r«  -  4m2)«  =  0, 
whence  it  appears  that  x  •=  y  =  Q,  when  z  =  ±  2m;  and  at 
such  a  point  y^-j  =   y^j  =   y^j  =  0;  and  differentiating 
again,  and  substituting  in  equation  (42).  we  shall  find 

the  equation  to  a  right-angled  circular  cone,  whose  axis  is  the 
axis  of  z  and  vertex  at  a  distance  +  2m  from  the  origin. 

286.]  If  all  the  second  differential-coefficients  vanish  at  the 
point  where  the  tangent  plane  is  to  be  drawn,  we  must  proceed 
to  a  third  differentiation,  or  to  the  fourth  term  of  the  expan- 
sion in  Art.  123 ;  and  thence,  in  a  manner  similar  to  that  of  the 
last  Article,  we  shall  arrive  at  a  cone  of  the  third  order. 


3L  2 
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CHAPTER  XV. 

APPLICATION  OF  THE  DIFVBBBNTIAL  CALGULUB  TO  PROPERTIES 

OF  CURYES  IN  SPACE. 

287.]  Thus  far  we  have  inquired  into  the  properties  of  cunres 
which  lie  wholly  in  one  plane;  that  is^  all  their  elements  and 
all  their  coasecutive  points  have  been  entirely  in  the  plane  ai 
xy,  and  in  reference  to  two  fixed  lines  in  that  plane  we  have 
considered  them.  It  is  manifest  however  that  all  curves  are 
not  subject  to  the  restriction  of  having  their  elements  in  the 
same  plane;  there  may  be  non^-^ane  as  well  as  plane  cmvei^ 
and  as  such  they  exist  in  space,  and  are  conveniently  rrfenred 
to  three  cocHrdinate  axes  meeting  each  other  at  light-angka  and 
in  one  point ;  such  ure  also  caHed  corves  of  double  corvalun^ 
and  for  a  reason  which  will  be  hereafter  assigned.  They  may 
be  determined  in  two  ways :  either  by  the  intersection  of  two 
surfaces  whose  equations  involving  x,  y,  z  are  given,  and  there- 
fore by  the  combination  of  these  two  equations;  or,  what 
amounts  to  the  same  thing,  one  of  the  variables,  as  e.  g.  z^  may 
have  been  eliminated  between  these  two  equations,  and  an 
equation  obtained  involving  only  x  and  y,  which  will  be  the 
equation  to  the  projection  of  the  curve  on  the  plane  of  xy ;  and 
so  with  the  other  variables;  whereby  three  equations  may  be 
formed,  each  containing  two  variables,  which  will  severally  re- 
present the  projections  of  the  curve  on  the  coordinate  planes, 
and  any  two  of  which  equations  will  be  auflScient  to  define  the 
curve;  and  according  as  one  or  the  other  method  is  adopted, 
the  formulae  will  assume  different,  though  equivalent,  shapes. 

288.]  To  find  the  Equations  to  a  Tangent  Line  to  a  Curve 
in  Space. 

Def. — A  tangent  line  is  the  straight  line  passing  through 
two  points  on  the  curve  which  are  infinitesimally  near  to  each 
other. 
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Let  {,  ri,  C  he  the  current  coordinates  to  the  tangent  line^ 
and  first  let  the  two  points  through  which  the  line  is  to  pass  be 
at  a  finite  distance  A«  apart ;  and  let  their  coordinates  be 

jp,  y,z,  *  -f  Ax,  y  +  Ay,  z  +  Az; 

then  the  equations  to  the  line  are 

Ax  Ay  Az         A9'  ^  ^ 

wtere  r  is  the  distance  between  the  two  points  (^,  y^  z)  and 
((>  Vf  0'  ^^  when  these  two  points  become  infinitesimally 
near  to  one  another^  the  secant  becomes  a  tangent^  and  its 
equations  become 

tlf,  -  IHK  -  fZj?  -  JUL.  (9.\ 

dx    ^     dy    ^     dz     "  ds'  ^  ' 

where  ds  =  (dx^  +  rfy*  +  rf^*)*j 

and  is  the  differential  of  the  arc  of  the  curve. 

Ob  comparing  these  equations  with  those  of  (4)  in  Art  277^ 
if  A,  fi»  I'  be  the  direction-angles  of  the  tangent, 

^  dy  dz  ,o. 

C08A  =  ^,       CO«M  =  ^,       C08V  =  ^.  (8) 

If  then  the  equations  to  the  curve  are  two  equations,  say  of 
the  form.  /(^,,)  =  o,         *(y,^)  =  0, 

dx         dti 

-J-  and  -~  can  be  found  by  differentiation,  and  equations  (2) 

az         dz 

and  (8)  can  be  determined  for  the  particular  curve. 

And  if  the  curve  be  determined  by  means  of  the  equations 
to  two  surfiices  of  the  forms 

FiC^,  y, «)  =  o>        M^,  y> «)  =  o>  (4) 

then,  since 


(5) 
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we  have  by  elimination  the  following  system  of  equations^ 

dx _  rfy 

/rfpi\  (d¥2\       /rfFiX  /rfPa\   ~    /d¥i\  fdv2\       (d¥i\  [dih] 
\Wf  \dzf\dzl  \dyl         \dzf  ^dxf       \dxf  ^dzf 


dy  f  ^dzf       \  dz  '  ^dy 

dz 


(6) 


/rfPi\  (d¥2\      /d¥i\  /rfPaX 
\dvf  \dy>      \dyf\dxf 

whence^  multiplying  the  several  terms  of  equality  (2)  by  the 
several  terms  of  this  equality,  dx^  dy,  dz  will  divide  out,  and 
we  shall  have  the  equations  to  the  tangent  in  terms  of  the  par- 
tial differentiaUcoefficients  of  the  intersecting  surfaces.  Simi- 
larly may  the  direction  cosines  in  (3)  be  determined. 

289.]  To  find  the  Equation  to  the  Normal  Plane  to  a  Curve 
in  Space. 

Def. — The  plane  perpendicular  to  the  tangent  line,  and  pass- 
ing through  the  point  of  contact,  is  called  the  normal  plane. 

I^^  (»  Vy  C  be  its  current  coordinates,  and  x,  y,  z  be  the  point 
of  contact  through  which  it  passes ;  then,  since  it  is  to  be  per- 
pendicular to  the  line  whose  direction  cosines  are  -j-,  -^,  3-, 

as     as    as 

its  equation  is 

(f  -  ^)  rfa?  +  (r;  -  y)  dy  ^  ((  -  z)  dz  =  0.  (7) 

290.]  To  find  the  Equation  to  the  Osculating  Plane  to  a 
Curve  in  Space. 

In  curves  such  as  we  have  discussed  in  previous  Chapters,  all 
the  points  lie  in  one  plane,  and  therefore  they  are  called  plane 
curves.  This  property  however  does  not  hold  good  for  all 
curves  in  space ;  although  every  three  consecutive  points  must 
be  in  one  plane,  yet  the  fourth  may  be  out  of  it ;  or  in  other 
words,  every  two  consecutive  tangents  are  in  the  same  plane, 
but  the  next  consecutive  tangent  is  in  general  in  a  different 
one ;  our  object  is  to  determine  the  equation  to  the  plane  which 
contains  two  consecutive  tangents,  and  which  ds  called  the 
osculating  plane,  and  is  defined  as  follows : 

Def. — The  osculating  plane  is  the  plane  containing  three 
consecutive  points  on  a  curve. 
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Let  the  equation  to  the  plane  be 

Af  +  bt;  -f  cf  =  D,  (8) 

and  let  it  pass  through  the  points  on  the  curve 

^,  y, «, 

^  +  dx,y  +  dy,z  +  dz, 

X  4-  2dx  +  d^Xy  y  +  2dy  -f  rf*y,  z  +  %dz  +  d^z\ 

whence  we  have  ,n\ 

Aa?  +  By  +  C2;  =  D,  (9) 

iLdx  +  Bdy  4-  cdz  =  0,  (10) 

Arf^a?  4-  Brf*y  -f  crf*«  =  0;  (11) 

whence^  subtracting  (9)  from  (8)^ 

A(f-^)  +  B(T,-y)4-c(f-5;)  =  0;  (12) 

and  eliminating  successively  between  (10)  and  (11)  we  have 
the  system 

A B c -„ 

dyd^z^dzd^y  ""  dzd^x—dxd^z  "  dxd^y  —  dyd^x' 

whence^  dividing  (12)  by  the  several  terms  of  equality  (13)^  we 
have 

(rfy  dH  —  dz  d^y)  (f  -  a?)  +  (dz  d^x  —  dx  dH)  (ry  —  y) 

+  (dx  rf»y  —  dy  d^x)  {(-z)  =  0,     (14) 

which  is  the  equation  to  the  osculating  plane. 

291.]  The  method  by  which  we  have  deduced  this  equation 
is  the  same  as  if  we  had  defined  the  osculating  plane  to  be  that 
in  which  two  consecutive  tangents  lie^  as  will  be  apparent  from 
what  follows. 

Let  the  equation  to  the  plane  passing  through  (Xy  y,  z)  be 

A(f-^)  +  B(iy-y)  -f  c{C-z)  =  0; 

and  since  it  is  to  be  that  in  which  two  consecutive  tangents  lie^ 
whose  direction  cosines  are  respectively 

dx  dy  dz 

di'         di'         di' 

dx  +  d^x  dy  -\-  d^y  dz  +  d^z 

ds  +  d^s  '         ds  +  dU  '         ds  +  d^s  ' 
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we  must  hare  the  conditions 

Adx  +  adg  +  cdst  =  0, 

/L(dx  +  d*x)  +  8(rfy  +  rf»y)  +  c(rfa  +  d^«)  =  0; 
whence,  by  subtraction, 

Arf*j  -f  Brf'y  +  crf*j  =  0; 
wbicli  two  relations  between  a,  a,  c  are  tlie  same  as  those  aboTe 
marked  (10)  and  (11),  whence  equality  (13)  foUows,  and  there- 
fore the  equation  to  the  osculating  plane  is  the  same. 

292.]  It  is  manifest  from  (7)  that  all  straight  lines  passing 
through  a  point  of  contact,  and  perpendicular  to  the  tangent 
line,  lie  in  the  normal  plane ;  two  of  these  normal  lines  have 
pecuhar  properties  in  relation  to  the  osculating  planes,  viz.  that 
which  is  perpendicular  to  it,  and  that  which  lies  in  it,  and  is 
therefore  the  line  of  intersection  of  it  by  the  normal  plane. 
The  latter  ia  called  the  principal  normal,  and  the  former  hu 
the  distinctive  name  of  b'mormal,  being,  as  it  is,  perpendicular 
to  two  consecutive  elements  of  the  curve,  while  all  other  normala 
are  perpendicular  to  only  one. 

To  find  the  Equations  to  the  Binormal. 

Let  /,  t»,  R  be  its  direction-angles ;  then,  as  it  is  perpendicnlai 
to  the  osculating  plane, 

coaf cos  m  cos  n 

dy d'z  —  dz d*y  ~  dsd*a>  —  dxd*z        dxd*y—dyd** 
1 


_ -,  (15) 

\{dyd*s-dsd*y'^  +  {dzd*x-~dxd^%f  +  idxd*y-dyd*x)*)* 

The  denominator  of  which  last  expression  may  be  modified  as 

follows : 

(dyd*z—dzd*y)'^  +  (dzd'x—dxd*z)'  +  {dxd*y—dy-d'K)' 

=  (dx'  +  dy^  +  dz*)  {(,d*x)*  +  id»y)*  +  (d*z)*} 

—  (dx  d^x  +  dy  d*y  +  dgtPz'j^  j     (16) 
but  since  da'  =  dx'  +  dy^  +  dz',  (17) 

d»d*$  =  dxd*x  +  dyd*y  +  dzd^z,  (18) 

and  therefore  the  right-hand  member  of  (16)  becomes 

rf*»{(d»i^)»  +  (rf»j)»  +  {rf»«)»-((P*)»};  (19) 
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and  if  s  becomes  equicrescent^ 

rf«»  {(flPa?)2  +  ((Py)^  +  (d^z)^]  ;  (20) 

whence 

cos  /  cos  m  cos  n 


dydPz^dzd^y        dzd^x  —  dxd^z        dxd^y^dyd^x 
1 

"  ds  {{d^xY -f  (d^yf  +  (dH)^  -  (rf**)*}*  ' 


(21) 


293.]    If  z  be  equicrescent  so  that  d'^z  =  0^  then  the  equa- 
tion to  the  osculating  plane  becomes^  dividing  through  by  dz^^ 

And  similarly  will  the  equation  (14)  be  modified^  if  any  other 
variable  be  equicrescent. 

294.]  'To  find  the  Equations  to  the  Principal  Normal. 
Let  its  equations  be 

Lif    =    rj^    =    £zf  ;  (23) 

L  M  N  ^ 

then^  by  reason  of  its  being  perpendicular  to  the  tangent  line^ 
and  of  its  lying  in  the  osculating  plane^  we  have 

y^  hdx  +  Mdy  +  fidz  =  0,  (24) 

i.{dyd^Z'-dzdh/)-\-Midzd^x-dxdh)-^if(dxdh/-dyd^x)=0',(26) 

whence  we  have 


dy(dxdhf^dyd^x)^dz{dzd^x—dxd^z) 
or 


dx{dxd*X'\-dyd^  +  dzd^z)^d^x{dx^-\-dy^-^dz^) 
and  since 


we  have 


ds^  =  dx^-{-dy^-\-dz\  (26) 

dsd^s  =  dxd^x-^-dyd^y  +  dzd^z,  (27) 

L 


or 


dx  ds  d^8 — ds^  d^x 

L  M  N 


3M 


(28) 
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imd  therefore  the  equations  to  the  principal  norma]  are 

^Z'       "Z"       'Z'  ■           I") 

<£)    "(t)    "ii) 

and  if  s  he  eqiiicrescent. 

l-T        <i-y        (-:                            .^. 

Therefore,   if  X,  /i,  r  arc  tlic  direction-angles  of  the  princi(al 

normal,  we  have                                                                                1 

cos  k                COS  H                COS  V 

"(s)     ^(?.)     <) 

^'                 m 

\ 

{(rfsj:)*  +  (rf»yl=  -f  (rf*;)*  -  (rf»i)'}* 

ns  will  be  found  on  reduction. 

295.]    Examples  on  the  preceding. 

Ex.1.          The  curve  formed   by  the  mtersection  of  «i 

Ellipsoid  by  a  Plane. 


1= 

0* 

+  P  +  ? 

=  1. 

AI  +  By  +  c« 

=  0; 

f.*- 

+  I*  +  J 

<fe  = 

0, 

Ail 

+  B  dy  +  c 

<(<  = 

0 

<fc 

<* 

ds 

therefore  the  equations  to  the  tangent  line  are 

■         f-^      _      n-y      _      <-z 
'  '       y         z  s         X  X         y' 

0*        c*  (T        a'  a*        ft" 
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and  the  eqaation  to  the  normal  plane  is 

(f_^)(c|-Bi)+(,-.y)(A^-c5) 

+  (f-.)(Bj-A|)    =0. 

Ex.  2.        The  Helix ;  see  fig.  125. 

Let  OA  =  OB  =  a  be  the  radius  of  the  base-cylinder  of  the 
Helix^  and  <^(=  aon)  be  the  angle  between  the  plane  of  xz 
and  the  radius  of  the  cylinder  drawn  to  the  point  whose  co- 
ordinates are  Xy  y,  z,  and  whose  projection  on  the  plane  of  zy 
is  on;  and  let  om  =  x,  mn  =^  y,  np  =  2;;  and  let  k  be  the 
tangent  of  the  angle  at  which  the  thread  of  the  helix  is  inclined 
to  the  plane  of  xy;  so  that  np  =  A  x  the  arc  an,  whereby 
the  equations  to  the  curve  are 

X  =  aco9(f),        y  =  asm(l>,         z  =  ka4>;  (32) 

.-.    dir  =  —  asin4>d4>,     dy  =  acos(f)d(f)j   dz  =  Arad<^,")     „^ 
d^x  =  —  acoB<l>d<l)*,  dhf  =  ~  aHm<t>d<i?,  d*^;  =  0,  J         ^ 

the  differentiations  being  performed  on  the  supposition  that  <^ 
is  equicrescent ;  therefore  the  equations  to  the  tangent  are 

f-af  ri-y  C-z 


ka 


(34) 


—  a  sm  ^        a  cos  ^ 

The  equation  to  the  normal  plane  is 

—  a(f  —  ^)sin<^-f  a(?7-- y)cos<^  +  Ara(f  —  «)  =  0, 

r\x^iyJtka{i:^z)  =  0;  (35) 

when  f  =  ry  =  0,  f=jr;  the  normal  plane  therefore  cuts  the 
axis  of  ;:;  at  a  distance  from  the  origin,  equal  to  the  z  of  the 
helix  at  which  it  is  drawn. 

Also  ds^  =  dx^  -f  dy^  -\-  dz\ 

=  (l+*a)a«d<^a.  (36) 

therefore  if  A,  ^,  1;  are  the  direction-angles  of  the  tangent 


dx 
~  ds  ~ 

— sin^ 
{1 +**}*' 

~  d»  ~ 

COS(f> 

dz 

* 

~  ds  ~ 

{!  +  *»}*" 

3' 

A  2 

cos  A  =  -^   = 


COS /I 


cos  V  =  ^r-    = 


(37) 
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The  tangent  therefore  ia  always  inclined  at  the  same  angle  to 
the  axis  of  z. 

Heoce  also  the  equation  to  the  osculating  plane  is 

ka^am<P((-,r)-ka^costp(<,-y)  +  a^i(-z)  =  0, 
or  *(fy-ir)+B(f-:)  =  0.  (38) 

Also  fifom  (37)  and  (36),  taking  s  to  be  equicrescent, 

<PiC   _  COBlj)        d0 

5^  ' 


rf«'  (1  +  **)i 


siu(^      dip 


'  «(U**)' 


rfs» 


=  0; 


(38) 


therefore  the  direction-cosines  of  the  principal  normal  are,  hy 
reason  of  (31),  cos^,  aiaif),  and  0.  The  pnncipal  normal  is 
therefore  perpendicular  to  the  axis  of  z,  and  coincident  with 
the  radius  of  the  base-cylinder  drawn  to  the  point  {x,  y,  z). 

296-3  In  connexion  nith  the  subject  of  the  osculating  plane, 
it  is  convenient  to  determine  the  analytical  condition,  that  a 
curve  in  space  may  be  wholly  in  one  plane ;  or  in  other  word?, 
that  every  four  consecutive  points  on  the  curve  may  be  in  one 
plane. 

Let  the  equation  to  the  plane  be 

Kx  -\-  ay  +  cz  =  D; 
then  Kdx  -f  Bify  +  cdz  =  0,  "J 

A.d*x  ■+  Brf»y  +  cdH  =  0,    t  (40) 

Kd^x  +  Bd'y  +  crf'a  =  0;  J 
whence,  ^m  the  last  three  equations,  by  cross-multiplication, 
dxid'yd'z  -  d^zd^y)  +  dyfdHd^x  -  d*xd»z) 

+  dz{d^xf^y  —  tPy^x)  =  0;     (41) 
which  condition  beconaeB,  if  z  be  taken  to  be  an  equicrescent 

dz*  dz"        dz^  dz^  "  "'  **^' 

the  geometrical  meaning  of  which  condition  is  explained  in 
Art.  331. 
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297.]  Of  lines  which  can  be  drawn  on  a  given  surface,  and 
which  are  therefore  generally  curves  of  double  curvature^  one 
class  requires  to  be  aUuded  to :  though,  for  a  full  discussion  of 
their  properties,  more  space  is  needed  than  can  be  afforded  to 
it  in  an  elementary  treatise. 

Let  y(x,  y,z)  =  c  be  the  equation  to  the  surface;  lines  may 
manifestly  be  drawn  on  it,  so  that,  at  the  common  points,  the 
principal  normal  may  be  coincident  with  the  normal  to  the  sur- 
face.    In  which  case  the  differential  equations  of  such  lines  are 


/d¥\  /C?P\  /dY\ 

V^/  V^/  ^dzf 


(43) 


such  are  called  geodesic  lines,  and  are  the  shortest  that  can  be 
drawn  on  the  surface  between  any  two  points  in  the  same. 
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CHAPTER  XVI. 

ON  THE  GENERAL  AND  PARTIAL-DIFFERENTIAL  EQUATIONS  OF 
SURFACES,  GENERATED  BY  LINES  MOVING  ACCORDING  TO 
GIVEN  LAWS. 

298.]*  In  the  present  Chapter  I  propose  to  consider  a  few 
simple  properties  of  surfaces,  which  are  generated  by  straight 
lines  and  circles  moving  according  to  given  laws ;  which  lines, 
as  they  produce  the  surface^  are  called  generators.  The  general 
theory  is  as  follows  : 

Suppose  that  we  have  two  equations  involving  <r,  y,  z  and  two 
constants  C\  and  c^,  and  that  they  are  of  the  forms 

Fi(^,y,«)  =  ci,  r2{x,y,z)  =  Ci,  (1) 

each  of  which  represents  a  surface ;  and  they^  when  taken  con- 
jointly, represent  the  line  of  intersection  of  the  two  surfaces. 
But  if  Ci  and  C2  are  variable  parameters,  and  dependent  on  each 
other  by  means  of  another  equation, 

f(cu  cnj  =  0,  (2) 

then,  as  Ci  and  C2  vary,  the  line  of  intersection  of  the  two  sur- 
faces (1)  varies,  and  by  a  continuous  variation  generates  a 
surface,  the  equation  of  such  a  surface  being  found  by  the 
substitution  of  (1)  in  (2),  whereby  we  have 

/(Fl,   F,)    =    0.  (3) 

The  form  however  which  such  problems  actually  assume  is 
generally  somewhat  different :  a  geometrical  condition  is  given 
w  hich  is  equivalent  to  the  equation  (2) ;  thus,  for  instance,  the 
generator  may  be  a  straight  line  which  is  to  pass  through  a  given 
curve,  and  move  parallel  to  itself,  or  be  parallel  to  a  given  plane 

*  Further  information  on  subjects  connected  with  tlie  discussions  of  the 
present  Chapter  will  be  found  in  *'  Application  d*Analyse  k  la  Geome'trie, 
par  G.  Monge;  5""^  edition,  par  M.  Liouville,  Paris,  1850." 
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and  pass  throagh  two  given  lines^  in  which  cases  the  curves 
through  which  the  generator  has  to  pass  are  called  directors. 
The  process  of  elimination  is  as  follows : 

Let  (1)  be  the  equations  to  the  generator  involving  two  iruie- 
pendent  variable  parameters^  Ci  and  C2;  and  let  the  equations 
to  the  director  be 

4>i  (^,  y,  z)  =  0,  4>a(^,  y,  z)  =  0,  (4) 

then^  as  the  generator  is  to  pass  through  the  director^  x,  y,  z 
are  at  that  common  point  the  same  in  (1)  and  (4) ;  eliminating 
therefore  a?,  y,  z  (which  refer  to  that  common  point)  between 
these  four  equations^  there  will  result  a  relation  between  Ci  and 
Ci  of  the  same  form  as  (2),  in  which  they  must  be  replaced  by 
their  values  in  (1),  and  the  resulting  equation  between  x,y,z 
is  that  to  the  surface. 

Again^  the  condition  to  which  the  generator  is  to  be  sub- 
ject frequently  is  that  it  should  circumscribe  a  given  surface ; 
the  generator  therefore  must  touch  the  given  surface  at  their 
common  point.     Let  the  equation  to  the  surface  which  is  to 

be  circamscribed  be  ^  ,f>. 

u  =  0,  (5) 

the  direction-cosines  of  its  normal  at  any  point  are  proportional 

O-    (|).    (S- 

and  the  direction-cosines  of  the  tangent  of  the  generator  are, 
Art.  288,  equation  (6),  proportional  to 

/rfri\    /rfrgx    _    ,dTi\    .dTi\ 
\dyf    \dzl         ^dzl    ^dy)  ' 

(dTi\    /rfPaX    _   /rfPi\    (dv2\ 
\dxf    \dyf         \dyf    \  da:  >  ' 

which  we  will  symbolize  respectively  by  p,  q,  a ;  and  as  these 
lines  are  to  be  perpendicular  to  each  other  at  the  point  of  con- 
tact, so  that  the  generator  may  touch  the  director-surface,  we 
have  the  condition 
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kt  tioAr  OODUIKHI  poiuts,  wLicfa  ia  the  equation  to  the  corre 
of  omtect;  and  its  iutersectiou  with  (5)  gives  us  a  'director 
throngli  wliich  the  generator  is  to  pass.  Betneen  theiefore 
(1)»  C^)  '"^  (8)j  '*  ^^y  eliminate  the  coordinates  which  refer 
to  their  common  points  of  contact,  and  get  a  relation  between 
Ci  uict  C%,  fw  which  vc  may  substitute  the  general  values  of 
the  coordinates  giren  by  (1).  I  propose  then  to  consider  those 
properties  of  the  anrfaccs  which  the  Diflereutial  Calculus  ena- 
bles ns  to  elnddate. 


SxcnoK  1. — On  SmfaetM  ffoierattd  b^f  the  maHim  qf 
Shviffkt  Lina. 

299.]  Snr&ces  geno-ated  by  the  motion  of  straight  lines  arc 
generally  termed  ruled  surfaces  {surfaces  regle'es),  and  of  them 
there  are  two  distinct  classes :  according  as  two  consecutive 
generating  lines  do  or  do  not  intersect  each  other ;  or  in  other 
words,  according  aa  two  consecutive  generators  are  in  the  same 
or  in  different  planes.  Surfaces  of  the  former  class  are  termed 
derdopable,  and  those  of  the  latter  skew  surfaces  {surface* 
gauchea). 

The  equations  to  a  straight  line  being 

'^^  =  »:^  =  m^:,  (9) 

I.  M  N 

six  constants  are  apparently  involved ;  of  which  however  only 

four  are  indeterminate,  because  the  equations  can  be  put  into 

the  forms 

X  =  az  4-  a,  "1 

,  =  ^.  +  J  '"" 

and  of  these  four  variable  parameters,  two  fix  the  direction  of 
the  line  and  two  fix  its  position.  To  eliminate  these  and  to 
find  the  equation  to  the  surface,  five  conditions  are  required, 
two  of  which  are  of  necessity  the  equations  (10)  of  the  gene- 
rator, and  the  other  three  are  indeterminate,  and  may  be  given 
by  means  of  the  equations  of  three  directors.  Hence  no  ruled 
surface  can  in  general  have  more  than  three  directors;  and  to 
determine  the  surface  from  the  equations  to  the  generator,  such 
conditions,  or  others  equivalent  to  them  in  number,  must  be 
given.      In  general  the  directors  may  be  such  that  two  con- 
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aecQtiTe  gmeratora  do  not  intersect^  in  which  case  the  surface 
generated  ia  skew;  when  however  two  successive  generators 
intersect,  the  analytical  condition  of  this  being  the  case  satis- 
fies one  of  the  relations  which  are  required  amongst  the  para- 
meters, and  leaves  only  two  to  be  satisfied  by  the  equations  of 
the  fixed  directors.  Developable  surfaces  cannot  therefore  in 
general  have  more  than  two  directors. 

800.]]    On  Developable  Surfaces. 

Since  in  developable  surfaces  every  generating  line  and  its 
consecutive  line  are  in  the  same  plane,  this  plane  is  the  tangent 
plane  to  the  surfiEU^e  at  every  point  along  the  first  line :  for  con- 
sider any  point  on  the  first  generating  line ;  the  tangent  plane 
at'  that  point  passes  through  the  next  consecutive  point  on  the 
line,  and  therefore  contains  the  line ;  and  as  the  tangent  plane 
also  passes  through  an  indefinite  number  of  points  infinitesi- 
mally  near  to  the  point  at  which  it  is  drawn,  it  also  passes 
through  a  point  on  the  consecutive  generating  line;  and  this 
line  is  in  the  same  plane  with  the  first  generating  line ;  there- 
fore the  tangent  plane  which  contains  the  first  line  also  con- 
tains this  latter  line;  the  tangent  plane  therefore  touches  the 
surface  along  the  whole  length  of  the  generating  line.  Of  this 
proposition  we  shall  hereafter  have  an  analytical  proof,  deduced 
from  the  general  equation  of  these  surfaces.  Hence  also  we 
have  the  following  property  of  such  surfaces : 

Let  any  number  of  generating  lines  be  represented  by  Oi, 

02,  03 ;  then  the  surface  is  made  up  of  the  infinitesimal 

plane  areas  contained  between  Oi  and  G2,  between  02  and  0$ 

Now  the  plane  area  lying  between  Oi  and  02  may  be  brought 
into  the  same  plane  with  that  lying  between  02  and  03,  by  being 
turned  through  a  small  angle  about  62 ;  and  similarly,  by  turn- 
ing this  last  area  about  G3,  may  all  the  areas  between  Gi  and  Os 
be  brought  into  the  same  plane  without  any  discontinuity.  Let 
these  operations  be  performed  for  all  the  elements,  then  all  will 
be  brought  into  the  same  plane ;  and  if  we  suppose  any  thin 
flexible  and  inextensible  film  to  be  laid  on  such  a  surface,  it 
will  be  unfolded  into  a  plane  without  tearing,  rumpling,  or 
doubling.  For  this  reason  have  such  surfaces  obtained  the 
characteristic  title  of  Developable. 


^m^^O 


^^■n       %r%ri«r^  J» Tt#SHmip  ^S^^I^fl^lVvHHVi^ii^^P 


If  all  tiM  genfiMtiiig  finetof  Mdi 
tiM  iOiAm  it  called  etmieal,  nA  ttaJpoin*  ii 
oftiMOOM;  and  if  that  point  be  aft  «i  iniBite 
all  the  genenitan  are  panUd,  Oa  aufiMe 


5!-, 

,^; 


ai) 
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Let  c^  i^  c  be  the  ooordinatos  <to  tike  fertflSE  of  Ike 
the  equatioiia  to  the  generating  line  are 


in  wbioh  a,  A,  c  are  conitant;  and  l,  u,  n,  lAaA  me 
for  any  one  poattion  of  the  generafcor^  Taiy  aa  liie 
paaaee  from  one  poeition  to  another. 

Let  the  eqnationa  to  the  direetor  be 

n{p\lf,if)  -  0»       M^,lf,^  »4>l  (1» 

and  therefisre^  aa  the  generafcor  haa  to  paaa  tbmrifgkitf,^i^, 

ita  eqnationa  become 


whence 


a«) 


(14) 


between  which  equations  and  (12),  eliminating  ii/,y',/,  we  have 
a  function  of  the  form 


'(H.  K-')=o, 


which  is  the  general  functional  equation  of  conical  surfaces. 
Equation  (15)  may  also  be  written  in  the  explicit  form 


(15) 


(16) 


Also  the  equation  may  be  put  into  the  following  symmetrical 

form  , 

/v  —  o     z  —  c     X — a\        ^ 

^z  —  c     X — a     v  — v' 
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If  the  origin  be  taken  at  the  vertex  of  the  cone^  a  =  i  =  c  =  0^ 
and  the  last  three  equations  severally  become 

which  are  homogeneous  functions  of  0  dimensions  and  equal 
to  0 ;  such  a  function  therefore  is  the  equation  to  a  conical 
surface. 

302.]    To  find  the  Differential  Equation  to  Conical  Surfaces. 

Eliminate  the  arbitrary  function  from  (16)^  as  in  Ex.  2,  Art.  89, 
and  there  results 

(z-«)(g)  +  (y-A)(|)  =  z-c;  (18) 

or  taking  equation  (17),  and  representing  by  V  the  derived- 
fonction  of  v,  we  have 

/rfp\  _  r  _   ^—a         1   \  , 

l^)  -  (         y-*     +  -J-l-p'. 
\dz'  ~  \      (z-c)*  ^  x-aS     ' 

and  this,  or  (18),  (which  is  identical  with  it,  as  shewn  in  Art.  89,) 
is  the  general  differential  equation  to  conical  surfaces. 

Equation  (19),  as  appears  from  Art.  278,  is  the  equation  to 
the  tangent  plane  of  the  surface ;  and  the  form  of  it  shews  that 
it  always  passes  through  the  vertex,  and  has  therefore  a  gene- 
rating line  lying  in  it. 

3N  a 
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.<^8Q8.]    Examples  of  Cooical  Surfaces. 

Ex.1.         To  find  the  Equation  to  a  Cone  whose  Dirertcf 
M  R  (Side  in  the  Plane  of  xt/. 
Let  the  equation  to  the  circle  be 

•nd  the  equations  to  the  graierator 

x—a        y  —  b        z—c 


■qmring  and  adding  which,  by  means  of  (20),  and  replacing  tiie 
tlriaUe  panuneters  by  their  values  &om  (21),  we  have 

(c  J  —  ax)*  +  («y  —  bz)*  =  i'(r  —  c)', 
wUch  ia  the  general  equation  to  a  cone  which  has  a  circulu: 
direotor. 

If  the  line  joining  the  centre  of  the  circular  director  and  the 
vertex  be  at  right  angles  to  the  circle,  the  cone  is  called  Bight ; 
in  which  case  a  =  b  =  Q,  and  the  equation  is 

aJ  +  y»  =  ^  (2  -  c)», 

where  -  is  the  tangent  of  the  semi-vertical-angle. 

£x.  2.        To  find  the  Equation  to  a  Cone  circomscribing 
a  given  Ellipsoid. 

Let  the  coordinates  to  the  vertex  of  the  cone  be  «o,  y^,  Za, 
and  the  equation  to  the  elUpsoid 


(iffl) 


Let  the  equations  to  the  generator  be 

i-Xa  Tl-Uo  <-l0. 
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and  as  the  generators  are  to  touch  the  ellipsoid,  they  may  be 
put  in  the  form      .  ^ 

±l£  =  JLJL  =  izL,  (23) 

^0-*     yo-y     Zq-z 

and  as  the  points  {(,  rj,  0,  i^o,  Po,  ^0)  ^^^  ^  ^^^  tangent  plane 
to  the  ellipsoid  ^  ^ 

*^  i?   .   ?iy   .   £:?  -  1  (24) 

^    4.    ?^    4.    £o£   _    1   .  /OK\ 

-^  +  -jT  +    ^2    -  ^>  (^^) 

whence,  operating  on  the  equality  (23),  and  reducing  by  means 
of  (22)  (24)  and  (25),  we  have 


(—X          ri—y 

C-z          a»    "^    «»    + 

'©-•^     Vo-y 

^     1 

(26) 


a  «^  2  9  2  \      /  £2  «,2  i'2 


which  is  the  equation  to  the  circumscribing  cone. 

As  07,  y,  z  refer  to  the  point  on  the  ellipsoid  which  is  common 
to  it  and  to  the  cone,  (25)  is  the  equation  to  the  plane  of  con- 
tact ;  and  it,  and  equation  (22),  arie  those  to  the  director-curve. 

304.]    To  find  the  Equation  to  Cylindrical  Surfaces. 

As  the  point  through  which  all  the  generators  of  a  cylindrical 
surface  pass  is  at  an  infinite  distance,  they  all  are  parallel  to 
each  other;  let  therefore  the  equations  be 

0?  —  y        y  "V'       z  —  z' 


M  N 


(28) 


where  x^  y,  z  are  the  current  coordinates  to  the  surface,  a:\  y\  / 
refer  to  a  point  on  the  director,  and  l,  m,  n  are  constant. 
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Let  the  equations  to  the  director  be 

Pi  (^',  y\  /)  =  0,  F3(y,  y\  /)  =  0,  (29) 

and  from  (28)  we  have 

X  ^  X (r  —  /), 

N 

(30) 

from  which  four  equations^  eliminating  a!^  y',  /^  we  have  a  result 
of  the  form  p(Nar-i,z,  Ny-Mz)  =  0,  (31) 

which  is  the  general  equation  to  cylindrical  surfEtces. 
Equation  (31)  may  also  be  put  in  the  form 

0?  -  /z  =  /(y  -  mz)y  (32) 

which  is  an  explicit  form  of  the  general  equation  to  cylindrical 
surfaces. 

Also  (31)  may  be  written  in  the  following  symmetrical  form 

p(Ny  — Mr,  L«  — NO?,  Ma?  — Ly)  =  0.  (38) 

Suppose  that  the  director  is  a  plane  curve  in  the  plane  xy, 
and  that  its  equation  is     ^    ^  f/y  \,  /oax 

then,  from  (28), 

>  (35) 

M  V 

yo  =  y-~^  =  y-  mrj 

which  being  substituted  in  (34)  give 

X  —  Iz  -=.  f{y  —  mz). 

Suppose  however  that  the  cylinder  is  to  circumscribe  a  surface 
whose  equation  is  ri{x,y\  z)  ^  0;  then,  as  the  generator  is 
to  be  perpendicular  to  the  normal  at  the  point  of  contact, 

^  (£5)  -  M  (^)  ^  „  (^)  =  0,  ,86, 

from  which,  the  equation  to  the  surface,  and  the  equations  to 
the  generators,  x ,  y\  /  are  to  be  eliminated,  and  the  resulting 
equation  in  terms  of  x,  y,  z  is  that  to  the  cylindrical  surface. 
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305.]    To   find   the   Differential   Equation   to   Cylindrical 
Surfaces. 

Eliminating  the  arbitrary  function  from  (32)  by  means  of 
differentiation^  see  Ex.  1^  Art.  89^  we  have 

Or  taking  equation  (33).  and  representing  its  derived-function 
by  /,  we  have 


:S)=(-»)^.  (|)  =  <»-)^.  (£; 


-     '  (g)  ^  «  {%)  +-(£)=  0.  (88, 

and  this,  or  (37),  (which  is  identical  with  it,  as  shewn  in  Ex.  1, 
Art.  89,)  is  the  general  differential  equation  to  all  cylindrical 
surfaces. 

The  geometrical  meaning  of  (38)  is,  that  the  normal  to  the 
surface  is  perpendicular  to  the  generating  line,  whose  direction- 
cosines  are  proportional  to  l,  m,  n. 

306.]    Examples  of  Cylindrical  Surfaces. 

Ex.  1.         To  find  the  Equation  to  the  Cylinder  whose 
Director  is  the  Ellipse, 

^  +  ^  =  1.  (39) 

substituting  for  Xq  and  y^,  in  terms  of  (35),  we  have 

(Nar-Lz)»        (Ny-Mz)«  _ 

which  is  the  general  equation  to  an  oblique  elliptical  cylinder. 
And  if  the  generator  is  perpendicular  to  the  plane  of  xy,  the 
cylinder  is  called  Right,  and  as  in  that  case  l  =  0,  m  =  0,  the 
equation  is  ^2        •/2 

Hence  the  equation  to  an  oblique  circular  cylinder  is 

(NJ?  — Lxr)2  -f  (Ny  — Mz)*  =  N*a^  (41) 
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Ex.  2.        To  find  the  Equation  to  a  Cylinder  drcuimerib- 
ing  a  given  Ellipsoid. 

Let  the  equations  to  the  generator  be 


L  M  N 


and  that  to  the  ellipsoid 


M  N  l(         Mtl         Nf 

oJ  +  A»  +  c» 


(I!  .  ^  +  Il_iV 


1,^    ,    Mr;    ,    Nf  « 


(48) 


*'  4.  y!  +  f!  _  1 .  (43) 

then,  as  (42)  touches  (43),  we  have 

whence,  operating  on  the  members  of  equality  (42), 
(—X        rf  —  y        (—2         O*         b*         C* 


(45) 


Ex.  3.  To  determine  the  conditions  that  the  general 
Equation  of  the  second  degree  of  three  variables  may  represent 
a  Cylinder. 

Let  the  general  equation  be 

-f  2x2^^  -f  2B2y  -f  2c2r  -f  k  =  0, 

~)    =   2{KX  -f  Ciy  -f-   BiC  +  A2), 

uIy\  _  td¥\  __ 

^dyf  " yTz'  ~ 
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and  therefore  equation  (88)  becomes 

L(Ad?  +  Ciy  -h  Bi«  +  As)  -h  M(CiJ?  +  By  -h  Ai«  +  Bs) 

+  N(Bia?  +  Aiy  -h  c;5  -f  Cj)  =  0; 
and  as  this  condition  is  to  hold  for  all  values  of  x^  y,  z 

AL  -f  CiM  -f  BiN  =  0, 
CiL  +  BM  +  AiN  =  0, 
BiL  -f  AiM  -f  CN  =0, 
AaL  +  B2M  -f  C£N   =  0; 

.'.     from  the  first  three 

ABC  —  AAi*  — BBi*  —  CCi* -f  2AiBiCi   =   0, 

and  from  the  first  three  combined  with  the  fourth 

(bc  —  Ai*)  Aa  -f  (CA  —  Bi*)  B2  +  (ab  —  Ci*)  Ca  =  0. 

By  a  similar  method  may  equation  (19)  be  applied  to  de- 
termine the  relations  amongst  the  constants^  that  an  equation 
of  the  second  degree  may  represent  a  cone. 

307.]    On  the  Equations  of  Developable  Surfaces. 

As  any  and  every  two  consecutive  generators  of  a  developable 
surface  intersect^  and  as  these  two  (as  shewn  in  Art.  300)  lie  in 
one  plane^  it  is  convenient  to  consider  such  a  surface  as  formed 
by  the  continual  intersection  of  planes  drawn  according  to  a 
given  law.  Now  the  general  equation  to  a  plane  involves  only 
three  independent  constants,  and  it  is  convenient  to  put  it  in 

the  fonn  aot  +  By  +  cz  =  1.  (47) 

Suppose  that  each  of  these  constants  is  a  function  of  a  vari- 
able parameter  a,  viz.  let  a  =f(a),  b  =  <^(o),  c  =  V^(a);  then, 
aa  a  continuously  varies,  the  plane  will  have  different  positions, 
any  two  consecutive  ones  of  which  will  intersect  in  a  straight 
line;  and  will,  as  its  position  varies,  generate  a  developable 
surface,  of  which  the  straight  line  of  intersection  of  two  con- 
secutive planes  will  be  the  generator ;  thus  the  equation  to  one 
of  the  planes  will  be 

'Vfia)  -f  y<l>(a)  -f  zyjfia)  =  1.  (48) 

30 
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DifTerentiating  which  in  reference  to  a,  and  we  have 

^/'(a)  H-  y*'(a)  +  ^^'(a)  =  0,  (49) 

which  is  the  equation  to  another  plane;  and  the  line  of  inter- 
section of  the  two  is  the  generator  of  the  developable  sur&oe; 
and  from  these  two  eliminating  a,  we  shall  obtain  an  equation 
in  terms  of  x,  y,  z  which  will  be  that  to  the  required  sur- 
face :  which  however  cannot  be  determined  in  the  general  case 
so  long  as  the  functions  involved  in  (48)  and  (49)  are  unde- 
termined. 

308.]     To  find  the  Differential  Equation  to   Developable 
Surfaces. 

In  (48)  and  (49)  a  is  a  function  of  x^  y,  z.     Taking  then  the 
partial  differentials  of  (48)^  we  have 

{xfia)  +  y<t>\a)  +  zylf\a)}  (^)  +f{a)  +  >/r(a)  (^)  =  0, 

{V(a)  +  y0'(a)  +  ^^'W  (^)  +  *(«)  +  V^(a)  (^)  =  0; 
whence^  by  means  of  (49),  we  have 

/(a)  +  >/.{«)  (g)  =  0, 

)■  (50) 

<^(a)  +  xjfia)  (^)  =  0, 

From  which  last  two  equations,  eliminating  (a),  we  have  a  re- 
lation of  the  form  ,  /-     •     ^ 

whence,  eliminating  f,  there  results 

(d''z\    id'^z\        (  d^z  \2 

te/    ^d^^l  ~  yiTd-yf  =  ^'  ^^^^ 

which  is  the  general  differential  equation  to  developable  sur- 
faces. 

Another   differential   equation   equivalent   to    (51)    may   be 
found  as  follows : 

Suppose  the  equation  to  the  surface  to  be 

r  (,/',  y,  z)  =  0, 
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and  u,  y,  w  to  be  its  partial  derived-functions ;  then 

vdx  4-  vrfy  4-  wrfr  =  0;  (52) 

and  suppose  the  equation  to  the  plane  by  the  consecutive  in- 
tersection of  which  the  surface  is  formed  to  be 

AO?  -f  By  -h  cr  =  1,  (53) 

and  as  this  is  a  tangent  plane  (see  Art.  300)^ 

xdx  -h  Bdy  4-  cdz  =  0;  (54) 

.-.     by  comparing  (52)  and  (54)^ 

u         V         w 

-  =  -  =  -  =  A.  (55) 

ABC 

Differentiating  again  (52)  and  (54)^  since  the  tangent  plane 
touches  the  surface  along  the  generating  line, 

vd^x  +  vrf*y  +  wcPz  -f  dvdx  +  dvdy  -f  dvfdz  =  0,    (56) 

AcPa?  -h  Brf*y  -f  cd^z  =  0,    (57) 

whence  replacing  u^  v^  w  from  (55)  in  terms  of  a^  b^  c, 

A  {acPo?  -f  Brf*y  -f  cd^z}  +  dvdx  +  dvdy  4-  dwdz  =  0, 

.'.     dvdx  4-  dvdy  4-  dwdz  =  0,  (58) 

which  is  in  fact  identical  with  equation  (49). 

Comparing  which  with  (52)^  we  have 

—  =-=  —  =  -  (59) 

dv        dv        rfw        ijl' 

Let  u,  V,  w,  u',  v\  w'  represent  the   several  second  partial 
derived-functions  of  p(a?,  y,  2?),  viz. 


"~  ^dydz' ^  ^dzdx'       ^   ~~  ^dxdy 

so  that 


(60) 


fjiu  =  rfu  =  udx  4-  w' dy  +  v'rfc?, 

|iv  =  rfv  =  M^'do?  4-  rdy  4-  t/rf^?,    ^  (61) 

fjiw  =  rfw  =  v'dj:'  4-  tt'rfy  4-  u^rfx;; 

303 
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from  which^  and  from  (52),  eliminating  /a,  dx,  dy,  dz,  we  hare 

u*(rw— //-)  +  v*(ie?ii— v'*)  H-  w*(i«t;— m/*) 

+  2v;w(r'M/-Mii')-f2wr(M;'M'-ri/)  +  2uv(t<'i7'— ww')=0;  (62) 

which  result  may  easily  be  shewn  to  be  identical  with  (51)  by 
writing  the  equations  in  the  form 

F  (.r,  y,z)  =  z  •-  /(J',  y)  =  0. 

These  equations  are  of  course  satisfied  by  the  equations  to  the 
cylinder  and  to  the  cone. 

309.]  Since  every  two  consecutive  generating  lines  of  a  de- 
velopable surface  intersect,  a  cur^'c  is  formed,  after  the  manner 
of  an  envelope  (sec  Chapter  XIII,  Section  2),  by  the  continual 
intersection  of  all  these ;  and  this  must  be  a  curve  of  double 
curvature,  otherwise  all  the  lines  would  be  in  one  plane,  and 
the  developable  surface  would  be  only  a  plane.  This  curve 
bears  the  name  of  Edge  of  Regression  (ArSte  de  Rebrotisgement), 
and  the  generator  of  the  surface  is  plainly  always  a  tangent  to 
it      Its  equation  may  be  found  as  follows  : 

Equations  {iS)  and  (49),  if  a  be  considered  constant,  are, 
taken  together,  the  equations  to  a  generating  line  of  the  de- 
velopable surface,  and  therefore,  from  what  has  just  been  said, 
of  the  line  wliosc  envelope  has  to  be  determined :  and  the  equa- 
tion to  which  may  therefore  be  found  by  making  a  to  vary. 
DilVcreiitiating  therefore  ( 19)  with  respect  to  a,  wc  have 

■'/"(a)  -h  !/il>'\(i)  4-  ry/.'\a)  =  0,  ((») 

and  eliminating  (a)  between  this  (48)  and  (19),  we  shall  get 
two  c(| nations  in  terms  of  .?•,  //,  and  z  which  are  those  to  the 
edge  of  regression.  Tliis  line,  as  is  plain  from  its  mode  of 
generation,  bounds  the  developable  surface  towai'ds  one  side  of 
space;  and  on  the  other  side  the  surface  continues  in  two 
sheets ;  and  thus  any  plane  section  of  it,  made  by  a  plane  which 
docs  not  contain  one  of  its  generating  lines,  is  a  curve  with  a 
singular  point  in  it. 

310.]  Hence  also  we  arrive  at  a  new  conception  of  a  de- 
velopable surface;  it  is  generated  by  a  tangent  of  a  curve  of 
double  curvature  which  moves  continuously  along  the  curve. 
Also  since  the  osculating  plane  is  that  which  contains  two  con- 
secutive tangents,  it  may  be  conceived  of  as  formed  by  the  con- 
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tiniuraa  intenection  of  such  osculating  planes.  Suppose  tben 
fhat  the  equations  to  a  curve  of  double  curvature  are  given  in 
ihe  forms  (see  Ex.  2,  Art.  295^) 

^  =  f(o),         y  =  *(a),         z  =  V^(a),  (64) 

a  being  a  variable  parameter^  and  so  that 

dx=f\a)da,  dy  =z  <l>'(a)da,         dz  =  \lr'(a)da;    (65) 

then,  by  equations  (2),  Art.  287^  the  equations  to  the  generating 

•«»«  "e  f-/(a)  _  r,  -  »(a)  _  C-yfr(a) 

f(a)     -      <^'(a)      -      yjr'ia)    '  ^^^ 

from  which  the  equation  to  the  surface  will  be  found  by  the 
elimination  of  (a). 

Similarly  also  will  developable  surfaces  be  formed  by  the 
intersection  of  normal  planes  of  a  curve  of  double  curvature ; 
for  suppose  the  equations  to  the  curve  to  be  of  the  form  (64), 
then  the  equation  to  the  normal  plane  is 

{f-/(a)}/(a)  +  {r7-«(a)}  0'(a)  +  {i'->/r(a)}  V^'(a)  =  0,  (67) 

an  equation  of  the  form  (48),  and  therefore  manifestly  that  of 
a  developable  surface.  Fig.  129  indicates  the  mode  of  gene- 
ration of  such  surfaces  and  edges  of  regression. 

311.]]  Ex.  1.  To  find  the  Equation  to  the  surface  generated 
by  tangents  to  the  Helix,  or  (what  is  the  same  thing)  formed 
by  the  continuous  intersection  of  Osculating  Planes. 

By  Ex.  2,  Art.  295,  the  equation  to  the  osculating  plane  is 

rj  cos  ^  —  f  sin  </>  =  T  —  a0 ;  (68) 

.•.     differentiating  with  respect  to  </>, 

17  sin  0  -h  f  cos  (I)  =  a,  (69) 

whence,  squaring  and  adding, 

*- ki '  ^^^^ 

whereby  (69)  becomes 

which  is  the  equation  to  the  developable  heUcoid,  or  screw- 
surface  ;  the  edge  of  regression  of  which  is  the  helix  itself. 
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Similarly  will  the  equation  to  the  surfoce  formed  by  the 
intersection  of  consecutiTe  normal  planes  to  the  helix  be  foimd 
to  be 

ly  sm j^ +  f  cos j5^ 1-  A»fl=0.  (72) 

Ex.  2.         If  the  equations  to  the  curve  of  double  curva- 
ture be  ^2  +  y2  +  ^2  =  ^2^ 

^    yl    £l  _  1    i  ^'^'^ 

^2    +    42     +     ^2    -    ^'      3 

the  student  will  without  difficulty  find  the  following  equation 
to  the  surface  formed  by  the  intersection  of  normal  planes 

which  is  manifestly  the  equation  to  a  cone;  the  ambiguity  of 
sign  in  the  second  term  depending  on  k*  being  greater  or  lew 
than  b^» 

A  further  enquiry  into  the  properties  of  developable  surfaces 
will  be  beyond  the  scope  of  the  present  Treatise ;  but  I  cannot 
refrain  from  recommending  the  reader  to  study  the  works  of 
Monge  and  Dupin  on  these  subjects :  works  as  they  are  of  such 
intrinsic  merit  that  I  cannot  venture  to  characterize  them^  for  it 
may  be  that  my  praise  would  only  tend  towards  disparagement. 

312.]    On  Skew  Surfaces. 

Skew  surfaces  (see  Art.  299)  are  those  ruled  surfaces,  any  two 
consecutive  generating  lines  of  which  do  not  intersect ;  in  the 
complete  equations  of  such  generators,  (9)  and  (10),  Art.  299, 
there  arc  three  conditions  left  undetermined,  and  these  may  be 
that  the  generator  shall  meet  three  directors.  It  is  also  mani- 
fest geometrically  that  such  conditions  fix  the  generator;  for 
take  a  point  chosen  arbitrarily  on  any  one  to  be  the  vertex  of 
a  cone,  from  which  conceive  two  conical  surfaces  to  be  described 
with  the  other  two  generators  as  their  directors;  then  these 
cones  will  intersect  in  one  or  more  straight  lines,  which  will  be 
the  generators  of  the  skew  surface. 

Now  in  developable  surfaces  we  shewed  that  a  tangent  plane 
at  any  point  of  the  surface  not  only  contained  a  generator,  but 
touched  the  surface  through  the  whole  length  of  the  generator. 
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In  skew  surfiuses  however  it  is  not  so ;  the  tangent  plane  con- 
tains the  generator^  but  cats  the  surface  at  every  other  point 
along  it  save  at  that  of  contact.  For  suppose  p  and  p'  to  be 
any  two  points  at  a  finite  distance  apart  on  the  generator  of  a 
skew  surface^  and  q  and  q'  to  be  two  other  points  respectively 
near  to  them ;  then  the  tangent  plane  at  p  contains  the  line  pq^ 
and  that  at  v'  contains  f'q'  ;  but  these  tangent  planes  cannot 
be  identical  in  position^  for  were  they  so^  the  line  joining  q  and 
q'  would  be  in  the  same  plane  with  that  joining  p  and  p\  and 
two  consecutive  straight  lines  would  intersect ;  and  this  is  in- 
consistent with  the  fact  of  the  surface  being  skew.  Hence  the 
tangent  plane  of  a  skew  surface  cuts  that  surface  along  the 
length  of  the  generator^  save  at  the  point  of  contact. 

The  equations  therefore  to  the  generator  of  a  skew  surface 
are  the  following : 

Let  a  be  a  variable  parameter^  and  let  the  arbitrary  functions 
introduced  into  the  equations  be  so  determined  that  the  gene- 
rator may  pass  through  three  directors ;  accordingly  we  have 

^— /(a)         y  — 0(a)         z-^{o) 


p(a)  4>(a)  ^'(a) 


(75) 
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found  as  follows  : 

Let  Y(Xf  y,  z)  be  the  equation  to  the  surface ;  and  let  u,  v,  w 
be  its  partial  derived-functions ;  so  that 

vdx  +  \dy  -f  Yfdz  =  0.  (76) 

Now  take  three  consecutive  points  along  the  generating  line 
of  such  a  surface ;  then  by  what  was  said  in  the  last  Article^ 
the  tangent  plane  changes  its  position  at  those  three  points ; 
u^  V,  w  therefore,  which  are  proportional  to  the  direction-cosines 
of  the  normal,  change  as  we  pass  along  the  line,  but  the  ratios 
dx:  dy:  dz  remain  constant,  because  they  are  the  same  for  all 
points  of  the  line.     Hence  we  have 

vdx  -\-  \dy  +  yidz  =  0,  (77) 

dvdx  -h  d\dy  ^  dwdz  =  0,  (78) 

d^vdx  ^  dhrdy  +  dHdz  =  0;  (79) 

and  replacing  du,  dv,  dw  by  their  values  given  in  (61),  and 
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d*v,  dPvy  d*w  by  their  similar  ones^  (78)  and  (79)  become  re- 
apectively  a  quadratic  and  a  cubic  in  terms  of  d:p,  dy,  dz;  and 
firom  them  and  (77)  dx,  dy,  dz  are  to  be  eliminated,  and  the 
resulting  equation,  in  terms  of  partial  differential  cx>efScient89 
will  be  that  to  the  skew  surface. 

Of  this  class  of  surfaces  two  kinds  require  special  mention. 

814.]]  Conoidal  surfaces  are  those  skew  ones,  the  generating 
line  of  which  always  passes  through  and  is  perpendicular  to 
some  straight  line,  say  to  the  axis  of  z,  and  meets  some 
director. 

Let  Xy  y,  z,  x\  y\  J  be  severally  the  coordinates  of  the  gene- 
rator and  of  the  director ;  and  let  the  equations  to  the  director 

^  Fi (y,  tf,  7!)  =  0,   F2(y,  y\  5^)  =  0 ;  (80) 

then  the  equations  to  the  generator  being 

X        y  J 

7^        ~r  y     Z   ^   A>  f  (oj ) 

X         y  ^    ' 

(80)  become 

Fi  (y,  ^  x\  z)  =  0,   F5,  (x\  ^x\  z)  =0;  (82) 

and  eliminating  .r'  we  have  a  result  of  the  form 

r(l,z)=0,  (83) 

which  is  the  general  equation  to  conoidal  surfaces. 
(83)  may  also  be  put  into  the  explicit  form 

♦'=/(p-  (84) 

315.]  The  differential  equations  to  such  surfaces  may  be 
thus  found ;  taking  the  partial  differentials  of  (84)  we  have 

C^~)  =  1  r(-) 

(--)    -   -  —  f'i^\ 
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Or  taking  the  implicit  form^  viz.  equation  (88)^  and  writing  v^ 
for  the  derived-function  of  f^ 

•••'©+»(|)^'>(r:>=»^       <»«) 

the  geometrical  meaning  of  which  is^  that  the  normal  to  such  a 
■ur£Eux  is  perpendicular  to  the  line  drawn  from  the  point  of 
interaection  perpendicular  to  the  axis  of  z, 

Ex.1.         To  find  the  Equation  to  the  Conoid   whose 
Director  is  the  Helix. 

a?'  =  acos^,  y'  =  asin^^  sf  =•  ka(l>,  (87) 


.'.     jp  =aco8T— ,    y  =a8m7-, 

ka*    ^  ka' 

^  =  tan-r-, 
.r  ka 

y  cos  T ;r  sin  r-    =  0 ;  (88) 

KCL  Ktt 

which  surface  is  called  the  Skew  HeUcoid^  and  is  that  of  the 
under  surface  of  spiral  staircases. 

Ex.2.  Let  the  director  be  a  circle  whose  plane  is 
parallel  to  that  of  xz  at  a  distance  c  from  it^  and  whose  centre 
is  in  the  axis  of  y ;  see  fig.  126. 

Let  radius  of  circle  =  a^  and  let  the  generator  pass  through 
and  be  perpendicular  to  the  axis  ot  x\  om  =  a?,   mn  =  y, 

NP  =  «j   OM   =  x\    ML  =  y^t    LQ  =  z' , 

Let  OA  =  CB  =  CE  =  a, 

OC   =  AB  =   C, 

.*.     x'^  -f  a^*  =  a*,  ^      y  =  .r, 


•  =  a-,  ^      X  =  .r,  -% 


y 
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y »  =  c^ 


1    ^  -      ^' 


c»a«  =  y^Ca^-J:**);  (89) 

which  surface  is  known  by  the  name  of  the  Cono-Cuneos  of 
Wallis,  of  which  the  figure  contains  but  one-fourth^  the  re- 
mainder being  in  three  other  octants. 

816.]  To  find  the  Equation  to  a  surface  generated  by  a 
straight  line  moving  on  two  Directors  and  always  parallel  to  a 
given  plane. 

It  is  manifest  from  the  mode  of  generation,  that  a  section  of 
the  surface  made  by  a  plane  parallel  to  the  given  plane  is  a 
straight  line. 

Let  A^  +  By  +  €;:;  =  a  be  the  equation  to  the  plane  cutting 
the  surface  and  parallel  to  the  given  plane^  and  therefore  having 
A^  B^  c  constant^  and  a  a  variable  parameter ;  and  let  the  equa- 
tion to  another  plane  passing  through  the  generating  atraight 
line  of  the  surface  be 

Ai.r  +  Biy  -f  Cis  =  0,  (90) 

that  is,  conceive  it  to  pass  through  the  origin ;  then  ai,  Bi,  and 
Ci  are  variable  and  may  be  considered  to  be  functions  of  a,  so 

Ai  =/(a),    Bi  =  </)(a),    Ci  =  \/^(a); 
and  therefore  the  general  equation  to  the  surface  is 

.?/(A.r+By-|-cc)-|-y</)(A.r  +  By-|-cc)-|-c>/r(Aa7-|-Bj/-|-cc)  =  0.  (91) 

To  find  its  differential  equation :  to  simplify  the  process,  sup- 
pose that  the  director  plane  is  parallel  to  that  of  xy )  then 
A  =  B  =  0,  and  c  =  1,  and  the  equation  becomes 

'^/U)  +  .V</)(c)  +  zy\f{z)  =  0,  (92) 

which  may  be  put  into  the  form 

z  =  .rF(c)  +  y^(z);  (93) 

whence 
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Section  2. — On  Surfaces  generated  by  the  Motion  of  Circles, 
S17.]    On  Surfaces  of  Revolution. 

DsF. — ^A  Bur&ce  of  revolution  is  generated  by  a  curve  which 
revolves  about  a  straight  line  called  the  axis^  and  every  point  of 
which  describes  a  circle  about  the  axis. 

Hence^  if  such  a  surface  is  cut  by  a  plane  perpendicular  to 
the  axis  of  revolution^  the  section  is  the  circumference  of  a 
circle  whose  centre  is  on  the  axis^  and  all  points  of  which  are 
consequently  at  equal  distances  from  the  axis. 

Let  the  equations  to  the  axis  be 

1^  =  1=*  =  f=i.  (95) 

I  m  n 

{a,  b,  c)  being  a  given  point  through  which  it  passes^  viz.  the 
point  A  in  fig.  127^  and  /,  m,  n  being  its  direction-cosines. 

Let  X,  tfy  z  be  the  current  coordinates  of  the  surface ;  then  the 
equation  to  the  plane  passing  through  (x^  y,  z\  and  perpen- 
dicakr  to  (95),  is       /^  +  ^y  +  „^  ^  ^.  (96) 

Let  BAQ  be  the  axis  of  revolution^  ob  the  perpendicular  from 
the  origin  on  it^  rp  the  generating  curve;  and  suppose  the 
equation  of  it  to  be  given  in  the  form 

AP«  =  /(BQ),  (97) 

then      (a?-fl)*  +  (y-A)*  +  («-c)*  =  f{lx  +  iwy  +  nz),    (98) 

and  which  is  the  general  equation  to  surfaces  of  revolution. 

If  the  axis  of  revolution  be  that  of  z,  then  a  =  i  =  c  =  0, 
/  =  m  =  0,  n  =  1,  and 

^'-f  y*  +  «*  =/(«); 
or^  what  is  equivalent^ 

z  =  /(a?»  +  y^).  (99) 

318.]  To  find  the  Difierential  Equation  to  Surfaces  of  Revo- 
lution. 

Eliminating /from  (98)  according  to  the  method  of  Art.  89, 
we  have 

w(a?-a)-/(y-A)  +  {n(a?-a)-Z(5;-c)}  (^) 

^.{;»(;5_c)-n(y-*)}  {^)  =  0.  (100) 
3  P2 
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Or  putting  (98)  in  the  form 
riie,y,z)  =  r{{x-a)*  +  (y-b)*  +  (z-e)*,lx-\-my+nz}  =  0,  (101) 
and  representing  by  f'  the  derived-function  of  f. 


ttx 

dr 
dy 


(S  =  {2(y -*)  +  '»}''. 


dv 


{57)  =  {»(*-'^) +  «}''' 


(102) 


{in(z-c)-THy-b)}  (£}  +  {n{x-a)-l(z-c)}  (^) 


cbp 


dy 


dY\ 


+  {/(y-A)-m(a?-a)}  Q  =  0.  (108) 

The  geometrical  meaning  of  which  condition  is,  that  the  normal 
to  the  surface  always  meets  the  axis  of  revolution. 

319.]  Ex.  1.  To  find  the  Equation  to  a  Surface  described  by 
a  straight  line  revolving  about  the  axis  of  z,  which  however  it 
does  not  meet. 

Let  the  equations  to  the  revolving  line  be 

x  —a        y'  —fi        s!  —  y 


M 


N 


then 


/2 


2  __    >, 


x"  -\-  y"^  —  iv  -\-  y^,    z   =  z, 
07'  =  a  +  "  (5;  -  y),    y   =  ^  +  ^  (^  -  y), 

N  N 


...      {a  +  ^  (z-y)}^  +  {/3  4   7  («-y)}*  =  -^^  +  P'-   (10*) 

Ex.  2.         To  determine  the  conditions  that 
A.r»2  -f  By2  ^  c^;^  +  2Aiyz  -\-  2iiizj:  -f  2cia?y 

-h  2A2«r  4  2b22^  }  2c2S?  -h  k  r=  0     (105) 
should  express  a  surface  of  revolution. 

The  most  general  form  that  (91)  admits  of,  so  as  to  be  an 
expression  of  the  second  degree  is 

(^-a)2-f  (y-i)2  +  (3;-c)2  =  k^  (la^  +  my -^  nzf ;     (106) 


\ 
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expanding  which  and  equating  coeffidenta  of  the  same  powers 
of  the  YBxiables  with  those  of  (105),  we  have 


A=   1  -*«/»,     -J 

Ai  =  —  k^mn. 

B  =   l-*»f»»,    C 

Bi  =  —  k'nl, 

c  =  1  -  *»n»,  J 

Cx  =  —  k*lm; 

ktp^^lSl^      _k*m*  =  ^^,      -*«n»  = 


i 


Ai  Bi  Ci 

...     ^-!ii£L  =  B-^i^  =  c-ii^.  (107) 

Ai  Bi  Ci 

820.]    On  Tubular  Surfaces. 

DsF. — ^Tubular  surfaces  are  the  envelopes  of  spheres  of  con- 
stant radii,  whose  centres  are  situated  in  a  given  curve,  which 
is  called  the  Axis  of  the  Tube  or  Canal. 

The  general  theory  of  envelopes  having  been  explained  in 
Chapter  XIII,  it  is  unnecessary  to  enter  on  the  subject  at  any 
great  length,  but  one  or  two  points  require  further  elucidation. 

Let  F(a?,  y,  z,a)^0  be  the  equation  to  the  surface,  involv- 
ing x,y^z  its  current  coordinates  and  a  a  variable  parameter; 
and  therefore  representing  a  family  of  surfaces  as  a  varies,  and 
a  particular  individual  of  it  for  a  particular  value  of  a.  Then 
the  equation  to  the  envelope  is  found  by  eliminating  a  between 

p  =  0    and     ^  =  0,  (108) 

aa 

whence  will  generally  arise  an  equation  in  terms  of  x,  y,  z. 

Now  although  (108)  thus  gives  the  equation  to  a  surCeM^e,  yet, 
if  a  be  considered  a  constant  in  them,  each  when  taken  sepa- 
rately represents  a  surface,  and  when  taken  together  they  re- 
present the  line  of  intersection  of  two  surfaces;  to  this  line 
Monge  has  given  the  name  of  characteristic.  Thus  conceiving 
of  developable  surfaces  as  formed  by  the  intersection  of  con- 
secutive planes,  since  two  planes  intersect  in  a  straight  line,  a 
straight  line  is  the  characteristic,  and  is  of  course  the  generator 
of  the  developable  surface. 

Further  imagine  that,  after  the  characteristic  has  been  found, 
the  variable  a  varies  again;   we   shall  hereby  have  another 
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characteristic  determined  by  those  two  different  eqna&m, 
which  will  in  general  be  different  in  form  and  position,  snd 
will  cut  the  former  one;  whereby  an  envelope  will  be  fonned 
of  such  characteristics^  which  will  be  an  edge  of  regression,  sad 
of  course  a  curve  of  double  curvature.  Thus  we  shall  bsYe 
three  equations^ 


r  =  0, 


(109) 


from  which^  eliminating  a,  we  shall  have  two  equations  in  terms 
of  X,  y,  z,  which  wiU  by  their  intersection  give  the  edge  of  re- 
gression^ and  such  as  we  have  before  met  with  in  the  case  of 
developable  surfaces.  Fig.  129  will  perhaps  give  a  better  notion 
of  the  formation  of  such  a  curve ;  but  we  shall  return  to  the 
subject  in  Chapter  XV III^  and  discuss  it  at  such  length,  in  a 
particular  case,  as  may  clear  away  many  difficulties. 

To  investigate  Tubular  Surfaces. 

Let  a  =  the  constant  radius  of  the  sphere.  And  let  the 
equations  to  the  axis  be  expressed  in  terms  of  a  single  variable 
parameter  a,  so  that  the  equation  to  a  sphere  may  be 

{^-/(a)}2  +  {y-</>(a)}^  -f  {^->/.(a)P  =  a^.         (110) 

Differentiating  which  with  respect  to  a, 

{^-/(a)}/'(a)4-{y-<#>(a)}  <#>'(a) -f  {r-V^(a)}  V^'(a)  =  0;  (111) 

which,  taken  in  combination  with  (110)  when  a  is  constant, 
represents  the  characteristic;  and  as  (111)  represents  a  plane, 
the  characteristic  is  manifestly  a  great  circle  of  the  sphere. 

Differentiating  (111)  again,  we  have 

-  {(/'(a))'  -f  (<#>'(«))'  +  ii^'iCL))^}  =  0.   (112) 

By  means  of  which,  and  (110)  and  (111)  if  a  be  eliminated, 
there  will  be  two  equations  in  terms  of  a:,  y,  z,  which,  taken  in 
combination,  are  those  to  the  edge  of  regression  formed  by  the 
characteristics. 
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121.]  To  find  the  Differential  Equation  to  Tabular  Surfieu^es. 

jet  the  equation  to  the  surface  be  f  (x,  y,  z)  =  0^  of  which 
r,  w  are  the  partial  derived-functions ;  and  let  the  equation 
Ae  generating  sphere  be 


{x^af  +  (y-/3)«  +  («-y)»  =  a«; 


n  differentiating  for  the  surface^ 


vdx  +  \dy  +  Yfdz  =  0, 


x—a  ^  y— jS  __  z  —  y  __  a 


u 


w 


if 


p*  =  u*  +  V*  +  w*; 


ence,  differentiating  (116), 


u   . 


vdy  =  ad\ rfp, 


"Bdz  =  adw  — 


(118) 


(114) 


I  differentiating  for  the  sphere, 

{x-a)  dx  +  (y-/3)  rfy  +  («-y)  <fe  =  0;  (115) 


(116) 


(117) 


(118) 


(119) 


I  using  the  notation  of  Art.  308,  equation  (60), 

dv  =■  udx  -\-  to'dy  +  xfdz, 
d\  =  v/dx  +  vdy  + 
dv  =  »'rfa?  +  u'dy  + 

irefore  the  group  (118)  becomes 

(ou— p)rfa?+     av/dy     +    ar/dz    =  -  rfp, 


aw'rfa? +  (at;— p)rfy  +    aa'rfs     =  - ''I'j   )■     (120) 

w 
av'dx-\-     au' dy     -\-(aw-'T)dz'=  —  dv. 
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Whence^  by  croas-miiltiplication, 

rfa?  {(ati— p)  (a»— p)  (aw—T) 

--ii*tt'*{att— p)— a*i/*(av— p)— fl*w'*(aw— p)  +  2ii'tt't>'w'} 

=  —  {u(at;— p)  (aw^T)  —  aii7'v(aw— p) 
p 

-at;'w(ar-p)-ho*tt'(t«'u-ft;'v+tt/w)— 2a*tt'*ij},  (121) 

and  similarly  may  the  values  of  dy  and  dz  be  found. 

Multiplying  through  therefore  by  u^  v^  w^  addin^^  and  bv 
means  of  (ll^), 

u*(av— p)  (aw^v)  +  v*(aw--p)  (ati— p)  +  w*(at«— p)  (a»— p), 

—  2a  {K'vwCati— p)  +  t/wu(a»— p)  -f  w'vv(aw^T)} 

+  a»  {(tt'u  +  »'v  +  ii;'w)»-2(K'*u*+t;'»v«+tt/»w«)}  =  0.  (122) 

If  a  =  00  ^  this  condition  becomes  identical  with  that  given 
in  equation  (62)  for  developable  surfaces. 

322.]    Examples  of  Tubular  Surfaces. 

Ex.  1.        Let  the  axis  of  the  tube  be  a  straight  line  whose 
equations  are  ^  ^ 

and  the  equation  to  the  sphere  be 

and  therefore  , .         ,  ,^ 

L    ""    M    ~~    N  ' 

(«r-f)  d(  +  (y-r,)  drj  +  (c-f)  dC  =0; 
.'.      (^  —  f)  L  -h  (y  -  ?;)  M  +   («  -  0  N  =  0, 

f     _    J7    _     f    _    Lf  +  M7;4-Nf  _    L37-hMy  H-  NJ& 
L    ""    M    "    N    ~    l2  -f  M*  -f-  N^    ~      L*  -f  M*  -h  N*    * 

whence  may  $,  rj,  (  be  found  in  terms  of  a^,yyZ;  and  thence, 
substituting  in  the  equation  to  the  sphere, 
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CHAPTER  XVII. 

ON  CURVATUEE  OF  CURVES  IN  SPACE,  AND  ON 
CERTAIN  KINDRED  AFFECTIONS. 

828.]*  Certain  principles  names  and  modes  of  estimation 
which  were  discussed  in  Chapter  XII^  as  to  the  curvature  of 
curves^  are  stated  with  breadth  sufficient  to  include  kindred 
properties  of  curves  in  space;  a  difference  however  of  great 
importance  exists  between  the  two  classes^  and  which  it  is  ne- 
eessary  at  once  to  bring  out  into  greater  prominence.  In  the 
former  case  the  whole  of  the  curve  lies  in  one  plane^  and  the 
curve  is  therefore  called  a  plane  curve ;  in  the  present^  although 
every  two  consecutive  elements^  or  every  three  consecutive 
points,  must  be  in  one  plane^  viz.  the  osculating  plane,  yet  the 
third  element,  or  the  fourth  point,  may  be,  and  genenJly  will 
be,  in  a  different  plane.  For  this  reason  such  curves  are  called 
non-plane  curves,  and  from  this  general  property  arise  other 
affections  of  a  more  complex  character,  and  which  we  proceed 
to  enquire  into. 

Consider  a  portion  of  a  curve  in  space,  at  no  point  of  the  part 
of  which  under  investigation  is  there  a  point  of  abrupt  termi- 
nation, or  of  discontinuity,  and  at  which  the  derived-functions 
of  the  equations  to  the  curve  are  not  indeterminate.  Now  as 
every  three  consecutive  points  must  be  in  one  plane,  and  as  the 
mode  of  estimating  curvature  as  explained  in  Art.  231  requires 
only  three  points  in  the  curvets  plane,  the  principles  therein 
investigated  are  immediately  applicable,  and  we  propose  to 
apply  them  by  a  similar  process,  viz.  by  drawing  in  the  oscu- 
lating plane,  which  is  the  plane  containing  three  consecutive 

*  For  a  most  masterly  exposition  of  the  properties  considered  in  this 
Chapter,  and  for  geometrical  proofs  of  them  by  the  infinitesimal  method, 
the  reader  is  requested  to  consult  a  Memoir  by  M.  de  Saint  Venant  in 
"TVentidme  Cahier  du  Journal  de  V  Ecole  Royal  Polytechnique." — Bachelier, 
Paris,  1S45. 
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points^  two  ooDBeeiitm  nanaaiM,  whidi  wiU  genflralijr  meet  it 
a  finite  distanoe  from  the  eorve;  the  ratio  of  the  iafiniteiinal 
ang^  contained  between  which  to  the  dement  of  fie  enrfe  ii 
what  we  have  befixre  called  corratnra  (tee  Art.S81)^  Imt  "^AiA, 
for  the  sake  of  greater  distinetneny  we  ahall  now  etH  mb$oUe 
curvature;  and  in  accordance  with  the  expremon  we  diall  aae 
the  following  terms :  radku  qfaimAUe  eurvaiure  is  llie  diatancft 
from  the  car?e  of  the  intersection. of  two  ccmseciitive,nonnab 
drawn  in  the  osculatiiig  plane ;  eeuire  qfjAeoktie  emvahart  is 
the  point  of  intersection  of  two  such  nOTmais;  uujfie  ^ emva- 
iwreAM  the  anf^e  oontiiiied  between  them;  and  sinoe  1^  sodi 
nonnals  are  perpendicnlar  to  two  consecotive  tangen.t%  it  is 
eqpial  to  the  angle  between  them,  and  is  aocoKdUngj^  called  tiiei 
angle  qfeotUmgemee  (see  Art.  885). 

Suppose  then  (4?^  y,  z)^  (<r.-f  dw^  y  +  dy,  g  -f  dz)  to  be  two 
consecutive  points  on  a  eorve^  a^  de  the  distance  between 
them;  and  siqppose  two  consecutife  norpnals  to  be  drawn  in 
the  oscoVrting  plane,  and  to  contain  betweenthem  the  angle 
dti  then;  if  p  =  radius  of  absolute  dirvature,  and^ifr  as  anf^ 
of  curvature,  agreeably  to  Art.  286, 

rf«  =  ±  pdr,  (1) 

ds 

The  radius  of  absolute  curvature,  which  is  mathematically  de- 
fined by  equation  (2)^  is  therefore  the  distance  from  the  curve 
at  which  two  consecutive  normals  drawn  in  the  osculating  plane 
intersect;  or  is  the  ratio  of  the  element  of  the  curve  to  the 
angle  of  curvature. 

324.]  In  a  curve  however  of  the  most  general  nature,  as  we 
pass  continuously  along  it^  the  third  element  will  be  in  a  plane 
different  to  that  of  the  two  preceding  ones ;  that  is,  two  con- 
secutive osculating  planes  will  be  inclined  to  each  other;  or, 
what  is  the  same  things  two  consecutive  binormals  are  not 
parallel.  This  then  is  an  affection  different  to  any  of  those  of 
plane  curves,  and  which  has  been  called  by  various  names*, 
"second  curvature,''  "torsion,"  "flexure,"  "cambrure;"  we 

*  On  the  use  of  these  terms,  consult  Note  I.  of  M.  de  Saint  Venant's 
Memoir  in  the  Journal  de  1'  Ecole  Polytechnique. 
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shall  call  it  torsion,  and  curves  which  are  affected  with  it  we 
shall  caU  non-plane  curves.  In  plane  curves  it  vanishes,  and 
is  of  greater  or  less  amount  according  to  the  deviation  of  the 
curve  from  a  plane  curve ;  we  propose  to  measure  it  according 
to  the  principles  of  Art.  281.  If  therefore  ds  be  an  element  of 
the  curve,  and  d(a  be  the  angle  contained  between  two  con- 
secutive binormals,  the  torsion  will  vary  directly  as  don,  and 
inversely  as  ds.    Let  us  therefore  define  as  follows : 

torsion  z=  -— ;  (3) 

as 

and  suppose  r  to  be  the  radius  of  a  circle,  an  arc  ds  of  which 
subtends  an  angle  do)  at  the  centre,  then 

a  =  |^,  (4) 

and  torsion  =  - ;  calling  then  a  the  radius  of  torsion,  dta  the 

angle  of  torsion,  we  have  the  following  definition  of  r  : 

The  radius  of  torsion  is  the  ratio  of  the  element  of  a  curve  to 
the  angle  of  inclination  of  two  consecutive  binormals. 

It  is  of  course  manifest  that  two  consecutive  binormals  do 
not  of  necessity  intersect ;  but  this  will  appear  more  distinctly 
hereafter. 

It  is  also  to  be  observed,  that  the  torsion  vanishes  in  the  case 
of  plane  curves,  but  that  the  absolute  curvature  vanishes  only 
in  the  case  of  straight  lines;  hence  we  shall  derive  analytical 
conditions  of  lines  in  space  being  plane  and  being  straight. 

And  on  account  of  these  two  affections,  such  curves  have 
been  called  "  curves  of  double  curvature.'' 

325.]    On  the  Radius  of  Absolute  Curvature. 

Let  x,y,z  be  the  coordinates  to  the  point  on  the  curve  at 
which  the  radius  of  absolute  curvature  is  drawn :  ds  an  element 
.  of  the  curve,  (,  ri,  ( the  coordinates  to  the  centre  of  curvature^ 
and  p  its  length ;  so  that 

p«  =  (f-^)»  +  (»7-y)»  +  {C-z)\  (5) 

and  the  point  (f ,  17, 0  lies  in  the  osculating  plane. 
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To  Abbreviate  the  notation,  let 


dyiPz  - 
dztPx- 
dxd^jf  - 


ded*y  =  x,  ") 
dxd^z  =  Y,  y 
dyd^x  =  z,   J 


BO  that  we  hare  by  reason  of  equation  (14),  Art.  S90, 
tf-J")X  -f  ('(-y)T  +  (f-2)Z  =  0. 


(8> 


And  as  the  centre  of  absolute  curvature  is  at  the  point  of  inter- 
section  of  two  conaecutivo  normals  which  are  in  the  osculating 
plane,  it  is  on  the  line  of  intersection  of  two  consecutive  normal 
planes ;  whence  we  have 

{i-x)dx  +(j,-y)dy  +  {i-z)dz  =  0,  (9) 

{f-«)d**  +  (ij-y)d»y  +  (C~z)d*z  =  dt*,  (10) 

and  therefore  by  cross-multiplication  from  (8),  (9)  and  (10), 

ds*{Ydz—zdy)    ' 


e-^=. 


d»*{zrfj?— srfr) 


rf<'(xrfy  — vrfj) 


HI) 


±  -^\^{rdZ'-zdy)*  +  (zdx-xdz)*  +  (xdy-Ydx)*^   . 


(12) 


Which  expressions  may  be  simplified  aa  follows : 
Ydz—zdy  =  dz{dzd*x--dxd*z)~di/(dxd*y—dyd'»), 

—  idx'  +  dy*+d^)d'x—dx(dxd'x+dyd'y  +  dzd*z}, 
=  da^d'x—dxda^a,  (IS) 


=  rf*»rf. - 


(1*) 
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da 
xdy—^dx  =  d»*d*z—dzdad*a, 
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=  d»*d. 


dz 
ds' 


(15) 


(16) 


(17) 


(18) 


P»  =  X»  +  T*  +  Z*, 


=  d#»{(rf»*)»  +  (</«y)»  +  (d»z)»-(rf»»)»}.   (19) 


Therefore  from  (18),  (15),  (17)  and  (19), 


ds* 


=  ±  {(«P«)*+(«Py)»+(rf»^)»-(rf»»)»}*,  (20) 


and  from  (19), 


(21) 


and  therefore  from  (14),  (16),  (18)  and  (21), 


f-jr  = 


v-y  = 


p*    ,  dx 
di      di' 

ds'^'da' 


f-z  = 


_  P 


t 


r.d    -• 

ds    '  ds' 


(22) 


whence,  squaring  and  adding,  and  by  means  of  (5), 


^±i{(^S^(^-r-(^-£)'}*-<»») 


(20)  and  (28)  being  the  same  valnes  of-,  though  in  different 
forms. 

If  s  be  equicresoent,  (28)  may  be  put  in  the  form 


(24) 


r 
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S26.]    Let  A,  fx,  i>  be  the  directioa  angles  of  the  radin*  tX  I 
absolute  curvature,  then 

cos  X  =  = =  ^ii-r> 

p  as      da 

v^y      p  J  dy 

p  a»       at 


and  if  a  be  equicrescent, 


cos  !'   =    p  -J-; 

'^  da* 


0") 


on  comparing  vhich  results  with  Art.  294,  it  appears  that  the 
railius  of  absolute  curvature  coincides  in  direction  with  the 
principal  normal. 

327-2    ^^  determine  the  Ajigle  oi  Cnrvaturc. 
Since  by  equation  (2),  Art.  823,  dr  =  ±  — ,  therefore  from 
equation  (23), 

if  «  be  equicrescent. 

Now  equation  (27)  is  remarkable  and  deserves  attention; 

-I- .  -r~  •  T-  Bxe  the  direction-oosines  of  the  tantrent,  and  dr 
d»'    da'    da  " 

is  the  infinitesimal  angle  between  it  and  the  consecutiTe  tan- 
gent. This  result  therefore  may  be  generalised.  Let  cos  a, 
coB^,  cosy,  cos  a  +  if. cos.  a,  cos^  +  rf.cosyS,  cos  y -f  (i. COS y  be 
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the  direction-cosines  of  two  lines  inclined  to  each  other  at  an 
infinitesimal  angle;  then  that  infinitesimal  angle  is  equal  to 

{ (rf.  cos  a)«  +  (rf .  cos  py  +  (rf .  cos  y)«}*  *.  (29) 

328.]  We  may  also^  as  follows,  immediately  obtain  the  value 
of  p,  and  as  the  process  exhibits  the  power  of  the  infinitesimal 
method  in  its  greatest  simplicity,  we  recommend  the  reader  to 
study  it  attentively. 

Let  F,  Q,  B,  fig.  128,  be  three  consecutiye  points  in  the  curve, 
all  three  lying  in  the  plane  of  the  paper  which  is  the  osculat- 
ing plane.  Then  fq  =  ds,  qr  =  tf«  +  cPs ;  produce  fq  to  s, 
making  qs  =  fq;  complete  the  parallelograms  fqrv,  yqsr,  so 
that  Qs  =  VR  =  FQ  =  ds,  then  the  angle  rqs  =  dr;  and  from 
Q  as  a  centre,  and  with  qs  as  a  radius,  describe  a  small  arc  st, 
which  is  therefore  perpendicular  to  qr;  hence  qt  =  qs  =  eb; 
and  therefore  rt  =  d^s,  and  bt  =  ds  x  dr. 

Now  the  projections  on  the  coordinate  axes  of  fq  are  dx,  dy, 
dz;  and  of  qr,  or  of  fv,  dx-^d}x^  dy  +  d^y,  dz-\-d^z;  there- 
fore the  projections  of  vq  are  d^x,  d^y,  d^z ;  and  therefore 

VQ«  =  {d^xf  +  (rf«y)«  +  (d^zf; 

but  VQ*  =   SR*, 

=   ST*  4-  TR*, 

=  ds^  dr^  +  (d*8)^ ; 
equating  which  values  of  vq*,  we  have 

rf«*  rfr*  =  (d^x)^  +  (rf*y)*  -f  (d*z)^  -  (rf*«)*.  (30) 

And  therefore  by  (2), 

-  =  ±  ^{(rf*^)*+(rf*y)*+(rf*-2^)*-(rf**)*}*.     (31) 

Hence  also  we  have  the  following  value  of  the  angle  of  con- 
tingence, 

rfr  =  ^  I  (d^x)^  +  (rf*y)*  +  (rf*2r)*  -  (rf*^)*  }  * .        (32) 

*  Or  thus :  suppose  cos  a,  &c.  cos  a  +  c^.cos  a,  &c.  to  be  the  direction-cosines 
of  two  lines  making  an  infinitesimal  angle  dr  with  each  other ;  take  along  the 
lines  two  distances  each  equal  to  unity,  and  commencing  from  the  point  of 
intersection  of  the  lines.  Then  the  projections  of  these  distances  on  the  co- 
ordinate axes  are  respectively  cos  a .... ,  cos  a  +  c^.cos  a . . . .  ;  and  therefore 
the  projections  of  the  line  joining  their  extremities  are  c^.cosa,  d.coBp, 
d.cosy,  but  this  line  measures  dr,  since  it  subtends  dr,  at  a  distance  unity; 
and  therefore        (^^j,  ^  (d.cosa)*  +  (rf.cos/3)«  +  (rf.cosy)*. 
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329.3  Ag^  coDBider  fig.  128,  and  project  the  pnrallclogrfun 
PQBV  on  the  plane  of  xy;  the  projections  on  the  axis  of  j- 
and  y  of  the  sides  pq  and  q  a  are  severally  dv,  dy,  and  dr  +  d*j, 
dy  -y  dhf ;  so  that,  aa  was  shewn  in  Art.  2+6,  the  area  of  the 
projected  parallelogram  is  equal  to  dx dhf—dyd^x,  that  is,  to 
the  quantity  represented  by  z  in  Art.  325.  Similarly  the  pro- 
jections of  the  parallelogram  ?qbv  on  the  planes  of  yz  and 
sx  are  x  and  v ;  also,  as  in  Art.  246, 

area  of  pitas  =  fq  x  qr  x  sin  rqs, 

=  ds{da-^-d*$)nadr, 

=  da*  X  dr, 

=  ^.  ,33, 

P 
Hence  by  a  property  of  projected  areas, 

P 

the  same  as  equation  (21 ),  Hence  also  we  have  the  following 
values  of  the  direction -cosines  of  the  binormal,  which  is  per- 
pendicular to  the  plane  in  which  the  parallelogram  rqas  lies, 


ds"    ds"    d»'> 


(34) 


330.]    On  Torsion  and  Radius  of  Torsion. 
Since  in  Art.  324  du  is  the  angle  between  two  consecutive 
binormals,  and  since  the  direction-cosines  of  the  Brst  binormal 


or  in  terras  of  (84), 

'       '  px        pY        pz 

di^'   d^'   da^' 
it  follows  from  equation  (29),  Art.  337,  that 

"-{(^■j)"- ("■;)■+ (■'■;)'}';        <»=) 

•  •    ''-'  =  (       ,.       )  +  (—75—)  +  (       ,.       )  .  (8«) 


-\ 
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(X»  -h  Y»  4-  g')(rf3C*  +  rfy'  4-  rfz^)  —  (Xrfx  -h  YrfY  -h  Zrfz)' 
"*  '  (X»  +  Y«  +  Z«)>  ' 


(Yrfz— ZiIy)*  +  (Zrfx— Xrfz)*  +  (xrfY— Yrfx)* 


(37) 


(X*  +  Y*  +  Z  V 

But  diffierentiatnig  the  several  terms  of  (6)^  we  have 

rfx  =  dydPz  —  dzd^y,  ^ 

dr  :=  dzd^a--  dxd^z,    C  (38) 

dz  =  dxd^y  —  dyd^x;  J 

.-.    Tcfe— zrfY  =:  r(dxd^'^dy£Px)--z(dzd^x--da:d^z), 

=  dx{xd^x  4-  YcPy  -f  zrf'^r) — d^x(xdx + Yrfy  +  zefo) : 

hot  xrf^p  +  Yrfy  +  zdz  =  0; 

.-.    Yrfz— zrfY  =  dx(xd^x  -f  Yrf'y  +  zd^z);        (39) 

and  as  similar  valaes  are  trae  for  the  other  terms  of  the  nume- 
rator of  (87), 

//  t  —  rf^  _  ds^jxd^x  -h  Yrf^y  +  zflPz)^ 

"""b*"""  (X*  +  Y«  +  Z«)«  ' 

1       x<Pa?  +  Yrf'y  4- zcP^ 


a 


(40) 


*  *      R  X*  4-  Y*  4-  z 

ds^ 
And  since  x*  -f-  y*  +  z*  =  — =- , 

.-.     ^  =  ^  {xrf*^  +  Yrf8y  +  zd^z},  (41) 

and  £l«  =  i^  {xrf»a:  +  Yrf»y  +  zd^z}.  (42) 

Also  substituting  the  second  set  of  the  values  of  the  direction- 
cosines,  given  in  (34), 

3» 
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331.3  ^^  reference  to  singular  forms  of  the  values  of  rfr  nnd 
rfw  which  have  been  determined  by  equations  (27)  and  (42),  it 
is  to  be  observed  that 

(a)  If  at  any  point  of  a  carve  rfr  =  0,  or  which  is  the  same 

d.^  =  0,      d.^  =  0,  (44) 


ds  an 


I 


tijen  there  is  no  change  of  direction  of  the  tangent  as  we  pass 
to  a  third  point  on  the  curve;  that  ia,  the  curve  becomes  a 
straight  liue,  or  the  curvature  is  suspendedj  and  there  is  what 
is  called  a  point  of  Suspended  Curvature. 

(/i)  And  if  rfr  =  0,  and  changes  its  sigUj  then  not  only  does 
the  curve  at  the  point  run  into  and  coincide  with  its  tangent, 
but  it  intersects  it;  and  we  have  what  corresponds  to  a  point 
of  inflexion  of  plane  cunes,  and  is  called  a  point  of  Inflected 
Curvature. 

(y)  And  if  at  all  points  of  a  curve  in  space  tir  —  0,  then  the 
liue  iH  straight  as  is  apparent  at  once  from  the  three  conditions 
of  (44). 

(B)    If  at  any  point  da  =  0,  or  what  is  equivalent 

\d'.v  +  vrfSy  +  zd^z  =  0,  (45) 

the  osculating  plane  does  not  change  position  as  we  pass  from 
a  third  to  a  fourth  consecutive  point,  and  the  torsion  at  that 
point  is  suspended,  or  the  curve  is  plane ;  such  a  point  is  con- 
veniently called  a  point  of  Suspended  Torsion. 

(t)  And  if  dot  =  0,  and  changes  its  sign,  then  the  direc- 
tion in  which  the  torsion  takes  place  is  changed,  and  we  have 
what  is  called  a  point  of  Inflected  Torsion. 

(f)  And  if  at  all  points  of  a  curve  dm  =  0,  then  the  binormals 
are  all  parallel,  and  the  curve  is  plane.  This,  it  is  to  be  ob- 
served, is  the  same  condition  as  that  before  found  in  Art.  296. 

332.]  We  proceed  now  to  consider  certain  surfaces  which 
are  generated  by  planes  and  straight  lines,  the  positions  and 
directions  of  which  depend  on  properties  of  curves  of  double 
curvature ;  and  first  let  us  consider  the  effects  of  the  intersec- 
tion of  consecutive  normal  planes. 
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Two  consecutive  normal  planes  of  course  generally  intersect, 
for  did  they  not,  the  elements  of  the  curve  to  which  they  are 
perpendicular  would  be  in  the  same  straight  line,  which  is  ab- 
surd; and  they  intersect  in  a  straight  line,  which,  in  accord- 
ance with  the  nomenclature  employed  by  M.  de  Saint  Venant, 
and  taken  from  Monge  and  Lancret,  we  will  call  the  polar  line : 
the  polar  line  manifestly  passing  through  the  centre  of  abso- 
lute curvature,  and  being  perpendicular  to  the  osculating  plane. 
Consider  again  a  third  consecutive  normal  plane  3  this  will  in- 
tersect the  second  one  in  a  straight  line,  which  is  a  consecutive 
polar  line,  and  so  on ;  and  thus  a  developable  surface  will  be 
formed  by  the  intersection  of  such  normal  planes ;  and  as  it  is 
also  generated  by  the  polar  lines  according  to  the  properties  of 
developable  surfaces  investigated  in  the  last  Chapter,  it  is  called 
the  Polar  Surface. 

Also  a  curve  is  formed  by  the  intersection  of  the  polar  lines ; 
for  the  lines  of  intersection  of  the  first  two  and  of  the  last  two 
of  three  consecutive  normal  planes  lie  in  the  second  plane,  and, 
not  being  parallel,  necessarily  intersect,  and  must  by  their  in- 
tersection form  a  curve  of  double  curvature,  which  is  the  edge 
of  regression  of  the  polar  surface.  To  this  edge  of  regression 
therefore  the  polar  lines  are  tangents ;  and  as  such  polar  lines 
are  perpendicular  to  two  consecutive  osculating  planes  of  the 
original  curve,  it  follows  that  the  angle  of  curvature  of  this  edge 
of  regression  is  equal  to  the  corresponding  angle  of  torsion  of 
the  primitive  curve.  Also,  as  is  manifest  from  the  mode  of 
generation,  the  normal  planes  of  the  primitive  curve  are  oscu- 
lating planes  of  the  edge  of  regression  ;  and  therefore  the  angle 
of  torsion  of  the  edge  of  regression  is  equal  to  the  angle  of  cur- 
vature of  the  primitive  curve.  These  reciprocal  properties  of 
the  angles  of  curvature,  and  of  torsion  of  the  curve,  and  of  the 
edge  of  regression  of  its  polar  surface,  are  due  to  M.  Fourier. 
We  cannot  however  hence  conclude,  that  the  curvatures  and 
torsions  of  the  two  curves  are  reciprocally  equal,  because  the 
lengths  of  the  corresponding  elements  of  the  two  curves  are 
not  always  equal. 

333.]]  Investigatioti  of  mathematical  expressions  connected 
with  polar  surfaces  and  polar  lines. 

I^t  if  li  C  be  the  current  coordinates  of  the  normal  plane, 

3  aa 
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X,  y,  z  tbe  coordiuatea  to  the  point  on  the  curve  at  wbicli  it  is 
ciravn ;  then  the  etiuatiou  to  the  normal  plane  is 

(f-j7)  dx  +  {T,-y)  %  +  (f-jr)  flb  =  0,  (46) 

and  the  equation  to  the  consecutive  normal  plane  is 

(f  _^)  gt^  ^  (^_yj  d»y  +  (f-a-)  rfs-  =  rf,»,  (47) 

by  means  of  which,  and  of  the  two  equations  to  the  curve,  x,  y,  z 
may  be  elimiuatcd,  and  the  resulting  equation  in  terms  of  f,  i;,  C 
IB  that  of  the  polar  surface. 

S34.]    Again,  to  find  the  Equations  to  the  Polar  Line. 

Let  f ,  I),  f  be  the  current  coordinates  of  the  line ;  then,  as  it 
passes  through  the  centre  of  absolute  curvature,  and  is  per- 
pendicular to  the  osculating  plane,  or  is  parallel  to  the  binormal, 
its  equations  arc,  by  means  of  (22), 

^ ds       ds  _  '     "      da      dg  __  ^ da      da      ^ 

S.  ~  Y  ~  2  •    \       > 

335,^  Also  to  find  the  coordinates  of  the  point  of  inter- 
section of  two  consecutive  polar  lines :  that  is,  the  coordinates 
to  a  point  on  the  edge  of  regression  of  the  polar  surface :  we 
most  again  differentiate  (47),  whereby  we  have 

{i-x)  (Par  +  (n-y)  rf»y  -|-  (f-r)  d^Z  r=  8(f«(j**,       (49) 
and  by  cross-multiplication  between  (46),  (47)  and  (49), 

(f— z)(xd*ir  +  Y(Py+K(p2:)  =  8rf»rf»*x— rf*»rf.x,     (50) 

=     -rf,.rf.^;  (51) 

and  similar  values  are  true  for  the  symmetrical  expresstoov. 
Therefore  by  means  of  (41), 


p*»  J   ^ 

By  means  of  which  and  the  two  equations  to  the  curve  x,  y,  z 
may  be  eliminated,  and  the  two  resulting  eqoatioQB  in  terms  of 
i,  %  (  will  be  those  to  the  edge  of  regreuipn  of  the  polar  ancftce- 
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386.^  Let  us  further  consider  these  properties  in  relation  to 
a  sphere  which  has  contact  with  the  primitive  curve. 

As  a  circle  is  definite  when  it  passes  through  three  consecu- 
trre  points  on  a  curve^  and  cannot  in  general  pass  through  more^ 
so  a  sphere  is  definite  when  it  passes  through  four  points^  pro- 
vided that  these  four  points  have  not  such  a  position  as  to  give 
a  singular  form  to  the  sphere,  as  for  instance  to  make  it  a 
plane;  this  is  manifest  geometrically,  inasmuch  as  an  infinite 
number  of  spheres  may  be  made  to  pass  through  three  points, 
but  of  these  that  which  passes  through  the  fourth  point  has  a 
definite  radius ;  and  also  algebraically,  because  the  equation  to 
a  sphere  involves  four  arbitrary  constants,  and  these  may  be 
expressed  in  terms  of  the  coordinates  of  four  given  points. 
Consider  then  a  sphere  to  be  so  placed  as  to  pass  through  a 
given  pcHnt  on  a  curve,  and  to  touch  the  tangent  to  the  curve 
at  the  point ;  the  sphere  passes  through  two  consecutive  points 
on  the  curve,  and  its  centre  may  be  at  any  point  which  is  equi- 
distant firom  these  two;  it  may  therefore  be  any  where  in  the 
normal  plane.  I^uppose  also  that  the  sphere  passes  a  third 
consecutive  point  in  addition  to  the  former  two,  then  its  centre 
mnat  also  be  in  the  second  consecutive  normal  plane,  and  must 
tiierefore  be  in  the  intersection  of  these  two  normal  planes; 
that  is,  it  must  be  in  the  polar  line,  but  it  may  be  at  any  point 
in  that  line;  that  line  therefore  may  be  considered  as  the  locua 
of  the  centres  of  spheres  which  pass  through  the  same  three 
consecutive  points  on  a.  curve.  Suppose  again  that  the  sphere 
alao  passes  through  four  consecutive  points,  then  its  centre 
must  be  in  the  point  at  which  the  polar  line  is  intersected  by 
its  consecutive  polar  line,  and  is  therefore  at  a  definite  point, 
and  the  radius  of  the  sphere  is  of  definite  length.  The  point 
then  at  which  the  centre  of  such  a  sphere  must  be  placed  is  on 
the  edge  of  regression  of  the  polar  surface ;  such  edge  therefore 
may  be  defined  to  be,  the  locus  of  the  centres  of  spheres  which 
pass  through  four  consecutive  points  on  a  curve  of  double  cur- 
vature. 

Therefore,  (,  rj,  (  of  equations  (52)  are  the  coordinates  to  the 
centre  of  the  osculating  sphere,  and  (—x,  rj—y^  C—z  are  the 
projections  on  the  coordinate  axes  of  its  radius.  Now  after 
some  long  but  not  difficult  reductions^  equations  (52)  assume 
the  fiorms 


EVOLUTES  Of  KON-rl,ANE  CUBVBS. 
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S.+ 

%dp  pi 
d,  dt* 

'i' 

t^ 

idp  pi 
dt   d,' 

"T," 

d: 

Kdp   pa 

Bud  since  {-  d.-r , 
as       as 


e  the  directiou-cosincB  of  the  radiu 


of  curvature,  and  v-r are  the  direction-cosinea  of  tlie  polax 

line,  it  follows  that  the  projectiona  on  the  coordinate  asea  of 
the  radius  of  the  osculating  sphere  is  equal  to  the  sum  of  the 
projections  on  the  same  axes  of  the  radius  of  absolute  curva- 
ture, and  of  a  line  equal  in  length  to  -^-^  measured  from  the 

centre  of  curvature  along  the  polar  line  j  and  therefore  as  the 
polar  line  is  perpendicular  to  the  radius  of  absolute  curvature, 

the  radius  of  the  osculating  sphere  =  -j  p^  +  (   ^     J    !■   •    (54) 

And  if  the  radius  of  absolute  curvature  of  a  curve  is  constant 
for  all  points  of  the  curve,  so  that  dp  =  0,  then  the  centres  of 
absolute  curvature  and  of  the  osculating  sphere  are  coincident; 
and  if  at  a  point  on  a  curve  p  is  a  maximum  or  a  minimum,  the 
same  result  follows. 

And  by  differentiating  (52)  or  (53)  we  may  find  d(,  rfij,  d{, 
and  thereby  the  length  of  an  element  of  the  edge  of  regression 
of  the  polar  surface ;  and  thence,  by  means  of  Fourier's  rela- 
tions, the  curvfikture  and  torsion  of  the  edge  of  regression  in 
terms  of  the  coordinates  of  the  corresponding  point  of  the 
primitive  curve. 

337.]  The  above  investigations  lead  us  immediately  to  an 
enquiry  respecting  those  properties  of  curves  of  double  curva- 
ture which  are  analogous  to  evolutes  of  plane  curves. 

Let  a  normal  line  be  drawn  at  any  point  of  a  curve  of  double 
curvature ;  it  will  be  in  the  normal  plane  at  the  point,  and  wiD 
therefore  touch  the  polar  surface. 

Now  conceive  a  second  and  consecutive  normal  plane  to  be 
drawn ;  it  will  meet  the  first  normal  line  on  the  polar  snrlace. 
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and  at  the  point  of  meeting  let  a  normal  line  be  drawn  to  the 
carve :  and  conceive  again  a  third  consecutive  normal  plane  to 
be  drawn,  and  to  meet  the  second  normal  line:  and  another 
normal  line  to  be  drawn  to  the  curve,  and  by  a  method  similar 
to  the  former  one :  and  so  on ;  then  will  a  curve  be  described 
on  the  polar  surface,  the  elements  of  which  are  elements  of 
these  successive  normal  lines,  and  which  curve  is  such  that  if 
a  perfectly  flexible  and  inextensible  string  be  fixed  at  any  point 
of  it,  and  of  such  a  length  as  when  stretched  will  reach  to  the 
curve;  then,  if  it  be  wrapped  round  the  polar  surface  and  along, 
and  tangential  to,  the  curve  thereon  described,  the  extremity  of 
the  string  will  describe  the  original  curve  of  double  curvature. 
On  this  account  the  curve  described'  on  the  polar  surface  is 
called  the  Evolute,  and  the  original  curve  is  called  the  Involute 
with  respect  to  it. 

Thus  let  «r,  y,  z  be  the  point  on  the  original  curve  at  which 
the  normal  is  drawn,  and  let  the  point  on  the  polar  surface  at 
which  the  normal  abuts  be  that  whose  coordinates  are  f,  ry,  {; 
and  let  da  be  an  element  of  the  evolute ;  and  let  r  be  the  dis- 
tance between  the  two  points ;  then,  as  r  is  to  be  a  tangent  to 
the  evolute, 

di  __  x—i        drj  _^  y  —  v       ^f  __  '2'  — f 
rfcr  ""       r     '      da  "^      r     '      da  "      r     ' 

Also         r^  =  (a^-a*  +  iy-rj)^  +  (^-0^ 

-  rdr  =  (a?-f )  rff  +  (y-ry)  rfry  +  (z-C)  dC, 

-^  dr  =  — -^ =:   ±  da; 

da 

.*.     dr  ±  da  z=  0, 

and  taking  the  negative  sign  r  —  <r  =  a  constant ;  so  much  of 
the  string  therefore  is  taken  off  from  its  length  by  the  wrap- 
ping, as  to  leave  the  remainder  equal  to  the  distance  of  the 
point  on  the  old  curve  from  the  point  on  the  evolute  where  the 
wrapping  ends. 

Hence  if  from  two  points  on  an  evolute  tangents  to  the  evo- 
lute are  drawn  to  the  involute,  the  difference  of  their  lengths 
is  equal  to  the  length  of  the  arc  of  the  evolute  between  the 
points  of  contact. 
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Aa  the  basis  of  tlio  coDstruction  of  the  cvolute  thus  far  hu 
been  k  norma!  line  at  a  given  point  of  the  original  curve  chosen 
arbitrarily,  ao  may  any  other  normal  line  be  taken,  and  as  near 
to  the  other  aa  we  please;  and  thus  there  may  be  any  number 
of  evolutes,  all  of  which  will  be  on  the  jjolar  surface,  and  which 
may  therefore  be  considered  as  the  locus  surface  of  aach  evo- 

Thc  locus  of  the  centres  of  absolute  cun'atiire  is  not  an  evo- 
lute,  although  it  is  a  curve  described  on  the  polar  surface ;  and 

for  this  reason;  suppose  p, Q, b to  be  consecutive  points  on 

the  curve,  and  p,Q,r to  be  the  centres  of  curvature  cor- 
responding to  the  points;  then,  if  the  Unepgr were  an 

evolute  of  fqr ,  the  arc  pi/  should  lie  in  the  line  pp  pro- 
duced, the  arc  qr  should  lie  in  qi/  produced,  and  so  on:  and 

SHch  can  be  the  case  only  when  Fp,Qq,  nr are  two  and 

two  in  the  same  plane ;  but  all  these  lie  severally  in  different 

planes,  viz,  in  the  osculating  planes  at  p,  Q,  a The  radii 

of  absolute  curvature  therefore  cannot  meet,  and  by  their  in- 
tersections form  an  evolute,  unless  all  are  in  the  same  plane, 
or,  in  other  words,  unless  the  curve  is  plane.  A  surface  how- 
ever is  generated  by  such  radii  of  curvatiu-e,  which  is  ruled,  but 
of  the  class  termed  Skew. 

There  is  also  another  remarkable  property  of  evolutes  of 
curves  of  double  curvature,  viz.  when  the  polar  surface  is  de- 
veloped into  a  plane,  they  become  straight  lines  all  divei^iug 
horn  the  same  point.  For  consider  two  consecutive  normal 
planes  vp  and  a;  drawn  at  p  and  q,  and  im^ine  the  second 
one  to  turn  about  the  polar  line  in  f^,  until  the  two  planes 
coincide ;  then,  as  is  manifest  from  the  constructioa,  q  ialla  on 
and  coincides  with  p,  and  the  line  rp  coincides  with  <tq,  bo  that 
pg,  the  element  of  the  evolute,  coincides  in  direction  with  rp; 
and  as  a  similar  result  would  follow  ftaia  a  similar  tqperaticn 
being  performed  on  the  other  normal  planes,  it  f<dlows  that  the 
evolute  of  which  pq  ia  an  element  becomes  a  straight  line  ema- 
nating from  p,  the  point  into  which  the  whole  original  cnrve 
becomes  absorbed;  and  aa  a  similar  result  is  true  of  all  the 
other  evolutes,  it  follows  that  when  the  polar  surface  u  de- 
veloped, the  evolutes  become  a  pencil  of  straight  lines  diverging 
from  the  point  into  which  the  curve  falls. 

And  aa  the  length  of  an  element  of  an  evolute  is  not  altered 
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by  the  development^  it  follows  that  the  element  of  an  evolute  is 
the  ahortest  distance  between  the  two  extremities  of  the  ele- 
ment. The  evolute  therefore  is  the  geodesic  line  between  any 
two  points  on  the  polar  surface. 

838.^  To  enable  the  reader  to  obtain  an  adequate  concep- 
tion of  the  results  of  the  last  few  Articles,  the  geometrical 
figore  129*  is  given. 

Let  Pi,  P2,  P8>  ^4 be  successive  points  in  a  curve  of 

double  curvature;  and  through  the  middle  points  Mi,  M2^  Ms 
....  of  successive  elements  let  the  normal  planes  Li^  L2>  Ls  ....  be 
drawn^  intersecting  each  other  consecutively  in  the  straight  lines 

AiBi^  AaBs which  are  therefore  the  polar  lines;  and  the 

surface  formed  by  the  intersection  of  the  normal  planes  is  the 
developable  polar  surface ;  then,  as  all  the  elements  of  the  curve 
are  not  in  the  same  plane,  the  polar  Unes  are  not  parallel,  and 
therefore  intersect  consecutively,  and  thereby  form  an  envelope, 

viz.  the  non-plane  curve  Qi  QaQs ,  which  is  the  edge  of 

regression  of  the  polar  surface. 

Also  let  the  normal  planes  Li,  L2  be  cut  by  the  osculating 
plane  containing  the  elements  Fi  P2  and  F2  Fs^  and  which  is 
therefore  perpendicular  to  Li  and  h2,  and  let  the  lines  of  inter- 
section be  MiCi,  M2C1;  then  Ci  is  the  centre  of  absolute  cur- 
vature of  the  curve  at  Pi,  and  PiCi  is  the  radius  of  absolute 
curvature. 

Again,  let  the  consecutive  osculating  plane  be  drawn  con- 
taining the  elements  P2P8  and  P3P4,  and  let  its  lines  of  inter- 
section with  L2  and  L3  be  M2C2  and  M3C2;  then  C2  is  the  centre 
of  absolute  curvature  of  the  curve  at  P21  and  P2  C2  is  the  radius 
of  absolute  curvature.  It  is  manifest  now  that  the  line  M2C2 
does  not  coincide  with  M2C1,  because  they  are  the  lines  of 
intersection  of  the  same  plane  L2  by  different  planes;  M2C2 
therefore  does  not  cut  AiBi  in  the  point  Ci;  and  therefore  the 
consecutive  radii  MiCi  and  M2C2  do  not  meet.  The  successive 
centres  of  curvature  therefore  do  not  arise  from  the  intersection 
of  consecutive  radii  of  curvature,  and  consequently  these  radii 
are  not  tangents  to  the  locus  of  the  centres ;  and  therefore  it 
follows  that  the  curve  Ci  C2 cannot  be  regarded  as  an  evo- 

♦  The  figure  is  the  same  as  that  given  by  Monge  in  his  "  Application 
d' Analyse,"  and  thence  has  been  copied  into  most  of  the  ordinary  text  books. 

3s 
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lute  of  the  original  cuire.  It  is  manifest  howerer  from  the 
constraction  that  snch  will  be  the  case^  if  the  ordinal  carve  be 
plane. 

The  diagram  gives  us  also  a  dear  notion  of  the  formation  of 
evolutes.  From  Mi  let  any  line  MiDi  be  drawn  in  the  normal 
plane,  meeting  at  Di  the  polar  surface,  to  which  it  is  tangential; 
and  from  Di  let  the  line  Di  M2  be  drawn  to  M2>  the  middle  point 
of  the  next  element;  then  this  line  lies  in  the  consecutive 
normal  plane,  and  is  tangential  to  the  polar  surface^  and  has  an 
element  D1D2  in  contact  with  it;  and  let  a  similar  process  be 
continued  on  other  consecutive  normal  planes ;  then  there  will 

be  described  on  the  polar  surface  a  curve  DiBs ,  such  that 

each  successive  element  on  it  being  produced  will  pass  through 
and  be  normal  to  the  original  curve,  and  such  that  the  differ- 
ence between  two  successive  lines  drawn  from  the  new  to  the 
old  curve  is  equal  to  an  element  of  the  new  curve,  as  is  mani- 
fest from  the  construction;  therefore  the  curve  niD2 is 

an  evolute  to  the  original  curve,  which  is  caDed  an  involute 
relatively  to  it.     Hereby  also  a  developable  surface  will  be 

formed  of  which  the  curve  Din2 is  the  edge  of  r^ression, 

the  osculating  planes  to  which  are  those  containing  the  suc- 
cessive elements  of  the  original  curve. 

And  as  the  first  normal  Pi  Di  was  drawn  to  a  point  Di  chosen 
arbitrarily,  so  might  any  other  point  have  been  taken  on  the 
polar  line  Bi  Ai  Qi  ;  and  thus  there  may  be  any  number  of  evo- 
lutes on  the  polar  surface,  and  the  polar  surface  may  be  con- 
sidered as  the  locus-surface  of  such  curves. 

It  is  manifest  from  the  geometry  that  if  the  polar  surface  be 

developed  into  a  plane,  Di  D2 would  become  a  straight  line; 

therefore  Di  D2 is  a  geodesic  line  on  the  polar  surface. 

339.]  From  the  figure  also  may  be  deduced  results,  some  of 
which  are  identical  with  those  above  investigated  by  algebraical 
methods. 

Through  the  points  Mi,  M2 ,  the  middle  points  of  succes- 
sive elements,  let  there  be  drawn  the  binormals  MiLi,  M2L2 

which  are  parallel  to  the  polar  lines  Ai  b  1 ,  A2  B2 ; 

then  the  angle  Ai  Qi  A2,  being  that  between  two  successive  polar 
lines,  is  equal  to  the  angle  of  torsion.  Also  let  the  line  M2C2 
cut  the  polar  line  ai  Bi  in  i ;  then  we  have  the  following  values : 
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MiCi  =  p  =  radius  of  absolute  curvature, 
Mfi  =  dp  =z  differential  of  ditto, 
m]i  Qi  =  radius  of  osculating  sphere, 

Ai  Qi  A]  =  angle  of  torsion  =  (/»  =  — . 

Since  then  Cji  may  be  considered  as  an  arc  of  a  circle,  sub- 
tending an  angle  Ai  Qi  As  at  Qi,  we  have 

c,i  =  QiCa  X  angle  AiQi  As; 

.-.     dp  =  Q1C3  X  rf», 

and  sinoe  Mi  Ci  Qi  is  a  right  angle, 

MiQi«  =  MiCi«  +  CiQi», 

radius  of  osculating  sphere  ==|p*-ffR^—  j     V   ,     (56) 

tanQxMxCi  =  5l^  =  ^.  (57) 

FiCi        pas 

Also  as  M2C1,  H2C2  are  the  lines  of  intersection  of  the  normal 

plane  at  F2,  bj  two  consecutive  osculating  planes  which  are 

both  perpendicular  to  it,  the  angle  C1M2C2  is  that  between  the 

osculating  planes,  and  is  therefore  equal  to  the  angle  of  torsion : 

that  is,  , 

Ci  M2C2  =  aa»; 

and  as  MfCi  is  perpendicular  to  AiBi,  Cii  may  be  considered 
the  arc  of  a  circle  subtending  at  M2  an  angle  d<a ;  therefore 

Cii  =  M2C1  X  angle  C1M2C2, 

=  pd<»;  (58) 

and  therefore  if  Ci  C2  be  joined,  Ci  C2  is  an  element  of  the  curve- 
locus  of  the  centres  of  curvature ; 

.-.       CiC2*  =  Oil*  +  IC2^ 

=  p«  rfa)»  +  dp\  (59) 

K  the  curve  be  plane  dta  =  0,  and  ci  C2  =  dp,  in  which  case 
C1C2  is  an  element  of  the  evolute  of  the  original  curve;  but  if 

the  original  curve  be  non-pkne,  the  curve  Cic, is  not  an 

evolute. 
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As  CiCj  is  au  element  of  the  curve  locus  of  the  centreB  of 
absolute  curvature,  it  is  equal  to  (rff*  +  djf^  +  rff^}*  of  the 
expresaions  given  in  equations  (11)  or  (22)  of  the  present 
Chapter;  that  ia 

(V  +  p=rf<«^  =  {rf^  +  rf.(J^rf.^)}*+ +  ...  (60) 

whence,  alter  Beveml  reductions, 

340.]  Now  this  last  equation  deserves  attention ;  for  on  re- 
ferring to  equations  (35)  it  appears,  that  the  direction-cosinea 
of  the  radius  of  absolute  curvature  are 

frf.^,    frf.J,    J-d.^:  (63) 

ds  ds'  da  dg  da  da 
and  therefore  on  comparison  of  (61)  with  (29),  it  appears  that 
the  right-hand  member  of  (61)  is  the  square  of  the  infinitesimal 
angle  contained  between  two  consecutive  radii  of  absolute  cnr< 
vature.  Therefore  if  dO.  be  the  angle  between  these,  viz.  the 
angle  between  Mi  Ci  and  m^  Cj  in  fig.  129 ;  then 

and  aasuming  is,  to  be  such  that  d«  =  &dSl,  we  have 

111 
gi  =  71  +  p:  «») 

and  calling  -~  complex  flexure  and  JK  the  radius  of  complex 
flexure,  we  have 

(complex  flexure)'  =  (curvature)'  +  (torsion)'.        (66) 
Fig.  129  afi'ords  an  easy  geometrical  proof  of  (64). 
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341.]    On  the  Osculating  Surface  of  a  Non-Plane  Curve. 

The  osculating  planes  of  a  non-plane  curve  by  their  con- 
secutive intersections  form  a  developable  surface^  whose  edge 
of  regression  is  the  curve  itself;  or  the  surface  may  be  con- 
sidered to  be  generated  by  the  tangent  lines  in  their  successive 
positions.  The  tangent  liue  therefore  is  the  characteristic  of 
the  surface^  and  which  is  called  the  osculating  surface. 

Let  the  equation  to  an  osculating  plane  be 

(f-a?)x  +  (T;-y)Y  +  (i'-^)z  =  0;  (67) 

then  the  equation  to  the  consecutive  plane  is 

(f-^)rfx  +  (T,-y)rfY  -h  (C-^)rfz  =  0,  (68) 

•.•     xrf^  +  vrfy  +  zrfr  =  0. 
Eliminating  therefore  xyz  from  (67),  (68),  and  the  two  equa- 
tions to  the  curve,  there  will  result  an  equation  in  terms  of 
ii  17,  f  which  will  be  that  to  the  osculating  surface. 

From  the  mode  of  generation  of  the  surface,  it  is  manifest 
that  all  involutes  to  the  given  curve  lie  in  it ;  and  that  each 
involute  cuts  all  the  generating  lines  of  the  surface  at  right 
angles. 

An  example  of  a  problem  of  this  kind  has  been  solved  in 
Ex.1,  Art.  811. 

842.]  Again,  suppose  planes  to  be  drawn  at  every  point  of 
a  non-plane  curve  and  perpendicular  to  the  radius  of  absolute 
curvature  at  the  point;  such  will  by  their  intersections  gene- 
rate a  developable  surface,  the  equation  to  which  is  found  as 
follows : 

Let  f ,  ry,  f  be  the  current  coordinates  of  the  plane ;  then,  since 
it  is  perpendicular  to  the  radius  of  absolute  curvature,  or  to 
the  principal  normal  whose  direction-cosines  are  given  by  equa- 
tions (25),  its  equation  is 

and  the  equation  to  the  consecutive  plane  is 

(i-x)  d\  g  +  {-n-y)  d*.  ^  +  (f-r)  d*.  g  =  0,    (70) 

because  the  tangent  and  the  principal  normal  are  perpendicular 
to  each  other. 
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The  elimination  therefore  otwtfZ  between  (69),  (70),  and  the 
two  equations  to  the  curve,  will  leave  an  equation  involving 
f,  1),  C  which  will  be  that  to  the  required  surface. 

The  planes,  by  the  consecutive  intersection  of  which  the  sur- 
face is  formed,  are  tangential  to  the  original  curve,  and  are  by 
their  poHitioQ  perpendicular  to  both  the  osculating  and  normal 
planes  to  the  curve  at  the  common  point.  This  surface  there- 
fore always  cuts  at  right  angles  the  osculating  surface  of  the 
curve ;  and  since  to  the  osculating  surface  the  curve  is  the  edge 
of  regression,  tliis  surface  is  perpendicular  to  the  osculating 
surface,  through  the  whole  length  of  its  edge  of  regression. 
Now  when  a  developable  surface  is  unfolded  into  a  plane,  its 
edge  of  regression  becomes  a  straight  line,  as  is  manifest  from 
the  very  form  of  such  surfaces ;  therefore  when  the  osculating 
surface  is  developed,  the  original  curve  becomes  a  straight  line ; 
but  what  effect  has  such  a  development  of  the  osculating  surface, 
or  such  a  rectification  of  its  edge  of  regression,  on  the  surface 
which  is  perpendicular  to  it  through  its  edge?  it  developes  this 
orthogonal  surface  into  a  plane,  and  the  line  of  contact  of  the 
original  curve  with  it  becomes  a  straight  line.  This  surface  is 
accordingly  called  the  rectifying  developable  surface,  as  being 
that  which  touches  the  curve,  and  tlie  curve  of  contact  of 
which,  with  the  given  curve,  becomes  a  straight  line  when  the 
BOrfkce  is  developed  into  a  plane.  It  is  also  for  this  reaatm  that 
the  plane  which  touches  a  curve,  and  is  perpendicular  to  the 
radius  of  absolute  curvature,  is  called  the  rectifying  plane  *. 

343.]  The  line  of  intersection  of  two  successive  rectifying 
planes  is  called  the  rectifying  line ;  hence  it  is  the  line  of  inter- 
section of  the  two  planes  whose  equations  are  (69)  and  (70) ; 
therefore  its  equations  are 

i-x  _  v-y 

dy   .,   dz        ,  dz        dy  dz  ,.  dx        ,  dx    ,  dz 

ds        as  ds        d»  da        dt  dt        d» 

C-z 


.^rfi.^_rf.§!rfs.f 


(71) 


also  it  is  perpendicular  to  two  consecutive  principal  normals. 

*  See  ■  paper  by  I^uicret  in  "  H^mies  dea  Saraiu  Btrang^ree,"  tome  I«, 
Paris,  An XIV  (ISOS). 
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Also  by  means  of  the  denominators  of  the  above  fractions 
may  there  be  determined  the  infinitesimal  angle  between  two 
conseeiitiye  rectifying  Unes. 

And  the  edge  of  regression  of  the  rectifying  surface  may  be 
determined  by  differentiating  (70)^  and  then  determining  two 
equations  in  terms  of  (,  ri,  (  between  (69)^  (70)  and  its  differ- 
ential^ and  the  two  equations  to  the  curve. 

844.]  For  the  sake  of  practice  we  will  apply  to  the  helix 
many  of  the  results  which  have  been  arrived  at  in  the  present 
Chapter.  As  was  shewn  in  Ex.  2^  Art.  295^  the  equations  to 
the  curve  are 


X  =5  aoos^,  "^ 

«br  =  —  asin<^(/^  = 

-  yd<t>, 

y  =  asin^,    C 

.'.     rfy  =     a  cos  <!>  dip     = 

xdi^y 

z  =  ka<l>,      J 

dz  =        kad<l>        = 
rf*«  =  (1 +*»)««  rf<^; 

kadift, 

and  takine:  d>  to  1 

be  eauicrescent. 

(72) 


d*y^-ydft>*,    I  d'y=-xd<f>»,    C         (73) 

d*z  =0,              J  d'z  =0,              J 

and  from  the  resnlts  of  Ex.  2,  Art.  295,  and  from  (6)  and  (7) 
of  Art.  826, 


d*x 
d»* 

d*y 
d»* 

d'z 
ds' 


—  X 


a*(l+*«)' 


_     -y 


a*(l  +  *»)' 


=  0, 


X  = 

Y   = 
Z   = 

P2  = 


kay  dfffi, 
—  kax  d(f>^y 
a*  d<l>^, 
a^(l-\-ffl)d(t>^; 


>       (74) 


by  (24)  and  (25)  of  the  present  Chapter, 

p  =  o(l+*«); 
cos  A  =  —  cos<f>,       cos/x  =  —  sin<^,       cosr  =  0; 


rfr  = 


d<i> 


(75) 
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The  radius  of  absolute  curvature  therefore  coiucides  in  dtnc- 
tion  with  the  radius  of  the  base-cylinder  of  tlie  helix ;  and  as  its 
value  is  constant,  its  extremity  describes  another  helix  of  the 
game  a\is  and  the  same  thread,  and  which  is  traced  on  a  base- 
cyliader  whose  radius  is  k-a. 

Again,  from  (40)  and  (42), 

1  +  A»  p      - 


(76) 


dm  -. 


(1  +  AV 

And  since  the  radius  of  absolute  cun-ature  is  in  direction  co- 
incident with  the  principal  normal,  whose  directio 
given  by  equations  (15),  Art.  292,  we  have 


coal  = 


siu^, 


(1  -t-  *»)* 


1 


»■        (1  +  k'-)^ 

The  equation  to  the  polar  surface  has  been  found  in  the  last 
Chapter  (see  £x.  1,  equation  (72),  Art.  811),  and  therefore  it 
is  unnecessary  to  apply  equatious  (46)  and  (47)  to  the  same 
problem. 

By  means  of  (48)  the  equations  to  a  polar  line  are 
f  +  *'j^  _  v  +  k'y  _  i-z 

—kf~  -  ~^k^  -  ~r-  ^^^^ 

Again,  to  find  the  equations  to  the  edge  of  regression  of  the 
polar  surface,  we  have  from  equations  (52) 

f  =  -  k*x,         r,=  ~  k*y,        {  =  z;  (79) 

substituting  which  in  the  equations  to  the  helix,  viz. 


a:   =   B  COS  1—  >        1 

/;  f 
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we  have  .. 

f  =  —  **  a  cos  ^— , 

ka 

(81) 

n  =  —  k^a  sin  r-; 

ka 

wliicli  represent  a  helix  described  on  a  cylinder^  whose  axis  is 
the  axis  of  the  original  base-cylinder^  and  radius  =  k^a,  and 
the  inclination  of  whose  thread  to  the  plane  of  xy  is  the  same 
as  that  of  the  original  helix. 

Also  from  (54), 

the  radius  of  the  osculating  sphere  =  o(l  +  **),       (82) 

and  is  therefore  equal  to  the  radius  of  absolute  curvature.;  and 
similarly  the  coordinates  to  the  centre  of  the  osculating  sphere 
are  those  given  in  (79). 

From  (64),  ^^  ^  ^^^  ^83^ 

that  is,  two  consecutive  radii  of  absolute  curvature  are  inclined 
to  each  other  at  the  same  angle  as  the  corresponding  radii  of 
the  base-cylhider. 

Also  from  (65),         »  =  (1  +  k^)^  a.  (84) 

By  equation  (69)  the  equation  to  the  rectifying  plane  is 

f  ^  +  i?y  =  «^  (85) 

that  is,  the  plane  is  parallel  to  the  axis  of  z,  and  perpendicular 
to  the  radius  of  the  base-cylinder. 

And  by  (71)  the  equations  to  the  rectifying  line  are, 

f  =  ^,        i,  =  y,        f  =  g.  (86) 
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CHAPTER  XVIII. 

ON  THE  CURVATURE  OF  SECTIONS  OF  CUR^TID  SURFACES. 

ZIS.'^  CoNfiiDBR  on  a  curv-ed  surface  a  point  which  is  not  one 
of  tliscoutiiniity,  and  at  which  the  derived -functions  of  the 
equation  to  the  surface  are  neither  singular  nor  indeterminate. 
Through  this  point  let  any  number  of  curved  lines  be  drawn  on 
the  sTirface;  generally  the  curvature  of  these  hnes  will  vary 
continuously  us  we  pass  from  one  to  another;  to  the  detcrmi- 
rnition  of  their  curvature  we  propose  to  apply  the  principles 
which  have  been  elucidated  in  the  preceding  pages,  and  by 
means  of  them  to  form  a  conception  of  the  actual  flexure  or 
curviitnre  of  the  surface  at  the  point  under  consideration. 

Now  our  principles  require  an  investigatiou  into  the  incli- 
nation of  two  consecutive  elements,  or  into  the  relative  position 
of  three  consecutive  points  (see  Art.  241).  The  first  point  is 
that  under  consideration,  and  the  next  two  are  of  necessity 
in  the  same  plane  with  it ;  and  according  as  the  plane  of  the 
three  consecutive  points  does  or  does  not  contain  the  normal 
to  the  surface  at  the  first  point,  will  the  process  of  inquiry  be 
dilTerent. 

Firstly,  let  the  three  points  be  such  that  their  plane  may 
contain  the  normals  at  the  first  and  second  points;  then  the 
two  consecutive  normals  lie  in  the  same  plane,  and  therefore 
intersect.  Accordingly  the  principles  on  which  we  have  esti- 
mated radius  of  curvature  are  directly  applicable ;  this  is  called 
the  case  oi principal  normal  section. 

Secondly,  let  the  plane  of  the  three  points  contun  the  first 
normal,  but  not  the  second ;  then  the  principles  of  estimating 
curvature  which  were  adopted  in  the  last  Chapter  are  applica- 
ble; and  we  must  investigate  the  distance  irom  the  surface  at 
which  the  normal  plane  of  the  second  element  meets  the  normal 
to  the  surface  at  the  given  point,  for  such  a  point  will  be  iden- 
tical with  the  point  of  intersection  on  the  osculating  plane 
of  two  consecutive  normal  planes ;  this  is  the  case  of  ordmary 
normal  section. 
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Thirdly,  the  three  points  may  be  such  that  their  plane  may 
not  contain  the  normal  line  at  the  given  point ;  and  we  must 
then  apply  the  results  of  Art.  325  to  determine  the  radius  of 
absolute  curvature.  This  is  the  case  of  oblique  section,  the  os- 
culating plane  of  the  two  elements  being  inclined  at  a  given 
angle  to  the  normal  of  the  surface. 

346.]    On  the  Curvature  of  the  Principal  Normal  Sections. 

* 

Let  the  equation  to  the  surface  be 

F(a?,y,2r)  =  0,  (1) 

and  for  the  sake  of  abbreviating  the  notation  let  us  employ  the 
following  symbols,  as  in  Art.  308, 

rfp\  /dv\  fdv\ 


/d^¥\  td^v\  /d^¥\ 


>     (2) 


U»  +  V*  +  W*  =  Q*.  (3) 

Then  the  equations  to  the  normal  at  the  point  x,  y,  z  are 

inf  =  ^^  =  £::£  =  ^  =  ii,  (4) 

U  V  W  Q 

where  p  is  the  distance  between  {x,  y,  z)  and  (f,  ry,  f)-  Hence 
we  have  ^  ^ 

i;-y  =  vX2,     {.  (5) 

f  —  jzr  =  wX2. 

But  when  two  consecutive  normals  intersect,  (5)  must  consist 
with  their  differentials,  when  x  y  and  z  and  therefore  u  v  w  X2 
vary ;  accordingly,  differentiating,  we  have 

dx  +  vdQ,  +  Qsdjj  =  0,  ^ 

dy  +  vrfXl  +  adY  =  0,    C  (6) 

dz  -f  wrfXi  +  i2rfw  =  0,  J 

whence,  eliminating  X2  and  dQ,,  there  results 

(vrfw— wrfv)£fa?+ (wrfu— urfw)rfy  +  (urfv— vrfu)rfr  =  0;  (7) 

3T  a 
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and  aa  tliis  ia  independent  of  f ,  t;,  f  it  ia  tme  for  any  p<nnt  on 
the  surface,  aod  is  therefore  the  differential  equation  of  hnei 
drawQ  on  the  surface,  which  are  such  that  the  consecutive  nor- 
mals to  the  surface  along  them  intersect.  These  hnes  are  called 
t!ie  H/iPS  of  cm-vature,  other  properties  of  which  we  shall  take 
occasion  hereafter  to  prove.  The  geometrical  meaning  of  (7) 
is,  that  the  line  of  intersection  of  the  two  tangent  planes  drawn 
at  the  extremities  of  dn,  is  at  right  angles  to  the  tangent  hue 
whose  direction -cosines  are  proportional  to  dx,  rfy,  dz. 

The  equation  to  the  hues  of  curvature  may  also  be  expressed 
as  follows ;  for  since 

vrfw— wrfv  =  v{v'(lx  +  u'dy  +  iodz)  —viit/dx-^-vdy  +  M'rfj), 
=  {\'if  ~ww')dx  +  (vj/  —v!v)dy  +  (\v)  —  y!u')dz; 
and  since,  similarly, 

wrfu— tirfw  —  (w«  — c«')rflif  +  (WW*  — ni/)rfp  + (wr'— CMi)<fc, 
crfv  — vrfu  =  (p  tP*  —  vu)  (tr  +  (vv—vv/)dy  +  (pi/— vtQifc. 
the  equation  to  the  liues  of  cun'ature  become*  ^^| 

(Vt/— Ww')dil!*  +  (WK>'  — C«')rfy*  +  (TJM'— Ttl')(fa' 

-Kwi/— cip  +  cv— vMj')dy(fe  +  (uM»'— va-f-VKJ— wi(')rfr(ia^ 

'{■{•vii—yiv+Yiu—vif)dxdy  =  0.     (8) 

And  as  this  is  of  two  dimensions  in  terms  of  dx,  dy,  dz,  there 
are  in  general  two  distinct  lines  of  curvature  passing  through 
every  point  on  a  surface ;  these  are  subsequently  shewn  to  be 
perpendicular  to  each  other  at  the  point. 

347.]  Let  therefore  (i  be  the  length  of  the  radius  of  curva- 
ture of  a  principal  normal  section ;  and  let  f ,  ij,  f  be  the  coordi- 
nates to  its  extremity,  so  that 

P*  =  (.i-xY  +  {-n-y?  +  (f-r)», 

and  as  f,  T),  t,  p  are  the  same  for  the  next  consecutive  normal, 
and  therefore  for  the  next  two  consecutive  points,  we  have 

{i-x)  dx  +  (^-y)  dy  +  (f-z)  dz  =  0,  (9) 

(i~x)d*x  +  (T-y)d>y  +  {i-s)d^z  =  d^;         (10) 
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and  as  the  centre  of  cnrvature  is  on  the  normal, 
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w 


Q        v(JPx-\'\dhf-\-YfdPz 
Qds^ 


i   (11) 

Now  differentiating  the  equation  to  the  surface  twice^  we  have 

vd^x+Yd^y'{'yfd^z-\-udx^-\-vdy^-\-wdz^ 

+  2{u'dydz  ^v'dzdx-i-w'dxdy}  =  0,     (18) 

and  employing  I,  m,  n  to  represent  the  direction-cosines  of  the 
element  of  the  curve  whose  curvature  we  are  investigating,  so 
that 


dx 


=  /, 


dz 


m. 


_  dy 

ds       '^       ds  ' 

we  have,*neglecting  the  ambiguity  of  sign^ 


57  =  '*' 


(14) 


-  =  M/2+vw*+tt;»*+2tt'mn+2t/n/+2w7f»;        (15) 
P 

and  this  expression  admits  of  the  following  modification : 

Suppose  that  at  the  point  on  the  surfSeuse  neither  u^  v,  nor  w 
vanishes^  then  since 

vdx  +  vrfy  +  Yfdz  =  0;  (16) 

.•.     u/h- vm  +  wn  =  0,  (17) 

.'.    \m  +  wn  =  —  u/; 


similarly 


2mn  = 


2n/  = 


2lm  = 


vw 

wu 
w*n*— u*P— v*w* 


uv 


(18) 


and  substituting  as  follows^ 


we  have 


V         ,        ,  , 

H   =  tt  H (Utt  — VV  —WW), 

vw 


K  =  t>   +  (Vt/— Wtl/  — Utt'),      > 

WU 


w 
uv 

Q 

-  =  h/*  +  Km*  4-  L»*. 


(19) 


(20) 
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But  u  the  section  whose  curvature  we  are  conwdering  hn 
an  dement  coincident  with  that  of  a  line  of  curvature,  we  must 
introduce  the  condition,  and  modify  (20)  accordingly ;  return- 
ing to  (7)  and  (8), 

w— wrfv  =  (vi/— w«i')(ir  +  (vtt'-w«)rfy-f-(va'  — wa')(t; 
whence,  by  means  of  (16)  and  (19), 

vdw— wdT  =  vLrfz— wKrfy.  (21) 

Similarly,        wrfu— orfw  =  wBdx—vLdz,  (22) 

urfv  — vrfu  =  uarfy— vHrf*,  (23) 

whereby  the   differential   equation  to  the  lines   of  curvature 


C(K-L)rfyrfr  +  \(L-n)dzdx  +  w(H-K)(irrfjr  =  0,     (24) 

or  tt(K— L)nin+v(i— B)n/+w(B— k)/f«  =  0.  (25) 

Also  from  (17),      i,/  +  vm  +  w»  =  Oj 

whence,  eliminating  u,  v,  w  in  order,  and  simplifying  the  result 
by  means  of  (20),  we  have 

(26) 


,(e-?)        «(.-?)        «(.-p 


a  qnadratic  equation,  which  gives  the  two  values  of  p  cor- 
responding to  the  two  radii  of  curvature  of  the  principal  normal 
sections. 

If  however  at  the  point  of  the  surface  under  investigation 
either  c,  v  or  w  vamshes,  the  process,  by  which  h,  k,  l  have  been 
formed,  £uls;  and  neither  can  the  equation  of  the  principal 
radii  of  curvature  be  expressed  in  the  forms  (20)  and  (27),  nor 
the  equation  of  the  lines  of  curvature  in  the  form  (25).  In  this 
case  then  we  are  obliged  to  recur  to  the  original  forms,  which 
are  also  most  general,  viz.  (8)  and  (15). 
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848.]  Equations*  (26)  give  us  also  values  for  l,  m,  n  which 
are  the  direction-cosines  of  the  lines  of  curvature^  and  therefore 
of  the  principal  normal  sections ;  whereby  it  may  be  shewn, 
that  the  principal  normal  sections  are  at  right  angles  to  each 
other. 

For  let  ^1  mi  Ui,  1%  m%  n^  be  the  direction-cosines  of  the  normal 
sections  corresponding  to  which  the  radii  of  curvature  are  pi,  p2 ; 
then  we  have,  ¥niting  in  (27)  each  value  of  p,  and  subtracting 
one  from  the  other. 


^p\    pi'  *• 


V* 


(h-«-)(h-^) 


r2  ^2 


+ : + 


\        p^l  \       p^f       \       Pi'  \       p,/ 


}  =  0,  (28) 


Hence,  if  pi  and  p2  be  unequal,  as  they  will  usually  be,  the 
second  factor  must  be  equal  to  0;  and  therefore  by  reason 

of  (26),  j^  j^  +  wi  f»a  -f  »i  »a  =  0,  (29) 

and  therefore  the  principal  normal  sections  intersect  each  other 
at  right  angles. 

Hence  also  the  lines  of  curvature  at  any  point  of  a  surface 
cut  each  other  at  right  angles. 

The  radii  of  curvature  of  the  principal  normal  sections  are 
called  the  principal  radii  of  cwrvature. 

349.]  To  determine  the  Radius  of  Curvature  of  any  Normal 
Section. 

Observing  the  mode  of  determining  the  radius  of  curvature 
of  such  a  section  which  was  mentioned  in  Art.  345,  it  appears 
that  we  have  to  find  the  point  of  intersection  of  the  normal 
whose  equations  are 

tz£  =  5z:y  =  Lzf .  (30) 

U  V  w 

and  the  plane  which  is  perpendicular  to  the  second  element, 
and  whose  equation  is  given  in  (10) ;  whence,  using  the  same 

*  For  this  Article,  as  well  as  for  a  great  part  of  the  preceding  one,  and  for 
Art.  350, 1  am  indebted  to  Gregorsr's  Solid  Geometry,  Cambridge,  1845. 
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notation  snd  the  same  method  of  investigation  as  that  of 
Art.  847,  we  haTe 

-  =  H/»  +  Km'  +  Ln»,  (81) 

P 

B,  K,  L  being  given  in  equations  (19),  and  I,  m,  n  being  the  ' 
direction-cosinea  of  the  element  of  the  curve  at  the  point  on 
the  surface,  and  whose  curvature  we  are  esamiuiiig. 

350.]  Of  all  Radii  of  Curvature  of  Normal  Sections,  to  de- 
termine whether  any,  and  what,  are  Maxima  and  Minima. 

For  all  normal  sections  passing  through  a  given  point 
Q,  c,  V,  w,  H,  K,  L  being,  or  involving,  the  partial  derived- 
functions  of  the  equation  to  the  surface  at  the  point,  are  con- 
stant, but  I,  m,  n  vary.  Hence  we  have  to  determine  the 
masimum  and  minimum  of  (31),  having  given  the  conditions 

u/+Tm  +  wB=0,  (83) 

P  +  TO*  +  »■  =  1 ;  (88) 

.-.     p  (-)  =  a{Hirf/+Kmdm  +  Lnrfn}  =  0,   -j 

L'd/  +   \'dm   +  wdn    =  0,    >■        (34) 
Idl  +  mdm  +     ndn    =  0,  J 

and  using  indeterminate  multipliers  —X  and  — m  according  to 

Art.  14a,  ,       .  , 

'  bI  —  \T5  —  fit 


—  Xv  —  fil  =  0,  -\ 

—  Xv  —  ftm  =  0,    > 

—  Xw  —  fin  =  0,  J 


whence  moItiplyiDg  severaUy  through  by  /,  m,  n,  and  adding 
I  —     ^'^  —     ^'^  _     Aw 
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which  last  results  are  identical  with  (26)  and  (27) ;  whence  it 
follows^  that  of  all  normal  sections  the  principal  ones  are  those 
whose  curvature  is  respectively  a  maximum  and  a  minimum. 
Hence  the  normal  sections  of  greatest  and  least  curvature  are 
at  right  angles  to  each  other. 

351.]  The  radius  of  curvature  of  any  normal  section  may  be 
expressed  as  follows^  in  terms  of  the  radii  of  curvature  of  the 
principal  normal  section. 

The  proposition  having  been  discovered  by  Euler,  is  known 
by  the  name  of  Euler's  Theorem  of  Normal  Sections. 

Let  pi  and  ps  be  the  principal  radii  of  curvature^  and  /i  mi  ni, 
/2  ms  Hi  be  the  direction-cosines  of  the  elements  of  the  lines  of 
curvature  passing  through  the  given  point  on  the  surface^  and 
therefore  of  the  directions  of  the  principal  normal  sections  at 
the  point ;  let  p  be  the  radius  of  curvature  of  any  other  normal 
section^  and  Imn  the  direction-cosines  of  its  elements ;  and  let 
a  be  the  angle  between  its  plane  and  that  of  the  maximum 
principal  radius  of  curvature ;  then  we  have 

vl  -h  vm    -f  wn    =  0, 

u/i  +  vmi  -f  w«i  =  0,    ^  (38) 

u/2  -f  vwis  +  w»3  =  0, 


(39) 


III  +  mmi  4-  nrii  =  cos  a,  ^ 
11%  -\-mm2  -f  «»2  =  sin  a,    / 

h  h  +  wii  m2  4-  ^1 W2  =  0.  (40) 


Also  considering  the  directions  of  the  lines  of  curvature^  and 
the  normal  of  the  surface^  to  constitute  a  system  of  rectangular 
axes  at  the  point  under  consideration  as  the  origin,  we  have 

/  =    /i  cos  0-1-/2  sin  a,  ^ 
m  =  mi  cos  a  -h  m2  sin  a,    >  (41) 

fi  =  fii  cos  a  -h  n2  sin  a,  J 

the  last  term  of  the  general  formula  for  such  cosines  vanish- 
ing, because  the  element  of  the  normal  section  is  perpendicular 
to  the  normal  to  the  surface. 

3^ 
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Also  from  (Sfi), 

{"-^) '.  =  "-. 

("-^"--•' 

(,-i)™.=  .v. 

.         (.-^)m,=  iv. 

■    <«! 

(-^)-.-r 

^        P,'                 J 

reason  of  (88), 

„,/,  +  H™m,  +  .„„,=%o..,  -, 

'"' 

Bill  +  KWiWi  +  LUB,  =  -sina;  J 

and  multiplying  the  first  of  (48)  by  cos  a,  and  the  second  b? 
sin  a,  and  adding  and  reducing  by  means  of  (41),  we  have 

h;«  +  K/n*  +  L»*  =   -  (C08  0)»  +  —  (sin a)':        (44) 
Pi                          Pi 
and  therefore  by  (31), 

1   _  (cos 

^■+'""'i''. 

(«1 

which  is  Euler's  Theorem ;  and  is  of  importance,  as  by  it  the 
radius  of  curvature  of  any  normal  section  is  expressed  in  terms 
of  the  principal  radii  of  curvature  at  the  point  in  question. 

852.^  Hence  we  have  the  following  proposition  as  to  the 
radii  of  curvature  of  any  two  normal  sections  which  are  per- 
pendicular to  each  other. 

Let  p  and  p  be  the  radii  of  currature  of  two  normal  sections 
perpendicular  to  each  other;  then 
1        (cos  a)'         (sina)» 


Pi 


Pi 


{cos{a  +  ^)}'       (sin(a  +  |)}' 


(sinn)*         (cos  o)' 


(46) 
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that  is,  the  sum  of  the  curvatures  of  two  normal  sections  per- 
pendicular to  each  other  is  constant. 

353.3    As  an  example  of  the  preceding  formulae^  let  us  take 
the  elUpsoid  whose  equation  is 

F(^,y,2r)  =  |.^  H-  |-^  +  ij  =  1;  (47) 

2  2  2 

a*  0^  c* 

u  =0,  t?'  =  0,         M?'  =  0, 

if  j9  be  the  perpendicular  from  the  centre  on  the  tangent  plane 
(see  equation  (31  )y  Art.  284).     Hence  equation  (27)  becomes 

aHpp-a*)  "*■  »{pp-b^)        c'(pp-c^)  "     '       ^     ^ 

the  roots  of  which  quadratic  equation  are  the  greatest  and  least 
principal  radii  of  curvature  at  any  point  on  the  ellipsoid. 

And  as  the  last  term  of  the  quadratic  when  written  in  an 

integral  form  is  — ^ ,  it  follows  that  the  product  of  the  great- 

est  and  least  radii  of  curvature  is  invariable  for  all  points  for 
which  p  is  constant. 

Again,  putting  (48)  in  the  form 

X*  t/*  z^ 


+  — ■        .,.    +  — : T-  =  0, 


a.(l_^)         A»(l-*1)         c«(l-£i) 

\  pp^  \  ppf  \  ppf 

and  subtracting  it  from  the  equation  to  the  ellipsoid,  we  have 

07*  y*  2r* 


a^^pp        b^^pp        c^^pp 

which  is  the  equation  to  a  concentric  and  confocal  surface  of 
the  second  order. 

Also  by  means  of  (26),  the  directions  of  the  principal  normal 
sections  may  be  determined  at  any  point  of  the  ellipsoid. 

3U  2 
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354.]  We  proceed  now  to  consider  certain  singular  r&lues  of 
pi  utd  Pi,  and  the  nature  of  a  point  on  a  sorlace  whereat  tbe 
singular  Talues  exiHt. 

In  equations  (il)  and  (12)  an  ambiguity  of  sign  exists,  which 
is  introduced  in  extracting  the  root  of  c*  +  t*  +  w',  and  there- 
fore p  may  be  affected  with  a  +  or  a  —  aign ;  and  the  same 
ambiguity  of  sign  continues  in  (27). 

As  u,  V,  w  however  do  not  vary  for  different  normal  sections, 
and  as  p  is  an  absolute  length  of  line,  it  appears  from  (11)  that 
the  change  of  sign  arises  from  (—x,  n  —  p,  f— -  i  ^nd  therefore 
the  change  of  sign  implies,  that  the  centres  of  curratnre  are 
for  different  normal  sections  situated  on  different  sides  of  the 
surface. 

With  respect  to  (45)  it  is  to  be  borne  in  mind,  that  pi  and  p% 
are  both  taken  with  the  positive  sign,  and  that  q  has  the  same 
sign,  viz.  4,  in  both.  From  (45)  therefore  it  follows,  that  if 
pi  and  pi  have  the  same  sign,  p  has  always  the  same  sign  as 
eitlier  of  them;  and  that  therefore  all  normal  sections  bane 
their  curvature  in  the  neighbourhood  of  the  point  tamed  in  the 
same  direction.  The  analytical  condition  derived  from  equa- 
tion (27)  that  this  should  be  the  case,  is  that 

—  +  —  +  —  must  be  >  0.  (49) 

H  K  L 

Also  it  ia  manifest  that,  as  pi  and  pt  toe  &  maximnm  and  a 
minimum  value  of  the  radii  of  curvature,  p  always  lies  between 
them. 

Again,  if  the  signs  of  pi  and  p^  are  different,  that  is,  if 

11*  vl  w> 

—  +  —  +  —  is  <  0,  (50) 

H  K  L 

then  the  radii  of  curvature  of  some  normal  sections  are  turned 
in  a  direction  contrary  to  that  of  others,  and  (4:5)  becomes 

1   _  (cos g)*   _   (sing)' 
P  Pi  P»      ' 

let  o'  be  such  that  tano'  =   (  — )*,  (52) 

\p,  ' 

then  for  all  values  of  a,  from  —  a'  to  4-  a,  and  from  t  —  a'  to 
V  +  a',  the  radii  of  curvature  of  normal  sections  are  tnzned  in 
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the  same  direction ;  and  when  a  =  ±  a,  and  =i  v  ±  a,  p  =  oo , 
then  the  normal  section  becomes  a  straight  line  in  its  consecu- 
tive  elements  which  abut  at  the  pointy  or  the  curvature  is  sus- 
pended (see  Art.  331) ;  and  for  all  values  of  a  outside  those 
Umits^  the  curvature  of  the  normal  sections  is  turned  in  a  con- 
trary direction. 

According  to  our  hypotheses  pi  is  the  maximum  and  ps  is 
the  minimum  radius  of  curvature. 

In  the  case  in  which  one  of  the  principal  radii  of  curvature 

is  infinite^  say  pi  =  oo  ^ 

_  (sin  a)« 
p  = ,  (56) 

Pi 
the  analytical  condition  of  which  derived  from  (27)  is 

=?-?^?  =  o. 

and  which^  when  expanded^  becomes  identical  with  that  de- 
termined in  Art.  308^  equation  (62),  as  the  differential  equation 
of  developable  surfaces.  Hence  the  meaning  of  the  equation  is 
apparent;  one  of  the  principal  normal  sections  of  the  surface 
lies  along  its  generating  line^  and  therefore  the  curvature  of 
such  a  section  vanishes. 

Again^  suppose  the  two  values  of  pi  and  ps  to  be  equal  and  of 
opposite  signs ;  then  the  coefficient  of  the  second  term  of  the 
quadratic  (27)  must  be  equal  to  zero^  whereby  we  have 

u*(k  -I-  l)  4-  v*(L  4-  h)  4-  w*(h  4-  k)  =  0.  (55) 

In  this  case^  a  of  (52)  =  45^;  and  therefore  of  the  surface 
about  the  point,  the  curvature  of  one-half  is  turned  in  one 
direction^  and  that  of  the  other  half  in  the  opposite  direction. 

355.]  Lastly^  let  us  consider  the  case  when  the  principal 
radii  of  curvature  are  equal  and  have  the  same  sign.  Here 
pi  =  Pi,  and  equation  (45)  becomes 

p  =  pi   =  p,;  (56) 

that  is,  the  radii  of  curvature  of  all  the  normal  sections  at  such 
a  point  are  equal.     The  point  is  called  an  umbilic. 

And  the  analjrtical  conditions  of  such  a  point  on  a  surface 
may  thus  be  found.  As  all  the  principal  radii  of  curvature  must 
be  equal,  the  direction-cosines  which  determine  their  directions 
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must  be  indetermmfttc ;  aud  as  these  are  the  same  as  thoie 
which  detenniije  the  hnea  of  curvature,  equations  (25)  or  {26> 
must  be  satisfied  idcatically  and  independently  of  any  paiticaUr 
values  of  /,  in,  n ;  but  this  is  effected  if 

D  =  K  =  l;  (57) 

these  two  equations  therefore,  together  with  that  to  the  sorfaoe, 
determine  the  position  of  an  umhilic.  In  these  however  the 
Biinultaneou?  values  of  ;ry:;  must  not  be  such  as  to  make  to 
Tanish  either  v,  v  or  w,  for,  if  so,  the  process  according  to  which 
H,  K,  L  were  determined  in  Art.  347  fails.  And  if  the  two 
equations  (57)  are  equivalent  to  only  one,  tlien  tliis,  together 
with  the  equation  to  the  surface,  will  determine  a  line  on  the 
surface  which  is  the  locus  of  such  umbilical  points,  and  has  by 
Monge  been  called  the  /ine  of  tpherical  cwrvalwe. 
Also  if  n  =  K  =  LJ  we  have  from  equation  (20) 


and  all  the  radii  of  curvature  are  equal.  1 

lu  the  case  however  in  which  either  c,  v,  or  w  vanishes,  and 
thereby  ii,  K  and  l  are  rendered  indeterminate,  we  may  pro- 
ceed as  follows : 

Suppose  u  to  vanish ;  then  returning  to  equation  (8)  we  have 
(vtj'— w«j')iiz^+wK''rfy'— v»'(fe*+(wti'— v«>')dy(fa 

+  (vw— VM— ww')(fe(ic4{vB'  +  w«— wv)<irrfy  =  0.  (58) 
And  since  u  =  0,  equation  (16)  becomes 
\dy  +  wdz  =  0, 

.'.     dz  =  -  -rfyj  (59) 

substituting  which  in  (58)  we  have 

f            V*  +  w*        t 
(vw'— wic')  -j  da^ j —  dy'  V 

which,  for  an  umbilic,  must  be  satisfied  independently  of  ^; 
hence  the  conditions  are 


356.]       SINGULAR  VALUES  OF  RADII  OP  CURVATURE.  519 

when  u  =  0,  vv'—ww'  =  0,  -v 

v*w  — 2vwtt' +  w*t7  f  (61) 

u  =  5 5 ) 

Similarly  the  conditions  are 

when  V  =  0,  ww'— uti'  =  0,  -^v 

w*tt  —  2wut/ -f  u^tt;  f  (62) 

^  —  a i >  ) 

and  when  w  =  0,  uw'— vr'  =  0,  ^ 

u^r  — 2uvt«?' 4- v^tt  f  (68) 


w  = 


u*4-v 


2 


Hence  to  find  all  the  umbilics  on  a  surface^  we  muBt  first  seek 
the  number  of  points  which  satisfy  the  general  conditions  (57) ; 
and  also  enquire  when  any  and  what  points  satisfy  either  of 
the  three  systems  (61),  (62),  and  (63). 

356.]    To  apply  the  preceding  formulae  to  the  ellipsoid. 

<jr»2  |«2  ^2 

2x  2y  2z 

whence  u  =  — y,       v  =  ^,      w  =  -=r, 

a*  6*  c* 

2  2  2 

"  =  ;^'     ^  =  42'    ^  =  ;^> 

ti'  =  r'  =  w'  =  0. 

It  is  evident  therefore  that  h,  k,  l  can  never  be  equal.  Also 
of  conditions  (61),  (62)  and  (63),  the  first  and  last  lead  to  im- 
possible results;  and  as  to  (62),  let  v  =  0,     ,\  y  =  0,  and 

a*— A*  A*— c* 

The  ellipsoid  therefore  has  four  umbilics  situated  symmetri- 
cally in  the  plane  of  the  greatest  and  least  principal  axes ;  and 
the  tangent  planes  at  these  points  are  parallel  to  the  circular 
plane  sections  of  the  surface:  a  result  pregnant  with  conse- 
quences which  are  investigated  generally  in  Art.  361. 
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If  in  the  ellipsoid  a  =  i>,  so  that  the  surface  becomes  an 
oblate  spheroid,  x  =  0,  z  =  +  c,  and  the  umbilics  nre  tlie 
[Kjinta  where  the  axis  of  revolution  meets  the  surface. 

Every  point  of  a  sphere  ia  an  nmbilic;  and  a  sphere  is  tbc 
only  surface  possessing  this  property. 

357.]  To  return  to  the  consideration  of  lines  of  curvature, 
and  of  the  locus  of  the  centres  of  principal  curvature  which  ia 
closely  allied  to  them. 

Suppose  that  a  system  of  surfaces  whose  equation  is  Jf  =  c 
intersects  a  given  surface  along  a  Hne  of  curvature,  c  being  the 
parameter  by  the  variation  of  which  the  different  individuals  of 
the  system  are  formed ;  then  SJ,  V,  SCI  being  the  partial-derived 
ftinctions  of  Jf,  we  have 

JSldx  +  Tdy  +  ^dz  =  0,  (64) 

but  dx,  dy,  dz  are  related  by  the  equation  of  the  lines  of  cur- 
vature of  r  =  Oj  therefore  from  (7)  and  (64), 

vdvf  —  vdv        wrfr  — urfw        urfv  —  vrfc  ,„, 
fii =  ^ =  —ST -'         (^J 


and  multiplying  numerators  and  denominAtors  severally  by 
u,  V,  w,  the  sum  of  the  numerators  vanishes ;  therefore  also 

vu  +  vr  +  waa  =  o,  (66) 

which  is  the  condition  that  the  surfaces  cut  each  other  at  right 
angles. 

If  therefore  a  system  of  surfaces  cuts  another  surface  along 
its  lines  of  curvature,  it  also  cuts  it  at  right  angles. 

Hence  also  it  follows,  that  if  two  systems  of  surfaces,  whose 
equations  are  of  the  forms  Pi  =  Ci,  Fj  =  Cj,  cut  each  other 
along  their  lines  of  curvature,  they  intersect  at  right  angles. 

Hence  also  may  be  inferred  Dupin's  Theorem,  viz.  "  If  th^re 
are  three  systems  of  surfaces  which  intersect  each  other  at  right 
angles,  any  two  of  them  will  trace  on  the  third  its  lines  of 
curvature."  * 

*  For  an  analytical  proof  of  Dupin's  Theoreni  I  rouat  refer  the  Btudent  to 
Gregory's  Enamplea,  Difierential  Calculus,  Chapter  XIII;  and  for  a  graphic 
description  of  the  lines  of  curvature  on  the  ellipsoid  to  M.  Monge,  "  Applica- 
tion d' Analyse,"  and  to  M.  Leroy,  "  Gioiaitne  de»  Tniia  DimensionB." 
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858.]  On  the  Locus-Surface  of  the  Centres  of  Principal 
Curvature. 

Imagine  at  a  given  point  on  a  surface  the  two  lines  of  curva- 
ture to  be  drawn ;  and  at  every  point  along  one  of  these  lines 
of  curvature  imagine  normal  planes  to  be  drawn  touching  it ; 
these  will  by  their  intersection  generate  a  developable  surface^ 
cutting  the  given  surface  at  right  angles ;  the  normal  lines  will 
be  the  characteristics  of  this  developable  surface^  and  the  curve 
formed  by  their  intersection  will  be  its  edge  of  regression,  which 
will  also  be  the  locus-curve  of  the  centres  of  principal  curvature 
whose  section  touches  the  line  of  curvature. 

Similarly^  if  normal  planes  be  drawn  touching  the  other  line 
of  curvature  which  passes  through  the  given  pointy  will  another 
developable  surface  be  generated  which  cuts  the  former  at  right 
angles ;  and  also  will  there  be  another  edge  of  regression,  which 
is  the  locus-curve  of  these  second  centres  of  principal  curvature. 

And  as  a  similar  process  will  hold  true  for  all  points  of  a 
'surface,  so  will  the  series  of  developable  surfaces  arising  from 
the  first  line  of  curvature  cut  at  right  angles  each  of  the  series 
arising  from  the  second  line  of  curvature,  and  thus  will  space 
be  filled  with  developable  surfaces  intersecting  each  other  at 
right  angles ;  and  as  the  edges  of  regression  belonging  to  the 
first  line  of  curvature  continuously  vary,  so  will  they  generate 
a  surface-locus  of  all  the  corresponding  centres  of  curvature. 
And  similarly  will  another  surface  be  generated  by  the  other 
centres  of  curvature.  We  shall  hereby  obtain  a  surface  of  two 
sheets,  to  each  of  which  the  normal  of  the  surface  is  a  tangent ; 
and  any  two  planes  drawn  through  the  normal  and  touching 
the  two  sheets  are  at  right  angles  to  each  other. 

If  at  any  point  the  two  sheets  intersect  each  other  so  that 
their  edges  of  regression  have  a  common  point,  the  principal 
radii  of  curvature  of  the  original  surface  corresponding  to  that 
point  are  equal,  and  there  is  an  umbilic ;  and  if  the  two  sheets 
intersect  in  a  line,  the  line  on  the  original  surface  corresponding 
to  it  is  a  line  of  spherical  curvature  (see  Art.  355). 

The  analytical  process  for  finding  the  equation  of  this  surface- 
locus  of  two  sheets  is  obvious  enough.  The  equations  to  the 
surfSEU^,  to  its  lines  of  curvature  through  a  given  point,  and  to 

3^ 
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tlie  points  of  intersection  of  consecutive  normals,  or  the  cowdi-  I 
nates  to  the  centre  of  curvnture  given  by  equationa  (II),  are  I 
sufiicient  for  eliminating  xy  z,  and  for  giving  an  equation  in  ' 
temis  of  f  1}  and  f. 

As  at  an  unibilic  the  equations  (8)  or  (24)  for  determining 
the  directions  of  the  lines  of  ctirrature  give  indetermiuate  re- 
sults, we  must  evaluate  them  by  differentiation  according  to 
the  method  of  Art.  114.  On  examining  which  it  will  be  seen 
tlmt  each  differentiation  increases  by  unity  the  power  of  dx, 
dy,  dz ;  and  therefore  as  we  begin  with  a  quadratic,  after  one 
differentiation  we  shall  have  a  cubic ;  after  two  differentiations 
a  biquadratic;  and  so  on.  Suppose  then  that  the  directions 
arc  determinate  after  one  differentiation,  if  all  the  three  roots 
arc  real  there  will  be  three  lines  of  cmraturc  passing  through 
the  point;  if  two  roots  be  impossiblCj  there  will  be  but  one  line 
of  curvature;  and  such  is  the  case  at  the  umbilica  on  the  eUip- 
eoid.  Similarly  may  there  be  four  or  more  lines  of  curvature 
at  an  umbilic;  nay,  an  infinite  number,  as  is  the  case  at  the 
pole  of  a  siu-face  of  revolution. 

The  lines  of  cur\'ature  are  generalty  non-plane  curves,  and 
have  a  contact  of  only  the  first  order  with  the  principal  normal 
section,  which  they  touch  at  the  point  of  contact;  this  is  mani- 
fest from  the  fact  that  the  equation  of  the  lines  of  curvature 
invtilvca  differentials  of  the  first  order  only.  Thus,  for  e.tample, 
at  a  point  on  a  surface  of  revolution,  one  of  the  lines  of  cnrvs- 
ture  is  the  plane  circle  made  by  the  plane  passing  through  the 
point  and  perpendicular  to  the  axis  of  revolution,  because  all 
normals  to  the  surface  on  this  line  meet  each  other  on  the  axia ; 
but  this  line  of  curvature  does  not  coindde  with  a  principal 
section,  because  the  principal  section  contains  the  normal  which 
the  plane  line  of  curvature  does  not,  unless  acddentally  the 
normal  should  be  perpendicular  to  the  axis  of  revolution.  And 
the  other  line  of  curvature  is  the  "  meridian"  curve ;  that  is,  a 
section  made  by  a  plane  passing  through  the  axis  of  revolution, 
because  all  the  normals  to  the  snrface  along  this  line  are  in  its 
plane  and  meet.  But  this  is  also  a  principal  section,  because 
the  normals  lie  and  meet  in  it.  Of  a  suriace  of  revolution 
therefore  the  lines  of  curvature  are  both  plane  curves ;  and  of 
the  prindpal  sections  one  is,  and  the  other  is  not,  coincident 
with  a  line  Of  curvature. 
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859.]    If  the  equation  to  the  surface  be  given  in  the  explicit 

*^  z=f{x,y),  (67) 

"we  must  replace  as  follows ;  and  as  the  results  assume  forms 
from  which  most  of  the  properties  of  the  curvature  of  surfaces 
have  been  derived  in  former  text  books,  we  g^ve  them  in  order 
to  exhibit  the  identity  of  the  conclusions : 


i(x,  y, z)  =  f(x,  y)  -  z  =  0. 


(68) 


Let 


( 


(69) 


^t)  =  '> 


rfy' 


ti  =  r, 
u'  =  0, 
and  also  since 


V  =  gr,        w  =  -  1, 
r  =  /,         w  =  0, 
t/  =  0,        tv'  =  »; 
dz  =z  pdx  '\-  q dy, 


(70) 


(71) 


therefore  the  equation  (8)  of  the  lines  of  enrvature  becomes 
dx^{$a^p^)^pqr}  -hrfy&?{/(l+i?»)-r(l+5r«)} 

-rfy«{'a+?*)-l>?^}  =0.     (72) 

Now  this  it  is  to  be  observed  is  a  quadratic  equation  in  terms 
of  dy :  dx,  and  is  the  differential  equation  to  the  projections  of 
the  lines  of  curvature  on  the  plane  of  xy.  Suppose  then  that 
the  coordinate  planes  are  so  chosen  that  the  tangent  plane  at 
the  point  under  consideration  is  parallel  to  the  plane  of  xy,  then 
j9  =  0,  9  =  0,  and  equation  (72)  becomes 


^-1  =  ^' 


(78) 


and  as  the  product  of  the  two  roots  =  —  1^  it  follows  that  the 
lines  of  curvature  are  perpendicular  to  each  other. 

Hence  also  it  immediately  follows^  that  there  is  only  one  line 
of  curvature  through  an  umbilic  of  the  ellipsoid^  and  that  it  is 
coincident  in  direction  with  the  section  of  the  greatest  and  least 


axes. 
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The  equation  (15)  of  the  principal  radii  of  curvature  becomes 

Jl+^tl!)!_.  (74) 

the  conditions  (49),  50,  (54)  become 

r/-««  >,  <,  =  0.  (75) 

Hence  the  condition  of  a  developable  surface  is  (see  Art.  308) 

r/  -  ««  =  0.  (76) 

And  the  condition  (55),  that  the  two  principal  radii  of  cur- 
vature should  be  equal  and  affected  with  opposite  signs,  is 

(1  +  ^«)  r  -  2pq8  +  (1  + 1?^)  /  =  0.  (77) 

Also  the  general  conditions  (57)  for  an  umbilic  become 

and  of  the  three  sets  of  special  conditions,  (61)  and  (62)  become 
/,  =  0,         8  =  0,        r(l+^«)  =  /,  (79) 

(7  =  0,         8  =  0,         /(l+/?«)  =  r;  (80) 

(63)  cannot  be  satisfied,  since  w  cannot  vanish. 

Hence  also  we  have  a  geometrical  interpretation  of  Lagrange's 
condition  that  a  function  of  two  variables,  say  ^  =  /(.r,  y), 
should  admit  of  a  maximum  or  of  a  minimum  value. 

The  condition  is  that  (see  Art.  135  and  136), 

or  r/  —  s'^  should  be  positive ;  whence  it  follows,  that  the  prin- 
cipal radii  of  curvature  must  be  measured  in  the  same  direction. 
Now  at  a  point  where  the  first  differential  coefficients  vanish, 
the  tangent  plane  is  parallel  to  that  of  a^ij  :  if  then  all  the  radii  of 
curvature  at  that  point  are  measured  in  the  same  direction  there 
must  be  a  maximum  or  a  minimum  value  of  z :  but  if  some  are 
turned  in  one  direction  and  others  in  the  opposite  direction, 
that  is,  if  rt  ^  s^  h  negative,  there  will  be  a  partijil  maximum 
and  a  partial  minimum,  but  no  total  maximum  or  minimum; 
and  if  )'t  —  s^  0,  then  the  surface  is  developable,  and  the 
generating  line  will  give  a  series  of  partial  maxima  or  minima. 


\ 
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360.]]  Mennier^B  Theorem  on  the  Curvature  of  Oblique  Sec- 
tions of  a  Surface. 

The  two  cases  of  principal  and  of  ordinary  normal  sections 
having  thus  been  investigated,  it  remains  for  us  to  consider  the 
third  case  of  Art.  345  :  that  in  which  a  curve  is  described  on  a 
surface,  but  the  osculating  plane  to  which  at  the  given  point  is 
not  normal  to  the  surface. 

Let  p  be  the  radius  of  absolute  curvature  (see  Art.  325)  of 
such  a  curve,  and  let  \fiv  be  the  direction-angles  of  its  direc- 
tion; then  by  Art.  326,  equation  26, 


COSfi  =   p 


COS  V  =^  p 


,d^ 

d^z 
ds^' 


(81) 


taking  «  to  be  equicrescent ;  and  multiplying  these  severally  by 
-,-,—,  and  adding,  we  have 

,  urf*x-|-vrf*y4-wd*xr        u  cos  A -f- v  cos /i -f  w  cos  j; 


qJ« 


2 


(82) 


but  the  right-hand  member  of  the  equation  is  the  cosine  of  the 
angle  between  the  radius  of  curvature  of  the  oblique  section 
and  the  normal  to  the  surface,  =  cos  d,  say ;  and  by  equation 
(12),  if  p  be  the  radius  of  curvature  of  the  normal  section  at 
the  point,  and  which  has  the  same  tangent,  the  latter  factor 

of  the  left-hand  member  =  - , 

P 

.-.     p'  =  p  cos^.  (83) 

Hence  the  radius  of  curvature  of  an  oblique  section  is  equal 
to  the  projection,  on  the  osculating  plane  at  the  point,  of  the 
radius  of  curvature  of  the  normal  section  of  the  surface  which 
has  the  same  tangent  line  with  the  oblique  section. 

Hence  if  a  sphere  be  described  having  for  centre  and  radius 
the  centre  and  radius  of  curvature  of  any  normal  section,  all 
the  oblique  sections  which  touch  the  normal  section  at  the 
point  on  the  surface  have,  for  osculating  circles  at  the  common 
point,  the  small  circles  of  the  sphere  made  by  their  respective 
planes. 
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361 .]  As  whatever  tends  to  elucidate  the  difficulties  of  an  ob- 
scure subject  deserves  attention,  I  do  not  hesitate  to  introduce 
the  following  process,  although  it  proves  theorems  which  have 
been  discussed  in  the  previous  Articles ;  and  it  exhibits  the  re- 
lations existing  between  the  curvatures  of  normal  sections  in  a 
remarkable  light,  and  hereby  indicates  the  nature  of  a  point  of 
a  surface  at  which  the  partial  derived-functions  are  not  inde- 
terminate. 

Let  the  point  of  the  surface  under  consideration  be  taken  as 
the  origin,  and  let  the  tangent  plane  be  that  of  xy^  and  there- 
fore the  normal  the  axis  of  z.    Let  the  equation  to  the  sur- 

^^  ^  XT  =  /(*,  y).  (84) 

At  an  infinitesimal  distance  dz  from  the  origin  let  a  plane  be 

drawn  parallel  to  that  of  xy^  and  cutting  the  surface ;  the  curve 

of  section  we  will,  after  M.  Ch.  Dupin,  call  the  indicairix,  as 

the  form  of  it  indicates  the  nature  of  the  surface  at  the  origin ; 

let  dx,  dy,  dz  be  the  coordinates  to  a  point  on  this  curve;  and 

through  that  point  and  the  axis  of  z  let  a  normal  section  be 

drawn,  making  an  angle  a  with  the  plane  of  xz,   so  that 

dv 
tan  a  =  -7^ ;  and  let  d»  be  the  arc  of  the  normal  section  of  the 

(IX 

surface  between  the  origin  and  the  point  (dx,  dy,  dz) ;  then 

ds^  =  dx^  4-  dy^  -f  dz^ ;  (85) 

and  if  p  be  the  radius  of  curvature  at  the  origin  of  this  normal 
section,  and  which  lies  along  the  axis  of  z,  from  the  geometry 
of  the  circle,  we  have  ,  2 

,  =  fe.  (86) 

that  is,  the  radius  of  curvature  of  a  normal  section  varies  as 
the  square  of  the  distance  between  the  point  and  the  intersec- 
tion of  the  normal  plane  with  the  indicatrix. 

Using  the  notation  of  Art.  359,  and  expanding  according  to 
Art.  122,  we  have 

z  -\-dz  =  2-{^pdx-{^qdy  +  r-^  {rdx^^2sdxdy'\-tdy^]-{',..{S7) 
and  neglecting  higher  powers  of  the  infinitesimals  dx  and  dy, 
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and  observing  that  j9  =  0^  9  =  0,  because  the  nonnal  at  the 
origin  is  perpendicular  to  the  axes  of  x  and  y,  we  have 

d^  =  1  {rdx^  +  28dxdy  +  tdy^},  (88) 

and  therefore  *  • 

^  ^  rdx^  +  ^sdxdy^tdy^'  ^^^^ 

which  equation  is  equivalent  to  (15),  and  gives  the  value  of  the 
radius  of  curvature  of  the  normal  section. 

As  p  is  generally  finite,  it  appears  from  equation  (86)  that  dz 
is  an  infinitesimal  of  the  same  order  as  ds^ ;  therefore  in  equa- 
tion (85)  dz^  must  be  neglected,  and  we  have 

rf«a  =  dx^  +  dy\  (90) 

^  "  rdx^-{-2sdxdy-^tdy^'  ^     ^ 

»_    f .  /Q2) 

r  (cos  of  +  2«  sin  a  cos  a-\-t  (sin  a)* ' 

which  result  is  the  same  as  equation  (74),  and  from  which  there- 
fore the  properties  of  maxima  and  minima  radii  of  curvature 
might  be  deduced. 

To  return  to  the  equation  of  the  indicatrix,  viz.  (88) ;  dz,  being 
the  distance  between  the  parallel  planes  of  xy  and  of  that  of 
the  curve,  is  constant ;  and  dx  and  dy  are  the  rectangular  coor- 
dinates to  the  indicatrix,  the  origin  being  at  the  point  where  the 
axis  of  z  cuts  its  plane,  and  ds  is  the  radius  vector ;  hence,  re- 

placing  dx  and  dy  by  (  and  t;,  and  dzhj  ^,  we  have 

rf«  +  2sir)  -h  trj^  =  c,  (93) 

which  is  an  equation  of  the  second  degree,  referred  to  its  centre 
as  origin,  and  represents  an  ellipse  or  hyperbola  according  as 
r/  — **  is  positive  or  negative;  and  represents  a  circle  if  r  =  /, 
and  *  =  0;  and  two  parallel  straight  lines  if  rt—s^  =  0. 
Hence  we  conclude,  that  if  a  surface  be  cut  by  a  plane  parallel 
and  infinitesimally  near  to  a  tangent  plane,  the  curve  of  section 
is  either  an  ellipse,  an  hyperbola,  or  two  parallel  straight  lines : 
the  ellipse  of  course  admitting  of  the  variety  of  a  circle,  and 
the  hjrperbola  in  certain  cases  being  rectangular. 
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If  the  indicatrix  be  an  ellipse  the  snrfiEice  is  wholly  eoncaye 
towards  it,  such  as  is  the  case  at  all  points  of  an  ellipsoid;  and, 
if  it  be  an  hyperbola,  some  part  of  the  snrfoce  at  the  point  has 
its  curvature  turned  in  one  direction  and  some  part  in  the 
opposite;  and  if  the  indicatrix  be  two  parallel  straight  lines, 
the  surfieu^  is  concave  towards  them  in  a  direction  perpendicular 
to  them,  but  is  in  a  straight  line  in  a  direction  parallel  to  them. 

Also  since  d9^  is  the  central  radius  vector  of  the  indicatrix, 
and  since  the  radius  of  curvature  of  the  normal  section  varies 
as  ds^y  the  latter  quantity  partakes  of  whatever  singular  values 
the  former  admits  of. 

In  the  ellipse  all  the  radii  vectores  are  real,  therefore  if  the 
indicatrix  be  an  ellipse,  that  is,  if  rt  —  s^  is  greater  than  0,  all 
the  radii  of  curvature  of  normal  sections  are  turned  in  the  same 
direction :  the  radii  vectores  of  the  ellipse  have  two  maxima  and 
two  minima  values,  which  are  at  right  angles  to  each  other; 
therefore  the  radii  of  curvature  of  normal  sections  have  values 
respectively  a  maximum  and  a  minimum,  which  are  perpendicu- 
lar to  each  other.  In  the  circle  all  the  radii  vectores  are  equal; 
therefore,  if  r  =  /  and  «  =  0,  all  the  radii  of  curvature  of 
normal  sections  are  equal,  and  there  is  an  umbilic;  hence  is 
manifest  the  reason  why  the  tangent  plane  at  an  umbilic  of  an 
ellipsoid  is  parallel  to  the  planes  of  circular  sections. 

In  the  hyperbola  some  of  the  radii  vectores  are  real  and  some 
are  impossible,  therefore  if  rt  —  s^  be  less  than  0,  the  radii  of 
curvature  of  normal  sections  are  turned  in  one  direction  for  all 
real  radii  vectores  of  the  hyperbola,  and  in  the  opposite  direc- 
tion for  the  impossible  ones,  the  asymptotes  being  the  lines 
bounding  the  parts  which  have  their  curvatures  turned  in  oppo- 
site directions ;  and  if  the  hyperbola  be  rectangular,  equal  por- 
tions of  the  surface  at  the  point  have  their  curvatures  turned  in 
opposite  directions.  Hence  also,  as  the  principal  axes  of  the 
hyperbola  are  at  right  angles,  one  being  real  and  the  other 
being  impossible,  so  will  the  sections  of  greatest  and  least 
curvature  be  at  right  angles  to  each  other,  and  the  radii  will  be 
turned  in  opposite  directions. 

If  rt^8^  =  0,  that  is,  if  the  indicatrix  be  two  parallel 
straight  lines,  the  origin  being  at  a  middle  point  between  them, 
the  radii  vectores  which  are  perpendicular  to  the  lines  are  the 
least,  and  the  normal  section  coincident  with  them  is  that  of 
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greatest  curvature;  but  as  the  line^  which  is  parallel  to  and 
bisects  them,  never  meets  them,  the  corresponding  radius  of 
curvature  is  infinite,  and  the  curvature  of  the  coincident  normal 
section  vanishes.  This  is  manifestly  the  case  with  developable 
surfaces. 

862.3  H6^<^6  ^so  it  is  plain,  that  if  the  condition  of  osctL- 
latum  of  two  surfaces  be  made  to  depend  on  the  second  derived- 
functions  as  well  as  the  first  being  the  same  in  both,  or  in 
other  words,  on  the  two  surfaces  having  the  same  indicatrix, 
a  surface  of  the  second  order  can  always  be  found  to  osculate 
to  a  given  surface  at  a  given  point ;  and  that,  in  the  case  of  an 
mnbilic,  the  surface  may  be  a  sphere,  and  in  the  developable 
surface  it  becomes  a  cylinder. 

363.]|  On  the  measure  of  Curvature  of  a  Surface  at  a  given 
Point. 

Gauss  in  his  celebrated  memoir  "  IHsquisitiones  Generates 
circa  Superficies  Curvas/'  has  introduced  a  definition  of  curva- 
ture of  a  surface  which  is  derived  analogously  from  the  means 
of  measuring  the  curvature  of  a  plane  curve,  and  from  his  defi- 
nition has  deduced  a  mathematical  estimate  of  curvature. 

Suppose  A «  to  be  the  finite  arc  of  a  plane  curve  commencing 
at  a  point  r ;  and  at  the  extremities  of  As  let  two  normals  to  the 
curve  be  drawn.  In  the  same  plane  take  a  circle  whose  radius 
is  unity,  and  through  its  centre  let  two  radii  be  drawn  parallel 
to  the  two  normals  at  the  extremities  of  A«,  and  let  the  radii 

include  an  angle  or  arc  Ayjr;  then  the  limit  -j-  towards  which 

Alt' 

--^  converges,  when  the  arc  of  the  original  curve  is  infini- 
tesimal, is  what  we  call  (see  Art.  282)  the  curvature  of  the 
curve  at  the  point  p. 

Imagine  now  upon  a  curved  surface  a  finite  area  enclosed  by 
B  contour,  within  which  is  a  given  point  p  ;  and  also  imagine  a 
sphere  whose  radius  is  unity ;  and  suppose  normals  to  the  surface 
to  be  drawn  at  every  point  of  the  enclosing  contour,  and  radii  of 
the  sphere  to  be  drawn  parallel  to  these  normals ;  by  this  process 
a  spherical  area  will  be  enclosed  on  the  surface  of  the  sphere. 

Let  AS  he  the  area  enclosed  by  the  contour,  and  AS  the 
area  of  the  enclosed  figure  on  the  surface  of  the  sphere;  then 

3^' 
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'as 

beeomea  infinitesimal  but  still  encloses  the  point  p,  is  the  cutts- 
tiure  of  the  surface  at  the  point  p. 

Let  the  area  AS  on  tbe  given  surface  be  a  rectangle  coo- 
tiuucd  by  four  lines  of  curvature,  and  A  01  A$,  be  the  angles 
subtended  at  the  centres  of  principal  curvature  by  two  adjacent 
rides  of  the  rectangle, 

.-.      AS  =  p]p»  A0,  A0j;  (94) 

and  similarly  AS  =  A<^,A0i,  (95) 

.-.     curvature  =  -jtl  =   — -;  (96) 

«*        Pi  ft 
and  the  curvature  of  tho  surface  at  any  point  is  equal  to  the 
product  of  the  curvatures  of  the  principal  normal  aectiooa  at 
the  same  point. 

Tho  truth  of  the  result  is  manifestly  independent  of  the  form 
of  the  small  area ;  for  whatever  its  form  be,  it  can  always  be 
divided  into  a  number  of  infinitesimal  rectangles,  for  every  one 
of  which  the  result  of  equation  (96)  will  be  true  within  an  in- 
6nite8imal ;  and  therefore  by  simple  addition  tbe  aggregate  of 
all,  which  is  expressed  by  equation  (96),  will  be  true  also.  The 
curvature  thea  will  be  affected  with  a  positive  or  a  negative 
sign,  according  as  the  radii  of  the  principal  normal  aectioaa 
have  the  same  or  different  signs. 

In  the  case  of  develi^iable  aurfsces,  one  of  the  principal 
normal  sections  has  an  infinite  radius  of  curvature;  it  would 
therefore  follow  from  (96),  that  the  curvature  of  a  developable 
surface  is  zero :  but  such  is  the  case  only  with  a  plane.  We 
must  therefore  retrace  our  steps  and  modify  the  process  in  the 
following  manner,  by  operating  on  a  right  circular  cylinder 
whose  radius  is  unity  instead  of  on  a  sphere : 

Let  the  two  containing  sides  of  the  rectangular  area  on  the 
given  surface,  and  which  are  coincident  with  the  lines  of  curva- 
ture, be  Asi  and  Ast ;  of  which  let  Ait  lie  along  a  generating 
line  of  the  developable  surface,  and  A«i  be  at  right  angles  to  it; 
then  in  the  limit,  if  d<l>i  be  the  angle  subtended  by  d»i  at  the 
centre  of  principal  curvature,  d»i  =  pid<f>i.  Let  the  axis  of 
the  cylinder  be  parallel  to  the  generatiog  line  of  the  develop- 
able at  the  given  point,  and  from  a  point  in  the  axia  of  the 
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cylinder  let  normals  be  drawn  to  the  cylinder  parallel  to  normals 
drawn  to  the  developable  surface  along  Asi,  and  let  A 0-1  be  the 
intercepted  arc  of  the  circle  on  the  surface  of  the  cylinder;  then 
Ao*!  =  A^i ;  also  let  a  line  equal  to  As^  be  taken  on  the  sur- 
face of  the  cylinder  and  perpendicular  to  Atri  through  one  of 
its  extremities ;  by  this  process  therefore 

dS  =z  pi  dif>i  d82, 

d^  =  d<l>i  dsi, 

•'•   ds^  7i'  ^^^^ 

and  therefore  the  curvature  of  a  developable  surface  at  a  given 
point  is  equal  to  the  curvature  of  the  principal  normal  section 
which  is  perpendicular  to  a  generating  line. 
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CHAPTER  XIX. 

fiN  THE  CALCULUS  OF  Ol'EBATION'8. 

3G4.]  In  this  the  concluding  Chapter  of  the  volume  it  is  my 
intention  to  exhibit  several  results  which  have  been  arrived  at 
in  the  preceding  pages  under  a  new  and  most  general  form,  yii. 
as  they  are  presented  in  the  Calculus  of  Operations ;  and  also 
to  prove  some  few  of  its  theorems  which  have  an  appropriate 
position  in  this  Chapter,  and  which  will  be  useful  in  the  sequel. 
The  Calculus  is  also  known  by  the  name  of  "  The  method  of 
aeparatiou  of  symbols  of  operation  &om  symbols  of  quantity;" 
and  first  I  must  premise  a  few  remarks  on  its  principles. 

Let  a  and  b  be  symbols  of  opcratious,  and  u  and  v  he  subjects 
on  wlitcli  they  are  performed;  then,  if 

B.6(«)  =  d.a{u),  (1) 

that  is,  if  the  order  in  which  the  operations  are  performed  may 
be  interchanged  without  an  alteration  of  result,  the  operations 
are  said  to  be  cimtmutative,  and  the  law  expressed  in  (1)  is 
called  the  commutaiive  law. 

Again,  suppose  that  a,  u,  v  are  such  that 

a(u  +  r)  =  a(«)  +  fl(t.),  (2) 

the  operation  is  aaid  to  be  distributive,  and  the  law  ia  called  the 
distributive  law. 

These  laws  are  manifestly  satisfied  in  the  case  of  constants; 
for  suppose  c  and  c'  to  be  constants,  then 


ciu  +  v)  =  cu  +  cv, 

and  are  not  satisfied  in  the  case  of  a  =  log,,  or  b  =  sin,  for 
log,  sinu  is  not  equal  to  sin  \og,u;  neither  is  sin(ti  +  v)  equal 
to  sin  u  +  sin  t>. 
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Another  law  which  is  sometimes  cited  as  a  fundamental  law 
of  the  Calculus  of  operations  is 

a"'a'»(w)  =  a^'+^Ck),  (3) 

and  is  by  Mr.  Gregory*  called  the  law  of  repetition;  but  it  is 
not  so  much  a  law  of  combination  of  symbols  of  operation  as 
an  assertion  that  the  symbol  a  is  subject  to  the  index  law^  and 
that  the  operation  expressed  by  it  is  performed  m-\-n  times^ 
m  times,  that  is^  on  the  back  of  the  operation  performed  n  times 
previously ;  it  is  in  fact  rather  a  law  of  notation  than  a  law  of 
combination. 

It  is  the  general  results  of  these  laws,  in  the  particular  case 
of  Differential  Calculus,  that  we  are  about  to  trace :  our  ob- 
ject is  to  infer  certain  truths  contained  in  them^  and  by  means 
of  them  to  generalize  several  previous  equations. 

To  give  a  notion  of  the  process,  let  us  consider  the  Binomial 
Theorem  of  common  algebra.     By  multiplying  together  factors 

of  the  form  x—a,  x—b^ we  are  led  to  a  general  form  which 

is  applicable  when  n  such  multipliers  are  multiplied,  and  by 

making  a  =  &  =  c ,  we  are  led  to  a  general  value  of 

{x—aY;  this  acts  a  suggestive  part  as  to  the  law  of  combina- 
tion of  such  factors,  and  from  our  knowledge  that  such  a  result 
not  only  is  true  but  must  be  true,  we  infer  deductively  that  the 
formula  holds  good  when  n  is  general  in  form  as  well  as  in 
value ;  that  is,  the  Binomial  Theorem  is  true  for  fractional  and 
negative  as  well  as  for  integral  and  positive  indices.  It  is  true 
also  when  a  and  b  are  symbols  of  commutative  and  distributive 
operations,  for  no  other  conditions  as  to  a  and  b  are  required 
except  that  they  satisfy  these  two  laws ;  hence  an  examination 
of  the  particular  exhibits  such  a  law  of  combination  that  it  must 
be  true  in  the  general  case ;  and  the  result  is  no  case  of  induc- 
tion, for  the  truth  of  the  general  proposition  is  not  inferred 
from  that  of  the  particular,  but  follows  directly  by  necessity  of 
the  law ;  and  that  such  is  the  case,  is  shewn  by  Euler's  proof  of 
the  Binomial  Theorem. 

365.3  Now  let  us  examine  how  far  the  results  of  differ- 
entiation admit  of  such  an  extension.     In  the  first  place  the 

*  See  Gregory's  Examples,  Chap.  XV. 
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commutative  law  is  aatisfied ;  for  if  «  be  a  function  of  two  ' 
nbtes  X  and  y,  by  Art.  73 


The  distributive 
tJons  of  x,  . 


and  the  nutation  is  niso  in  accordance  with  the  index  law,  for 
And  if  M  =  r{x,y,z ),  by  equation  (90)  Art.  73  we  have 


d 
dx 

d 

d 
Ty 

(«). 

W 

law  is 

also  satisfied 

for  if  1. 

end 

r  be  funo. 

-(» 

+  w 

-i.- 

+ 

(51 

dx' dy' dz' ...         dy'  dz'  dx' ... 

which  is  in  accordance  with  both  the  commutative  and  index 
laws. 

In  what  follows  I  shall  not  consider  the  meaning  of  differ- 
ential coefficients  when  the  indices  such  as  in  and  n  in  (6)  are 
fractional,  for  the  theory  is  too  imperfect  to  find  a  place  in  an 
elementary  treatise,  though  some  advance  has  lately  been  made 
in  it ;  and  I  must  also  anticipate  the  notation  of  the  Intend 

Calculus,  so  far  as  to  replace  (  j-  )     by   /  rfr,  whereby 

366.J  If  u  be  a  function  of  two  independent  variables  x  and 
y,  then  by  Art.  47 
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whence,  separating  the  symbols  of  operation  from  their  subjects, 

that  is,  the  operation  expressed  by  d  is  equivalent  to  that  ex- 
pressed by  the  right-hand  member  of  (10). 

Let  the  operation  d  be  performed  n  times  successively  on  u, 
in  which  case  x  and  y  must  increase  by  the  same  increments  as 
at  firsts  or  be  equicrescent,  then 

and  therefore  expanding  by  the  Binomial  Theorem, 

»*•  =  i^)  dx^  +  T  (^   ^\  )  dx^-^dy  -h (12) 

^dx""'  1  ^dx^'-'dyf  ^  ^     ^ 

and  adding  the  subject 

d'^ux    ,   _       n  /     ^**tt 

dy 

the  same  result  as  that  of  Art.  74,  equation  (104). 
And  employing  the  notation  of  Art.  47, 
Dti  =  dxU  +  djfU, 
D  =  rfjc  4-  dj,, 
.-.     D«  =  (d^  +  d,)'', 


-'-  =  ©  '^^  ^  T  (sA-v)  ^^'^"'^  -^ <^'> 


=  d,«tt  +  nd,-'^d,u  +  ^^f^  rf,»-»rf/u  + 


n(n  — 1) 

TT2 


Similarly  if  «  be  a  function  of  three  or  more  independent 
variables,  since  by  Art.  49 

•••  "  =  (i)  '^  +  (l)  '^  +  (£)  ''^  + 

and  expanding  the  right-hand  member  by  the  Multinomial 


I 
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Theorem,  and  nppending  the  subject  «,  we  obtain  a  series  of 
terms  expressed  iu  the  form 

where  n  =  o+j8  +  j'4-  

Thus,  if 

ou  =  e"'*'"*"-'-  {adx  +  bdi/  +  rrf^  + \, 

o-u  =  e"'-^'"*"*—  {adx  +  bdy  +  rdz  + }". 

367.]    Let  M  and  v  be  two  fnnctions  of  .r,  then,  by  Art-  28, 
d.uv  dv  dv  ,,-, 

which  may  be  written  in  the  form 

d         _  d.uv        d'.uv 
dx  dv  dx   ' 


(17) 

if  rf  (un accentuated)  refers  to  «  exclosire  of  u,  «nd  if  d'  refers 
to  V  exclusive  off/;  and  taking  therefore  symbols  of  operatioQ 


alone,  we  have 


dx  ~  dx        dx' 

^  _  (±      ^y 
dx"  ~  \dx'^  dx' 


(18) 


and  expanding  the  Binomial  expression  on  the  right-baad  aide, 
^  _  _rf^  d"-*d'       «(n-l)  d"-*  d'* 

dx"  ~  dx' '^  "^     dx"     ''■      1.2  dx'      "*"  *     ' 

and  appending  the  subject  uv, 
d-.uv  _     d^         ri"-'«  dv      n{n  —  l)  d"-'u  d*v 
dx'   ~  "  rfa-  "*"  "  dx'-^  ^  ■*"      1.2      dx'-»  dx'  "*"    "  '     ' 
which  is  the  theorem  of  Leibnitz,  proved  before  in  Art.  53. 
Let  n  be  negative,  then,  by  reason  of  equation  (7), 

/    uvdx"  =  v/    udx'  —  n-j-/        udx'"^^ 
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In  this  last  expression  let  u  =  1,  n  =  1^ 

f.d.  =  vfd.  -  %fd.^  +  "^.fd.^  +  (22) 

In  (20)  let  V  =  e«,  then 

— ; =  e'^^ h  nae""  -^ r  +     \   »     a^e"^  .  «  ^  +  ... 

da:""  dx""  dx""^  1.2  dx""^ 


e^'  -i  -i h  na  -= ? 


"^        1.2       dx^-^'^ 


}u;      (23) 


dx^  ^dx 

and  therefore 

(^+«)"«  =  *-"(i)"^"'«-  (24) 


368.]    Again  by  Taylor's  Series,  equation  (76),  Art.  66,  re- 
placing/'(a?),  f'(x)y in  terms  of  differential  coefficients, 

y.       »x        /.,  V       d,f(x)  h 

dKfjx)    h^        d^.fjw)     A» 
■^      rfar*      1.2"^      rf.r»      1.2.3'^  ^     ^ 

therefore 

/(x  +  A)  =  |l  +  --  +  —  _  +  __+...  )  /(a.).  (26) 

=  /^/(^),  (27) 

as  is  manifest  from  the  form  of  the  exponential  theorem ;  that 
is,  f{x)  being  operated  upon  by  a  series  of  operations,  the  sum 

of  which  is  expressed  by  e  <*»,  is  converted  into/(x  +  A). 

3z 
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For  convenience  of  Dotation  let  us,  after  M.  Servois,  repre- 
Bcnt  e'^  by  E  J  tiierefore 

/(x  +  h)  =  eVC-t).  (28) 

Hence  /(x  +  h  +  k)  =  b'  »*/('). 

=  B*+V(-f>.  (291 

and  therefore  generally, 

/(X  +  h  +  k  +  i+ )   =   E****'+-/(37). 

We  may  employ  the  above  aymbolical  form  of  Taylor's  Series 
in  the  solution  of  problems  such  as  those  given  in  Ex.4  and  5, 
Art.68.  For  suppose  that /(j^)/(A)  =/(j7  +  A),  and  that  the 
problem  is  to  determine  the  form  of  the  fVmction,  then  since 

fix  +  h)   =   EV(-f). 

.-.    /W/(A)  =  eVC), 

/(A)  =  E»; 

d^ 

and  as  E  is  the  symbol  of  «*",  which  is  independent  of  A,  we 

may  consider  it  constant  in  reference  to  fi,  and  write  a  for  e, 

so  that  ,,,,  . 

/(A)  =  <x*, 

.-.    /(^)  =  a', 

fWfih)  =  a'  X  o*  =  a'**, 

=  /(^  +  A); 

similarly  may  other  problems  of  the  same  kind  be  solved. 

369.]  Again,  suppose  that  /  is  the  symbol  of  a  function  or 
series  of  functions  which  satisfy  the  commulalive  and  distribu- 
tive laws,  and  suppose  nlso  :r  to  be  a  general  symbol  of  opera- 
tion,  then,  in  the  employment  of  such  a  function  of  operationB 
a8/(w),  it  is  subject  to  the  condition  that/(w)  is  susceptible  of 
being  developed  in  terms  of  functions  which  also  satisfy  both 
these  laws ;  that  is,  /(-n)  when  expanded  consists  of  a  series  of 
terms  of  the  form  tt",  and,  when  the  subjects  symbol  u  is  ap- 
pended, n"(u)  indicates  that  the  operation  symbolized  by  ir  is 
performed  on  «  »i  times  successively.  Thus  the  conditions  are 
satisfied  if/(7r)  admits  of  being  expanded  in  the  form  of  Mac- 
laurin's  Series. 
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Suppose  that /is  a  symbol  of  this  nature;  then^  since 

hence /being  such  as  we  suppose. 
In  the  particolar  case  in  which 

and  if  «♦<*>  =  e^*, 

^  +  «}    «  =  e-'(^)   e«'«;  (38) 

and  if  »  =  —  1, 


{" 


{s+°}''''  =  ''"(s)'''"«' 


=  e-«*/c«'ttdd?.  (34) 

Thus  equation  (24)  is  only  a  particular  case  of  the  more  general 
theorem  contained  in  (31). 

370.]    Again,  in  (31),  let  e^O  =  e«', 

For  €'  write  x,  and  therefore  for  dx  write  — :  then 

The  above  is  the  merest  outline  of  the  principles  of  the 
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